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Abstract

The note is mainly for personal record, if you want to read
it, please be careful. This note is given by Prof. Chi Hin Chan’s
lecture during the summer course in NCTS, 2015. We will introduce
the De-Giorgi’s method in the classical setting of elliptic PDE’s in the
divergence form with rough diffusive coefficients. It was in this setting
that De-Giorgi used his method to establish the regularity of solutions
to general linear elliptic PDE’s in the framework of Holder’s continuity.
After this preparation in the classical elliptic setting, we go ahead to
discuss a piece of recent work of Alexis Vasseur in which he applied the
De-Giorgi’s method to yield an alternative proof of the key proposition
in the famous partial regularity theory of Caffarelli, Kohn, Nirenberg.
Further, we will introduce notions such as the Serrin’s regularity criteria,
and the notion of suitable weak solutions in the theory of weak solutions
to the incompressible Navier-Stokes equations.

1 Introduction to DeGiorgi’s ideas

Let B(1) c RN (N > 2). We consider a function u € H'(B(1)) which is a weak
solution to
Da{a®Pdgu} = 0 in B(1). (1)

Here (a®?): B(1) — RN? satisfies the following constraint:
1
Tl < 0¥ (@)¢as < A%, Vo € B(1), £ CRY.

Or regard £ € T (B(1)). Relation with Riemannian geometry,
g = Gapdz® ® da?

and 1
_ af
Af = ﬁGaa{g VGOosf},

where g% = d(dz®, dz?).

In this note, we focus on the DeGiorgi method, 1957-1960. Compare to the
Schauder’s estimate, we need the coefficients lying in C*(2), then the solution
will lie in C?:%(€2). The idea is that if we rescale uy(z) = u(Az) and aiﬂ(x) =

B

a®P(Az), if we make A smaller and smaller, then a$” will behave like a piecewise



constant function. This scaling just “flatten” the graph of solutions, it will not
change the height of functions. Therefore, the regularity will similar as the
Laplacian case.

1.1 First DeGiorgi lemma

The first step is from the L? to L. If the L? energy of the solution u in B(1)
is small enough, then

lull o B2y < 1.

Lemma 1.1. There exists an absolute constant eg = eo(N,A) > 0 such that
the following statement holds for any weak solution u € H*(B(1)) to . If
HU+H%2(B(1)) < €p, then

1
up <1in B(§>

Remark 1.2. For the whole information of u, just multiply the negative sign and

consider the previous lemma again. What if [Ju[|z2(p(1)) is not small 7 Rescale
€0

= s, then ||V z2(p(1)) < €0. This will imply
2[|ull 2 (1))

2
ull o (B(2y) < ;HUHB(BQ))-

1
Set up the Game: Let Ry, = (1+2 ), k> 0. Let ¢, € C§°(B(Ry)) with

1

2
in B(Ry+1),
outside B(Ry),

d|V < — = .
an \ or| < Ry _RkHXB(Rk) XB(Rg)

. 1 .
Cutting level. Let Vo = uy, Vi = [u— (1 — Q—k)]+ with Vi, < Vi_1 and

VVk =Vu- X{vk>0}~ Uk = fB(Rk) |Vk‘2.
Rough idea: Build up the following

Ur < CEU. 1, B> 1. (2)
If Uy = ||u+||2L2(B(1)) < €, then Uy — 0 as k — oc. fB(%)[u— 1]y =

1
limy oo Up = 0 which implies v < 1 in B(i)

Test against by ©2Vi, Vi € HY(B(1)) but ¢V € Hi(B(1)), which will
be the test function. Then

0 :/ aaﬁaguaa{goivk}
B(1)
= / aaﬁaﬁu <20k aa<pk Vi + / aaﬁagu . @ﬁaaVk
B(1) B(1)

= / aaﬁaﬁvk- <20k 8a<pk - Vi +/ aaﬁagvkcpiaavk,
B(1) B(1)



and let g, (A, B) = a®?(z) - A, Bp,
/ aaﬁaavkaﬁvk@% = —2/ a‘waﬁVk C Pk (9atpk - Vi
B(1) B(1)
= *2/ gz(gakVVk, Vkvw)\mdx
B(1)

< 6/ 92 (06 VVi, 06 VVi ) |odx
B(1)

1
+ */ 92 (ViVor, ViVor)|zdx.
B(1)

€
This implies
/ a®P 0, Vi0p Vi <4 / a*? Oook 00k - Vi
B(1) B(1)
<an [ vapv
B(1)
< 4A22k+6/ Vk2
B(Ry)
= 128A4" U,
and use ellipticity condition, we have
[ weap <z wapier[ g
B(1) B(1) B(1)
< 256 - 4% / |Vie|? 4 256A4% U,
B(Rk)
= 256(1 + A)4*Uy.

For N > 3, use the Sobolev embedding theorem,

Vil 2 <C V(peVi)|?) 2.
oVl 65 0 S Col 90V

For N = 2, use the Ladyzhenskaya inequality,

1/2 1/2
||¢ka||L4(B(1)) < ||Wka||L/2(B(1)) : ||V(<Pka)HL/2(B(1))-

1
Note that, {z € B(1) : V;, > 0} C {z € B(1) : Vj_1(x) > 21}, X{vi>0} <
4 2N

(2"Vi_1) ™2, and X p(r,) < ©p 1

4

4
Uk :/ VX >0} S/ VE(2v—2) YN
B(Ry) B(Rg)

4k 3 s \k N3
<(272) Viiit < 272) lop- Vil "o ;
LN=2(B(1))



which raised up the index. Finally,

U, < (QNAL*Q)]CCO(/ \V(<Pk—1Vk—1)|2)Nli2
B(1)

N

< (277)FCy(256(1 + A)4FU,) 2

_N
< [Co(N,M)FUNT?, k> 1.

Thinking: {Uz}32, C [0,00), Ups1 < (Co)* UL k>0, Co > 1, > 1.
1 1
Uppq ~ (Cg“U,f*l)Uk and Uy ~ — Uy, where A > 1. It means C’(’)“HUE ~

A A
1 1 11 S
then Uk ~ W and Uk+1 ~ ZUk ~ ZW’ ....... y A~ CO .
0 B 0 -
1 1
Want Cy U1 < —— for all k > 0. ||u+||2L2(B(1)) < —
e e

1.2 A detour: DeGiorgi’s isoperimetric inequality

Take u € H(B(1)) N C*(B(1)), A= {z € B(1) : u(z) <0}, B={x € B(1) :
u(z) > 1}, C={zxe B(1):0 < u(z) <1}
Proposition 1.3. The following estimate holds:

AL B] < Ol V|2 (sy €l

Take @ = max{0,inf{1,u}}, z € A, y € B, (Trick: Think of |Vu| = |Vu|xc
as a function on R¥V.)

ly—=l 4 _
i) ~iw) 1= [ e =
ly—z|
~ y—z
= \Y% @
/o = ly — |
Then
ly—z| B y—x o y—ux
1< / |Vu(x + 7 )dr < / |Vu(z + 7 )|d,

0 ly — 2| 0 ly — 2|

and since |z| < 1,ify € B, |y — 2| <2,

Bl< [ [ Vit =y
yeB JO |y7

x|

g/ / \Vi(z + 72— |dr
ly—z|<2J0 |y—x\

2 o0
< / Nl / / |Vu(z + Tw)|drdS (w)dr
0 sN-1Jo

N oo
= —/ / N Va(z + Tw)|dS(w)dr
N 0 SN—-1

2N [ Va(z +y) y_ﬁ [Va(y)| ay
N Jpv  |yN-1 N Je |z —yN-177




then

onN U
Al |B| < —/ / VA4,
N yeC Jxze A |l‘ - y|

Ey T e ——
== u(y)| - ———dady,
N Jyec el

ze€Aand |z —y| <2. AC{z €|z —y| <2} provided |y| <1,

1 1
. dy< / . dy=Cnw.
/A |:C - y|N71 lz—y|<2 |SC - y|N71

Therefore,

|A|~|B|scN/

[Va(y)ldy.
yel

2 Oscillating lemma
Suppose we have a solution u : B(2) — R to which satisfies

1. u < 2in B(2),
[B(1)]
5

2. {zx € B(1) : u(z) <0} >

The second DeGiorgi lemma shows that

Lemma 2.1. 3 another absolute constant A = A\(A,N) € (0,1) if the solution
u: B(2) — R satisfies 1,2, then

1
u§2—)\mB(§).

Is it possible that

/ (20— 1),)? < e,
B(1)

we care since u; = 2(u — 1) is another solution to . If this happens, which
means fB(l)(ul)2 < €9, by the first DeGiorgi lemma, we have
. 1 . 3
up < 1in B(i)’ equivalently, u < >

This may be false (do successive cuttings...) and treat w; just in the same
manner as u and let ug = 2(u; — 1), and iterate these steps until we find some

3
up < 3 Note that ug = 2(u; — 1) = 22u — 2272, then

up = 28y — (2F 21 4 4 2)
1
= 2"y —2(1 - 50}
Look at u = ug and so on, set ux, € H(B(1)), Ay = {x € B(1) : ux(z) < 0},
By = {z € B(1) : ug(z) > 1}, Cx = {z € B(1) : 0 < ug(z) < 1}. |A4| =

B(1
[Ao| + |Col, |Ak| = |Ak—1| + |Ck—1| and property 2 gives that |Ax| > | é )‘




Remark 2.2. The structure of allows us to obtain: For each solution wujto

inB(2),
/ IV (u)+? < Cay / (u)+? < 4Cax|B(2).
B(1) B(2)

ie.,
IV (ur)+llz2(B1)) < CaAN-

\Aw| - 1Bi| < Cn IV (ur)+ | 231y [Ck|2 < Can[Crl?.

Remember: We want |By| to be small eventually. We want 4|Bj| < €, i.e.,

[t =1 [ (- 02w < 4B <o
B(1) B(1)

If in the worst case c
1Bi| < ZO holds for all k,

then B .
€0 2
> — = k> 0.
ICk| > ( 5 1 CA,N) ann, V>0
B(1 B(1 B(1
But ‘B(l)|Z|Ak|2kaNA+MOYkSM,Choose Ky := B()] +1.
’ 2 QN A 2aN,A

In other words, the propagation on the property |By| > %0 would stop at some

0 <k < Ky, ie., |Br,| < %0 will imply fB(l)(uKOH)i < €y with ug,41 solves

1
1). Apply the first DeGiorgi lemma to ug,+1 and get ug,+1 < 1in B(=), i.e.,
o+ o+ 2
1 ) 1
{u - 2(1 - 2K0+1)} < 9Ko+1 m B(i)v
th <2 1
en u s 42— W

A A
Remark 2.3. You can always choose d; with |d;| < 3 such that |u—d;| <2— 7

Let
2 1

1 — ) —
WO = —=fu(e) - di]
9_2
2
be a rescaled solution. Finally, we will see
9_ 2
OSCB(#)U < (Tz)k’OSCB(l)U/

or (Jul < 2)
osCp(rkyU < 46",

In |z|

ln|x|7then 5k ~ e = (610g5 \1\)&@ —

Thinking: || ~ r* which means k ~

nr
mﬁ@ ~ |z[7. Then |u(x) — u(0)| ~ |z|7.



3 Introduction to the elements of incompress-
ible Navier-Stokes (NS) equations

3.1 Historical view

Starting point: The linear theory. Let €2 be a bounded domain with smooth
boundary in RV, N = 2,3. Consider

in [0,7] x Q. (3)

Oiu—Au+ VP =0
Veu=0

To write down the weak formulation, we need the right functional space for the
“test-vector fields” on (2. Let

A}M (©2) = the space of al smooth, compactly supported divergence free v.f on €,

V(@) =&, and o = 517,

12 is bounded, ] 3 ey = Iellv = IVl (0 since [l < CEOIVels).
If Q=R Jlollv = loll2@y) + IVl L2 @v) -

Let V(Q) = {u € HYQ)|V - u = 0}, then V() C V(Q). Are they the
same ? If Q is either RY, Rf or any bounded domain with smooth boundary
in RN for N = 2,3 (usual domains), then V(€2) = V(). The example when
V() G V(Q) is to take

Q = R? — {this (1, z3)-plane with a disc removed}.

Heywood (1970) proved V() = finite dimesional space @ Vg, which has some-
thing to do non-uniqueness, in general situation.

Theorem 3.1. Let Q be a “usual domain” in RN (N = 2,3). There exists a
unique element u € C°([0,T); Hq) N L%(0,T; Vq) which satisfies

A. O € L*(0,T; V)
B. For a.e. t €[0,T], and p € Vg, we have

<8tv\t,<p>‘/S/Z®VQ +/QV’U|,5 Vo = (f(t),gz))‘,é@vQ (weak formulation of (),
C. u(0) = a.

The following properties are fundamental fact to further build the theory of
weak solutions to NS equations. Why do we care about f 7 Back to the original
NS equations

in [0, 7] x Q (4)

ou—Au+u-Vu+VP =0
V-u=0

Weak formulation for . For a.e. t € [0,T], Vo € Vo, we have
(Oyu, go}vé@,vg + /Q Vu: Vo= — /Q(u -Vu) -

:/(u®u):Vg0:/uQUg8ag0g.
Q Q



Reference: Seregin, Lecture notes on Regularity theory to NS equations, Oxford
(Chb) and Leray-Schauder fixed point method Twice. Big Glory (Leray-Hopf,
1930-1940).

Theorem 3.2. Take a € Hy~. There exists u € L>(0,T; Hgn) N L?(0,T; Vq)
which satisfies

D. For any ¢ € L*(RY), the function t — u(t)p is continuous,
RN
E. Opu € L0, T; Vign)

F. For a.e. t € [0,T], and any ¢ € Vg~, we have

(B, @) +/ Vu: V(p:/ (u®u) : Ve,
RN RN
G.|lu(t) — allp2@®~y — 0 as t — 0.
H.For a.e. t € [0,T], we have

1 r 1
ey + [ [ 19u(t,0)Pdodt < Slal g,
0 RN

The result is not easy by any standard method. Teman (abstract): either
bounded or RY. Seregin (concrete): bounded domain with smooth boundary.
Moreover, in 2-dimesional space, the condition H will be an equality, and note

that we only discuss the partial regularity properties for higher dimensional
(N > 3) spaces.
Recall in the Evans’ book, we have 8, f € L?(0,T; H=Y(Q)), f € L*(0,T; H}(Q)),

d 1
%|f|2 =3 <3tf(t),f(t))H_l(Q)(@Hé(Q). If we have dyu € L*(0,T;Vgn), u €
L?(0,T; Vgn) (u € C°([0,T); Hgn)), Vgy C Hpy C Viy and

T
) ey = O ey = | Ot ulrdyy, oy, 7

Look at and define a projection P : L?2(RY) — Hyn, L*(RY) = Hpnv @
{dF € L2(RY) : F e WL2(RN)}.

loc

[ (—Au,p) | = I/RN Vu: Vol <|[Vullp2@m)llellvx s Ve € Ver,

which implies
[(=A)ulellv:, < IVulellL2 @)
and
H(_A)U'HLQ(O,T;VR/N) < HUHL"’(&T;VRN) < 0.

Moreover, in 2D, we have

[ Vo) = | [ vaustugs)

1
< [ Pl < ([ el
R2 R2



Note that we have used the Ladyzhenskaya’s inequality, which states Vf &
H; (R?),
£y < CollFllFagay IV F 112 gay:
so we have
lu- Vully:, < lu(®)Zsge) < Collul®)llzagee) [ Vut) || 2re),
and

T T
/0 H’LL . quVRIN dt < C()/O ||’u(t)||L2(R2)||Vu(t)HL2(R2).

3.2 More weak solutions for the NS equations
In 1980’s, suitable weak solutions which enable us to “localize” the NS equation.

Definition 3.3. (Version 1) A suitable weak solution to (NS) which arises from
a € Hys is an element u € L>(0, T; Hgs)NL?(0, T'; Vgs) which satisfies condition
D to H, and for a.e. t € [0,T], p € C2°((0,T] x R3), we have

1 o(t, ) |u(t, z)[? |Vu(t, z)|*o(t, z)dxdy
A L

_2/ / (Orp + Agp) |u|2dmdt+/ / Vo u |u|2+P)dxdt.

We do not know if each Leray-Hopf weak solutions will satisfy this definition.

Remark 3.4. It is a fact that for each initial data a € Hpgs, there is at least one
suitable weak solution to which arises from a.

Key lemma of the Partial Regularity theory.

Lemma 3.5. (Vasseur) For each p > 1, there exists g = eo(p) € (0,1) such
that for any suitable weak solution (u, P) in [—1,1] x B(1), we have the following
implication: If

1 1
oo ) aoy + [ [ (vuPdear ([ 1 Plaaran? <
-1JB(1) -1 JB(1)

te[—1,1]

then L L
<1lin|—=,1 B(-=).
ul < Lin [-5,1] x B(3)

Remark 3.6. For CKN-version: If
lallzs vy P15 e say < o

then 1
lu| <1in [—5,1] x B(1).

From the , take divergence on both sides, we have
—AP = RaRg{uaUﬁ},

where R, stands for the Riesz transformation. When u € L3, ie., |u? €
L3(]=1,0] x R3), then P € L3 ([—1,0] x R3).



Now, (u, P) satisfies the following: Vi € C°([—1,1]x B(1)), a.e. t € (—1,1],

then
1 2 ‘ 2
5 [ etoltePs [ ] wupe
B(1) -1JB(1)

1 [t ¢ 1
gf/<@¢+A@WF+/‘/'zrV@kWF+P} (5)
2/ —1JB() 2

3.3 Do truncation to |u|

1 1 2 22
Vg = [|u\—(1—2—k)]+, By, = B(l""ﬁ)v By_1 = B(1+23k)7 B2 = B(1+3)-

93k 93k
Take a bump function 7 € C’Q’O(Bk_%) such that
XB, <Mk < XB,_ 1>
‘Vnkl S 2- 23kXBk_%7

V2| <4-2% x5

1
-3
Find the inequality satisfied by v, and can be abstractly phrased as follows:

Ju? Juf?

1

O

v
Note that 8tv,3 = ﬁu - Oyu. You know somehow vy should satisfy
U

2
Vk

1 1
E&U,%—i-D,%—A(2)+§V~{u-vi}+( k

|U—|—1)u-VP+u-VP§0,

U

but this is not the right way to obtain the inequality. The problem shows up
on the big part of vg.

3.4 Look at (’U—k‘ —1u
u

1— L
1. If vy > 0, then (% —-1)= (|u|2k)|u

1
2. If vy(w) = 0, [u| <1— — (&

Vg

—(— —1 HY(B(1))Nn L>®(B(1 d|— —

g (= 1w € HY(B() 1 L=(B(1)) and |11
1

U-Jul <1- 5 <1

v
Note that the idea is ‘—k' and u themselves maybe worse, but combine them
u

v

together and after canceling out, the term (‘—k| — 1)u - n will be nice. We use
u

v,

for each t € [—1, 1], (| | 1w - nx to test against
u

0= <(3tu —Au+u-Vu+ VP), (v—k —1Du- 77k>
[ul H-1(B(1))®H} (B(1))

)

10



1
the weak formulation of matters. The idea is let §V -{u|u|?} handle the

large part of |v;|? for us.

<u-Vu,(|1;k|—1)unk>=/B( Ua Oy, u5(| | — Dug - ng

2
U
:/ uaa{ ||}77
B(1)

u
S PRI
B(1)

since
Oa {#}—Ukﬁ Vg — U Vu = vi0u|ul — u - Vu
Uk-fVu—u-Vu: (v—k—l)u.vu7
|ul |ul
V(= W) < |Vu| and il e Wh(B(1))

Now, look at Au:

v v
<‘Au,<’“ - 1>u-nk> = | Vu:V{(5 - Du-m)
|ul HY(BY)eHL(BO) JB() |ul

Uk
= Vu:V((— —Du)-nx + Vu :
B(1) ((|U\ Ju - B(1) (\“|

For I,

)ank = Il + Ig.

v 1
I, = / (%lug(f]C — Duglan = / =0 (v} — [u|*)Dani
B(1) |yl B() 2

— (a0,

For I, note that V|u|? = 2u - Vu = 2|u|V|u|

I = Vu: V((E 1)y / Vu : v )—|Vu|2
B(1) |ul
= Vu: V(—k) Ut Vur By — |Vul|?
B(1) Ju | Jul
21— 2
= [ulV]ul*- B ‘2 VIUIX{vk>0}+(| | = D|Vul
1- 1

2k 2 Uk 2
= \Y% o — — 1)|Vul7].

1 Vg Vg
Note that vi = [Jul = (1 — )+ and D} = L[]l Pxqns0) + 1l Val”

2 2 ‘l& lu
Uk Uk vj, 1 vy vy
=(1-—= — dlul—=2 < (11— )2+ 2.
u=( M)u—i— |u|uan |l 5 <( 2k)2 + 5



3.5 Short summary
— |uf?
2
hold in D’, whichever
Juf®
2

(0} — |uf)) + D} — |Vul® + (1% —

)+ V(5 "

2
9,k :

Du-VP=0 (6)

1
0() + VUl = S|A(uf*) + V- (U\UI)+U~VP§0 (7)
which is to test against nonnegative test functions. From @ and , we
obtain
2

2
&(%’“HD,%—A( )+ V- (——v,%)+(%—1)u-vp+u-VP§o. (8)

2 2
Define

1
U := sup ||Uk(t)||%2(3k)+/ / G
Ty J By

T, <t<1

1 1
by choosing T}, = —5(1 + 27) and derive

Uy < Coll + 1Pl proalU;

to imply the first DeGiorgi lemma holding.
For ¢ >0 € C((—1,1) x B(1)) works for (7)) but not for (8). For ¢t > 0,

2 /Ba) 2 B(1>
1
S/ / (8t<p+Ago)v,%+/ / —v,%-Vgo
B(D) —1JB@) 2

/ / ‘ | w- VP +uVP] - gdt.
u

In the final step, let 1.(¢) be a bump function with support in (o — €,s + €)
(0 < 0,5 >0)and ¥(t) =1 in (0 + €,s — €), and connect 1 and 0 by straight
lines. Plug the test function ¢ = v¥.(t) - nx(z) into previous calculations, then
we have

o+e
/ Ve () (x) D3 (t, 2)dxd

—e JB(1)

1 1
g/ wé(t)-/B(l)n (x)vi(t,x)dmdy—i—/ B(l)we(t)Ank(x)v,%(t,x)dxdt

o[,

k-,

kank+/ / m—lu VP +u- VP (t)(x),

1
3

Wl

and
1
/ ¢é(t)/ n(2)vi(t, z)dxdt
-1 B(1)

1 s+e
=— —/ / nk(2)ui (¢, x)dzdt + —/ / x)vidadt.
2¢ Js—e 3(1) B(l)

12



Until now, we have

2

8t%k+D§—A( Uk

1]213)+V.(u1]2’%)+(m—1)u-VP+V~(uP) <0in (=1,1)x B(1).

Select any —1 <o <t <1,

t
/ e vr (t, )] +/ D? - npdxdt
B(1) o JB(1)

ty? t 02
S/ melo(o, )" +/ S A +/ / u- LV
B() o 2 o JB(1) 2
t
+/ |/ i { (% — 1)y - VP + V- (uP)}dt.
o JB) |ul

Fix t € [Tk, 1], take average of the above inequality over o € [Ty_1, Tk],

t

/ vk (t)|* + / Diny, < Aerage of LHS < Average of LHS
B(1) Ty, J/ B(1)

! /T'“ e, oo + [ % Ay + ) [
o [ wntoorios [ [ st
Tp —Ti Th_1 Ti—1 v B(1) 2 2
t
v
w0 G = VP V- w)ar

Tp—1 JB(1)

Use |Vni| < 2-23% and |V2uy| < 425%, then

1 v (t)]? !
—Up < sup / T]kM +/ D,
2 Tx<t<1JB(1) 2 Ty J B(1)

1 2
v
<o [ ule [ @+
T, J By Qr-1

t
+/ | nk{(v—k —1Du-VP+ V- (uP)|dr.
Te_1 JB(1) |ul

_1
3
u € Lo(=1,1;L2(B(1) N L3(—1,1; H'(B(1)), vy € L™(Ty, 15 L3(By)). Note
that LQ(Tk, 1;H1(B(1)) C LQ(T;C, 1;L6(B(1)).
1
lvellze By < Cotllvkllzz(sy) + IVrllLes ) 3(5) C By C B(1).

For 6 € (0,1),

1 6 g 1-90 10
; =3 + < — & + 5 implying p = 3 Therefore,

—0 0 3
HU’CHL%(Q,C) = HkalLoc(Tk,l;Lz’(Bk) Nowllz2 (1m0 By < U -

4 Deal with the pressure

Motivation: For Leray Hopf weak solution in R3, —AP = 9,03{uqug}, u €
L*(—1,1; L2(R?)), |u|(t,-) € L*(R3) and |u|(t,-) € L5(R?).
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Lemma 4.1. Suppose we have P € LP(Tyx_1,1; L*(Bk_1)) and some symmetric
matriz (Gag) € L (T—1,1; L} (Br_1)) such that (=A)P = 0,03{Gas} (Not
the whole space setting). Then

P|Bk7% = Pi1 + P,

where Pyy is the nonlocal part and Pyo = (—A)710,05(Gap - k] is the local
part. Moreover,

1Pktllrmics sz (8,33 + IV Pealle(n s upe(s,_ )

Observe that
—A(ppP) = —Apy, - P =2V, - VP — AP - ¢y,
= —PA(pk — 2V - {PV(,Ok-} + Q@kAP — (pkAP
= —PAypr —2V - {PVpr} + o AP

and
—orAP = 04 0005{Gap}

= 0a{vk08Gap} — Oar - 08Gagp

= aaaﬂ [SﬁkGaﬁ] - 8(1{8[39016 : Gaﬂ} - aa@kaﬁGaﬂ

= (=A)Pr2 — 0uppr - Gag — 2050k - 0aGag,
or

(—=A)[prP] = (—A)Pr2 — dappr - Gap — 2051 - 0aGap

Further,

(—A) Py * {=0appr - Gap — 2080r0,Gap

_ 1t
 4r |z
~Agy,- P2V - [PV},

Since suppVyg, suppV23p C Bk—1\Bk_§, (=A)Pi; =01in Bk_%, we estimate
HPkl ||Loo(Bk_%) and ||VPk1 ||L00(Bk_%).

For x € Bk_%,
/ L S PVl / Ly, PV
g3 [ — | Y veBr—B;_2 |z —y| "
1 Yy—
= - ( VP (y)Vorl|ydy
/Bkl\Bkg ly =z |y — | Y

<2.20k. 23k/ |P|.
By_1
The conclusion is that

|V Py (t, ) ||L°°(Bk7%) + | Pea (¢, ) ||L°°(Bk7%)

<Cp2'* /B IRUCURIERTE
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Lemma 4.2. Let p > 1, consider P € LP(Ty_1,1; LY (Bk_1)) and (Gap) €
L% (Ty—1,1; L*(Bg_1)) such that (—AP) = 0,3Gas. Then

P|Bk7% = Pp1 + Py,
where Pyo = (—A)0as(Gappr) and Py satisfies the following
(~A)Pyy =0 in [Ti1, 1] x By_s
and

||Pk1HLP(T,C_l,l;LOO(Bk_%)) + ||ka1||LP(Tk,_1,1;L°°(Bk_%))
<Co2? ™ {||P Lo(r, 1501y 1)) F NG Lo iy 1501 (B 1) }-

The details of proof, we refer to Seregin’s big paper and Sverak’s work.
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