Spectral Graph Theory and its Applications

Yi-Hsuan Lin

Abstract

This notes were given in a series of lectures by Prof. Fan Chung in
National Taiwan University.

1 Introduction

1.1 Basic notations

Let G = (V, E) be a graph, where V is a vertex set and E' is an edge set.
N

)

(Graph 1)
We denote the edge set E = {{a,b},{b,c}, - }.

Definition 1.1. We say that {u,v} € F

if and only if u ~ v,
if and only if u is adjacent to v,

if and only if u is a neighborhood of v.
Moreover, we let

N@w) :={z € V]z ~ v},
d, := degree of v = |N(v)|.

(dy)vev denotes the degree of sequence.
Example 1.2. In graph 1, we say (dy)vev = {da, dp, de,dq} = {3,2,2,1}.

Theorem 1.3. (Erdos-Gallai, 1960) Let (a;)i=1,2,... n be a degree of sequence
of a graph a; > a;y1 if and only if

n

iai <r(r—1)+ Z min{r, a;}.
i=1

i=r+1



Proof. (=) Trivial, since when the graph has r vertices, it will be less than r(r —
1); outside r-graph part, it will be less than the second part of the inequality.
(<) Exercise ! O

There are many points of view of the graph theory. The graph theory will
involve topology, algebra, analysis and probability. It also can be applied to
the computer science (algorithm, complexity), network science (big data) and
optimization.

1.2 Classification
There are many types of graphs. We give brief definitions in the following.

Definition 1.4. We call G to be an undirected graph if £ = {unordered pair}.
We call G is a simple graph if G satisfies

1.undirected,
2.no multiple angles,

3.no loops .

ooy

The directed graph will be denoted by

o
L4 7 O

N b

The hypergraph: E = {subsets}.
The weighted graph: w(e) € RT U {0}.

b5 {
Yo oy

Let G = (V, E), A be an adjacency matrix, which means

Alu,v) = {1 if un~w,

0 otherwise.



It is not hard to see d, = Y, A(u,v). Path v = wo,uq, -+ ,us = v, where
u; ~ ui41. We call it to be a simple path if all w}s are distinct. Denote
At(u,v) =# of paths from u to v of length ¢.

Exercise 1.5. # of k paths in G = (V, E) > na_k, where n = |V|, d =average

Zu du

n
Schwarz inequality, we have

degree= For instance, when k = 2, 2-paths, by using the Cauchy-

}:ﬁan:%ﬁ
We also have
# of paths of length ¢ in G = <17 At1> ,
where 1 = (1,1,---,1).
Exercise 1.6. Let pg =spectral radius of A (the largest eigenvalue of A). Prove

that )
= [ <17Ak1> '
=\ Ty )

1.3 Random walk on G

In this section, we consider G to be undirected graphs. Let P(u,v) =the prob-
ability of matrix to u from v (transition probability matrix).

1
—, fu~ 1

P(u,v) = q dy RemT — A(u,v) = (D' A) (u,v).
0, otherwise. u

Note that P = D~'A with D being a diagonal degree matrix, D(u,v) = d, (not
symmetric in general).

Let f:V — RT U{0} be a probability distribution and >~ f(v) = 1.

1 if v =
Example 1.7. fo = xu, where x,(v) =< n u
0, otherwise.

There are two versions to describe the graph. In the previous example, after
one step the probability becomes

Y Xu(2)P(2,0) = (xu, P)(v).

After t steps, the probability from u reaching v is y,, P!(v). Here we use the row
vector multiplying with the matrix.

Example 1.8. Uniform distribution <+— Stationary distribution. ( N

n

)

S|
S|

1
~. Does lim;_,o, fP?! exists ? unique ? If the existence holds, the have
n

=

W

@

lim fP! =TI,
t—o00

where II is the stationary distribution (ergodic).



1 1

Example 1.9. G is k-regular, d, = k and —1- P = —1, where P is the
n n

probability matrix.

Example 1.10. Let G = G; UG> be disjoint union, where G is ki-regular, G
is ko-regular. Then the limit IT = II; x IIs, where

1 1
1 (k17 akla ’ ’ )a
1 1
2 (a ) ) ak27 ,kg)’

are stationary.
Example 1.11. Sj on k + 1 vertices.

p

1
2k
Let G = (V, E) be a graph without isolated vertices, S C V. We define

VolS = " d,

veES

() = (vi?c:)uev'

(ITP)(v) = 3" 1(u) P(u, v)

u~v

d, 1 d,
- ; VolG 4.~ Volg — ).

XeP%%(c) = 0 and x . P®*"(c) = 1. —(k,1,---,1) =1II is stationary.

and

Moreover,

When the graph is directed, we can define




Problem 1.12. Can we find a function f such that fP = f ?

In general, there is no close form for this f.

1.4 The note of convergence

Let M be a symmetric matrix, then all its eigenvalues are real. Let M? =
U*A'U, where A is the diagonal matrix. Recall that P = D~'A = D~2(D~2AD~2)D?
andlet M = D=2 AD~ % then Pt = D=2 M*D2. Let ¢}s are orthonormal eigen-

1D>

VolG

vectors associated with eigenvalues p; of M, then ¢g = . We will see

more details in the following lecture.

2 Spectral graph theory - An introduction

The tool is based on the generalized fast Fourier transformation (GFFT). Let
M denote all positive entries matrices, A be adjacent matrices, A(u,v) > 0,
Vu,v. Recall that the Perron-Frobenius theorem states that there exists a unique
eigenvector with positive components. All negative eigenvalues matrix can be
considered as a Laplacian.

2.1 The combinatorial Laplacian

Let G = (V, E) be a simple graph without isolated vertices, no loops, |V| = n.
Denote A to be adjacency matrix, D to be diagonal matrix and P = D~ 'A4 to
be the transition probability matrix with eigenvalues p; = 1 — \;, where \;’s
will be introduced later.

Definition 2.1. Let £ be (normalized) Laplacian, £ =1 — D~ 2 AD~2. L has
eigenvalues A\g < A1 < --- < \,_1 (V] =n).

1, if u=w,
1
,C(’U,,U) = W, ifUN’U,
0, otherwise.

P(u,v) = Prob{moving to v from u}, fP(v) =5, _, f(u)P(u,v), where f is a
row vector. Let B(u,e) be oriented all edges arbitrarily, u € V,e € E such that

1, if u is the head of e,
B(u,e) = ¢ -1

0, otherwise.

if u is the tail of e,

)

Fact 2.2. B-B* =P — A = L: combinatorial Laplacian.

Fact 2.3. We have

Lf(u) =duf(u) = Y f)= D> (f(u) = f(v))

v, v~U V,v~U

Fact 2.4. L=D"2LD 2 =D 2B-B*D 2 = (D 2B)- (D 2B)*.



Fact 2.5. All eigenvalues A\; > 0 and Ag = 0.

A homological view: We can regard C as 1-chains and Cj as 0-chains. Then
BSOQ—>01 aHdB*201—>C().

Let € = {u,v} be oriented edge, then B sends € to u — v and

B: Z a??%Zﬂvv.

2cF vevV
Proposition 2.6. Consider the Rayleigh quotient and let f = gD_%,

gLg* gD :LD”zg*  fLf*
99* 99* JDf*

where

FLET =Y fw) Y (f(v) = f(w)

v, v~U

=D flw) Y (flw) = f(v))

V,v~U

= Y (F@(f@) = f©)+ fW)(f(v) = f(w)

{u,v}erE

= Y (fw—fw)

{u,v}eE
and fDf* =%, f(v)?d,. Therefore, the Rayleigh quotient is

gﬁg* o Z{u,v}EE(f(u) - f(’U))2
99 Ysev FPa)ds

For zero eigenvalue, f(u) = f(v) if u ~v.

1D~3
VVolG’

Fact 2.8. G has k connected components if and only if the zero eigenvalue has
multiplicity k.

Fact 2.7. ¢ = fOD% = where VolG =Y, d,.

Proof. (=) Easy. (<) Exercise. O
Fact 2.9. \; <2 for all i.

Proof. By using the Rayleigh quotient, we have

< Z{u,v}GE(f(u)_f(v))2 . Z{u,v}eE(f(u)—f(U))Z
O ST 1Y M L SN =10 WA 210y M

since (a — b)? < 2(a® + b?). O




Example 2.10. Let A = , L= . Let
1 0 —-L 1
0 be the n-th root of " = 1, then

1 1
L ’ =(1- L(9+02+ +0m 1)
: B n—1 :
anfl anl
0, it =1,
i [Ty R
n—1

Moreover, 0 has multiplicity 1 and Ll has multiplicity n — 1.
n—

Example 2.11. More complicated, we consider matrices

01 0 -~ 0 1 1 -3 0 0 -3
1 0 1 0 0 O .
-3 1 -3 0 .0
0 1 0 _1
A= andL=| 0 2 0
1 :
B B 0 -1 0
(1) 8 0 0 (1) (1) o = L
-3 0 -3 1
Similar calculation, we have
1 1 1
0 o 6! 0 2mj 0
I : ( 5 5 ) (1 — cos - ) ;
en—l en—l en—l

where = ¢*57.
Example 2.12. A hypercubes @,, has 2" vertices, n2" ! edges. V = (0,1)" ={string
of 0,1 of length n }={subsets of an n-set {1,2,--- ,n}}. Its eigenvalues of L are

2k
—, k=0,1,2--- ,n with multiplicity ( ") and eigenvectors 0y, s C [n] =
n

k

-

—1)lsl )
{1,2,--- ,n}. 05(T) = % and L, = %95, with k& = |s| (exercise).
2.2 More facts

Fact 2.13. G is a vertex disjoint union of G1 and Gsa, then we have Ag =
Ag, UAg,, where Ag denotes the spectrum of S.

Fact 2.14. If G is connected and G # K,,, then A\ < 1.



Proof. Let ¢y be the first eigenfunction with respect to A\g and f = D*%g. By
using the Rayleigh quotient, we have

M=ot olo e B0 A)))
g#d0 (9,9)  Sr@d.=0  (f,Df)

_ S f@) = fw)?
Toiue T S, P@d st )

where R(f) is the standard Rayleigh quotient. Now, we choose f; by picking
different vertices a and b with a ~ b,

dy, ifv=a,
filv) =4 d,, ifv=0,
0, otherwise.

 dod? + dyd?

= _4b  Pra _ 7 O
dadl% + dpd?

Then we have Ay < R(f)

1
Fact 2.15. Suppose G has diameter D, then \y > —————, where VolG =

D(VolG)
ZUGV dv'

Proof. Suppose that Ay = R(f) for some f, f is the harmonic eigenfunction.
> f(z)dy = 0, and choose ug such that |f(ug)| = max, |f(u)|, then Jv such
that f(ug)f(v) <0 and 3 a path P = {ug,u1,--- ,ur = v}, t < D. Again,

>pnlf (@) = f()? Ceayenm f@) = F)))?
> fA(@)dy - (VolG) - [ f (uo|?
o Xayenr |/(2) — f)))? o) = f)P o1
= D(VOIG)[f(w)?  ~ D(VOIG)|f(uo) P ~ D(VoIG)

A=

1
Remark 2.16. A\ > —-
n

Exercise 2.17. Find connected graphs with A\; being the minimum.

3 More results for discrete Laplacian

3.1 Cartesian product
Let G; = (V;, E;) be graphs. G1 O G2 has vertex set V1 x Va.

Definition 3.1. We say (u,us) ~ (v1,v2) if and only if u; = vy and ug ~ vy
or us = vg and uy ~ V7.

By the definition, it is easy to see Q,, = P, O P, O ---0O Ps.

Let G = (V, E) be a graph with |[V| =n and £ = I — D=2 AD~=. Recall
the eigenvalues are 0 = A\g < Ay < --- < A1 < 2, if A\g = 0, then the graph
G has disconnected components. In further, the spectral gap Ay — Ag plays an
important role in the spectral graph theory.



3.2 Vertex transitive and edge transitive

Let G = (V, E) be a graph and ¢ be (graph) automorphism such that o : V- — V/
satisfying z ~ y if and only if o(z) ~ o(y).

Definition 3.2. We say that G is vertex transitive if Yu,v € V| 3o automor-
phism such that o(u) = v. We call G to be edge transitive if Ve, e’ € E, Jo
automorphism such that o(e) = €’.

Exercise 3.3. Find examples of graphs such that vertex transitive will not
imply the edge transitive. Simultaneously, the edge transitive also cannot imply
the vertex transitive.

Hint: We can consider the Cartesian product of two triangles. Note that in
the following graph, the vertices are transitive, but the edges are not.

1
Theorem 3.4. If G is edge transitive, then Ay > Ik

Theorem 3.5. If G is vertex transitive and G has degree k, then \y >

kD2’
Definition 3.6. We define the index of G to be
VolG
IndG = ———
ndG = o 2\E;|

where E; is the i-th equivalent class of edges (the graph above also shows that
these two triangular have equivalent edges).

1
Theorem 3.7. A\ > DZindC if G is vertex transitive.

Proof. By using the Rayleigh quotient again,

YU~ fw)
A= Esup S od,

> f(@)ds
=~ - th h
S d, , then we have

S U@ f@) S, () — J()2VelG
P Y, ), - CLEE T Y, () — F0)dud,
(

if we choose ¢ =

)




Fix a vertex zg, Yy € V, we consider P(zg,y) of length < D and P(z¢) =
{P(zo,y)ly € V}. For x € V, x = o(x0), P(z) = {oP(x0,y)}. Now, for every
edges e € E, we set N, = # of recurrence of e in UP(x). In addition,

n?D n?D n?DindG _ nDindG
N < < : < < .
2|E;| ~ 2min|E;| VolG k

Let e = {u,v} and f(e) = |f(u) — f(v)[, then

DN U@ =F)* <D D>, fle SZZD- > e

Yy ec€P(z,y) T e€P(z,y)

<Zf2 \D - N, <Zf2 andG

eclE ecE

Therefore, we can conclude

N £20) !
M2 W) — f(0)? © DPmdG

O

Let G = (V, E) undirected weighted graph. Recall that we have introduced
P(z,y) = Prob{moving to y from z}, 0 < P(z,y) < 1 and }_ P(z,y) = 1.
Let II be the stationary distribution, then we have IIP = II, which means
> (@) Pla,y) = IIP(y).

Definition 3.8. We call P(z,y) to be the reversible random walk if
(z) P(z,y) = I(y) P(y, x),
which means P(z,y) is reversible.

Let wyy = cIl(x)P(z,y), then wyy = wy, and

1 dy  Way

II(z)P = Wy = =I(y)P(z,y),
@)P@,y) = “wm = gm0 (y)P(z,y)
xr dm
where d, = Z Wgy. The typical random walk is P(x,y) = u:ly, II(z) = VolG
" 0

and VolG = erG

Recall that in Sectlon 1, we have proposed the following questions: Does
fP? converge ? How long does it take ? How about the rates of convergence ?
Here are partial answers.

The necessary (also sufficient) conditions for the convergence is

1. Irreducibility - This is equivalent to the connectivity of graphs.
2. Aperiodicity - This is equivalent to non-bipartite of graphs.

IfP=D'A=D"3(D 2AD 2)Dz = D-2MD?=, we have P! = D=2 M'Dz.
Let ¢; be orthonormal eigenvectors for M, i =0,1,---n—1, if we write fD_% =

10



. D21 f1 1 1Dz

a;¢i, ap = fD72 - = = and ¢g = —. Thus,
2 9 / oG~ YVolG Vvl M = e
(we denote || || = || - |lz2)
IfP* =11 = ||f D72 M'D? — 11| = ||fD*(I - L)'D* —1I]
n—1
1 L
= > ai(l=X)'¢:D? =T = | Y (1= Ni)': D2 |
i=0 i>0
< (m>ag<|1 - XHC = 0ast — oo,
if A\ := |1 — \;| < 1, for some constant C' > 0. Moreover, we have the following

main results.

1. A1 > 0 if and only if the graph is connected if and only if irreducibility
holds.

2. Ap—1 < 2 if and only if the graph is non-bipartite if and only if the
aperiodicity holds.

3.3 Lazy walk

We give examples of the lazy walk in the following.

I+ P A
Example 3.9. 7 = +T, A= ?1, adding loops wy,,, = dy.
[+ P AL+ A
Example 3.10. Z = %7 choose the best constant ¢ (e.g. ¢ = % -
c

1).

4 Cheeger’s inequality - graph version

Recall that £ has eigenvalues 0 = \g < A\ < -+ < A\_1, where A1 controls the
connectivity of graphs. Moreover, A1 gives information about the convergence
of random walks. In the spectral graph theory, we consider two important
problems: Expansion property and isoperimetric property.
4.1 Isoperimetric property
In the graph theory, there are two kinds of boundaries.
Definition 4.1. We call §(S) to be a vertex boundary if

0(S)={veV|vé¢S v~ u for some u € S}.
We call 9(S) to be an edge boundary if

9(S) = {{u,v} € Elu € S,v ¢ S}.

For a specific “volume” (say 100), what is the subset with volume < 100
minimizing the vertex/edge boundary ? Let G = (V, E) be a graph with |V| = n,
we want to discuss the Cheeger’s inequality to help us to us to understand the
isoperimetric inequality.

11



4.2 Cheeger’s inequality
Recall that Vol(S) =", g dy.

05|
Vol(S)”

Definition 4.3. The Cheeger constant hg of G is

Definition 4.2. (Cheeger’s ratio) h(S) =

he = min{h(S)|S C V, Vol(S) < %VOI(G)}.

Here we only consider all graphs with finite edges and vertices. It is easy to
1
see that for any S with Vol(S) < §V01(G), |0S| > haVol(S).

Theorem 4.4. (Cheeger inequality) If graph is not complete, we have

h2
ha > M\ > 70 and \/2\1 > hg > %

The complete graphs are much easier to understand, so we only consider the
incomplete graphs.

Exercise 4.5. Find graphs G, G’ for which hg, = c1\; and hg = c2)\3.
Lemma 4.6. 2hg > \;.

Proof. Use the Rayleigh quotient, we have

Doy (F(@) = f(9))? < R(g) with Y g(a)d, =

A = inf
Y s imde=0 Y, f2(2)d,

S 1
hg is achieved by S, hg = | | with Vol(S) < §V01(G). Choose g defined
by

1(S)
if
{Vol(S , Hves,

if .
Vol TvES
Then
1 1
_ (Yors * 7VOISF)‘8S |
i W M S
Vols Vo ls
1 1 |0S[VolG
= (—— S il D ST
Fois ™ Vo512 = Vols verge = 2@
O
h2
Theorem 4.7. A\ > 7G
Proof. Suppose
2
u) — v
M = R(f) = > (f(w) = f(v))

12



for some f. Order the vertices crossing f by f(u1) > f(ua) > -+ > f(u,). Let
C; = {{vj,v}]1 < j <i <k <n}. Define

|Ci]
1Sitn min{> . dj, >0 dit

Q= oy = 1 hG

2

by the definition of hqg. It suffices to show that A\ > a—.

Now, we define Vi = {v : f(v) > 0} and V_ = {v: f(v) < 0}. WLOG, we
may assume Zf(v)@ dy > Zf(y)ZO d,, (if not, changing sign). Define

o) = {(J)"(m), iftexeVy,

otherwise.

Then we have

Mf(wde = > (f(u) = f(v)).

The above equality holds since if we set ¢ = D%f7 then A\i¢; = L¢q, then
Aif(@)(ds)® = D™5(D ~ A)D-%w%f(w))
1
1
dz

d
R

and
Algg) o LI
M= G T selBao (£ D)
Therefore,
M= ey, S 20 (fW) = f0) 30, (0(w) —9(0) 3, (9(w) + g(v))°
Yuev, [ (u)dy T X9 (u)dy 2w (9(w) + g(v))?
o Eunn (W) = g? () (s 19%(ui) = ¢ (uig)] - |Ci])?
T2, (wdy)? T 2032, 9% (u)dy)?
o W) — P wi1)) -he  he 09w cidi — 3 iciadi) _ b
- 2022, 9% (w)dy)? T2 (22, 97 (u)dy)? 2°
where we used the summation by parts in the last inequality. O

Exercise 4.8. Prove that A\; > 1 — /1 — hZ, by using (a + b)? = 2(a® 4 b?) —
(a —b)2.

Remark 4.9. Cheeger’s inequality can be rewritten as

2ha =M 2 5 >

5 Another characterization of hg

Let G = (V, E) be a graph with |[V| =n and £ =1 — D=2 AD~2 be harmonic.
1
0=X <Xy <:-- < \,_1, then we have 0 < A\ < 3 Recall that we have

13



defined the Cheeger’s constant
e(S, 59)

Scv VolS ’
Vols < %VOIG

ha =

where e(5, 5¢) = |95] in the previous section. In fact, the Cheeger’s inequality

1S
h2 2 h2
2h62/\1>7Gand)\12%2

We have the following theorem.

5.1 Another characterization of Cheeger’s constant

Theorem 5.1. The Cheeger’s constant

S @) - fw)
he =t ) — dlds

Proof. First, we claim that hg < h'. It is enough to show that “<” holds for
all f:V — R. Choose a constant ¢y to be the median of f, which means either

Yooda< ) d,

(:=h').

z,f(z)<c z,f(xz)>c
or

DITAED

z,f(z)<c z, f(z)>c

1
which was obtained by the ideas of VolS < §V01G (cut f from the middle...).

Now, we put g = f — c and for all ¢ > 0, we consider

Z d, < Z dy.

z,9(x)<o z,g(x)>0

Let
glo) = {{z,y} € Elglx) <o <gW)} > he Y da

z,9(z)<o

Thus, we have

Yo @) = )l

T~y

Il
—
2 3
X\
S
jo W
)

_[° 9(0) ’ 9(0)
-/ > dz)do+/_oo(zm7g(z) = > o

—o0 Zm,g(w)<o dm z,g(m) o >0 7 :E7g(it)>0'

zhc</0 (> dx)da+/°°< > dy)do

* g(z)<o 0 g(z)>0

=he ) lg(@)lde = he Y | f(x) = clds,

zeV zeV

which implies b’ > hg.

14



|0X]|
Vol X

1, ifveX
so(v)={

For hg > h/, we suppose that hg =
VolX¢. Define

for some X C V, with VolX <

0, otherwise,

then we have

Dany [P(@) =0 (y)] 200X |
sup = sup
¢ g le(@) —clds ¢ |1 —c|VolX + |1+ c[VolX©
_200X]
T 2Volx
which proves the theorem. O

h2
Now, we give another proof for Ay > 7G (important mathematical theorems

should be proved more than one method).

h2
5.2 A second proof of \; > 7G

Proof. Suppose f achieves A1, which means A\; = R(f). Then
i T U@~ F)? XU~ S)
M=) =T G —erd, C S (@) ol
where c¢g is the median of f. If we set g(x) = f(x) — ¢o, then
2y (9(8) —9()* 2uny (9(x) +9())?
>0 93 (7)dy Yy (9(2) + 9(y))?

(FCany (@) —*®)* _ 12
B NGRS

Remark 5.2. Note that L =D — A,

(L) =D f@)) (f@) = fw) =D _(f) = f)?,

Yy vy

AL >

since "z — f(z)(f(z) — f(y)) + "y — f(y)(fly) — f(x))".

Exercise 5.3. Prove that

hg > inf Dany (@) = [ ()]

n >
TS f@de=0 Y [f(@)de T

1
—hg.
oG

5.3 More properties
Let G = (V, E) be a graph as before. £L=1—-D"3AD"% = D~ 3(D—A)D"% =
_ 195]

D~3LD~3. For ed i have h(S) =
2 z. For edge expansion, we have h(S) Vol

. L has eigenvalues \g <

15



A1 < -+ < \,_1 and its eigenvectors are @g, 1, -, Yn—1. Let fo, f1, 5 fa_1
. . . 1
be combinatorial eigenvectors, where f; = ;D™ 2.

N g (9:L9) it L) _ e Zany (@) - f(y))?
T olee (0,0)  Si@d=0 (f,f) X f(@)d.=0 L P@d,
If > f(x)d, = 0, we have
<f7Lf> Z )\1 <f7Df>a

<f7Af> < (1_A1)<f7Df>a
4, AD) | < max L= A7)

165 1
Let gg := min{ \;)15, [VolS < 5\701(?}7 moreover, if the graph is regular, we
. [0.5]
can consider the quantity W
Theorem 5.4. VoS > 1 , where 0 = 1= X1 and e = M

VolS ~— (o + 2¢)? VolG

2vEk -1 VoléS _ k

Example 5.5. (Ramanujan k-regular) o ~ ’ and VoIS > Z—!—lower order term.

Proof. Consider f = xs + oXxss, where x4 is a characteristic function on A.
Let g = f —cexv with ¢ = W, > g(x)d, = 0. Note that 3" g?(z)d, =
S (f(z) —¢)%d, =" f?(x)d, — c*>VolG. Then

(fLAf) ={f,(D—=(D—=A))f) =(g+cl,(D-L)(g+cl))
= (g, Ag) 4+ VolG < (1 — \1) (g, Dg) + ¢*VolG
(1= X)) {f, Df) + A\1c*VolG
(0+ 1 —-0)e)(f,Df)

<
<

since

(Zuesués f(u)du)2 < Zu fQ(U) . VOI(S U 55)

2 _
¢"VolG = VolG = VolG

<e(f,Df).
On the other hand,

<fa Af> = <XS + X553, A(XS + X&S)) = G(S, S) + 206(57 55) + 026(657 65)
> (1—20)e(S,S) + 20e(S,SUIS)
(1 —20)e(S,S) + 20VolS > 20VolS,

where e(S,T) = #{(u,v)|u € S,v € T,u ~ v} and e(S,SUJIS) = VolS. Thus,
we have

(0 + (1 —=0)e) (f,Df) < (04 (1 —0)e)(VolS 4 o?VolsS)

and
Vold S o—¢€ 1 1

> ifo <=, >
VolS _02(0+e)_(0+26)21 cEpM=
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1
If A\ < > we have

Volds _ 5] +9(39)|

> h(S) + h(SUSS).

VolS — VolS -
O
VolS
i .6. > — > —€).
Exercise 5.6. h(S) > A (1 VOIG) > 20 (1 —¢)

Theorem 5.7. We have

Vold X 1—02
>

VoIX = g2 Volx’

where 0 = max;zo |1 — A;|.

5.4 Diameter of graphs

Consider d(u,v) =length of the shortest path joining w and v, then we have
diamG = max, , d(u,v) and d(X,Y) = min{d(u,v)|u € X,v € Y}.

Theorem 5.8. When X # Y€,

log / Volxe. Volye

An—1+X1
log An—1—A1

Example 5.9. (Ramanujan k-regular)

diam@ < log(n: 1) N logn _ 210gn.
log T—x log\/E logk

Consider X,Y = X°\6X, we have

, , VolX - VolY
0={(D?1y,(I - L)D21,) > ———a Yy a?y G,
< Y > VolG ; ;

1X - VolY
where D21y = S ¢ and D21, = 3 Bi¢; and aofy = % This
(0]
will imply that 02VolX¢ - VolY¢ > VolX - VolY, and
o2(VolG — Vol X)(VolX + Vol§X) > VolX - (VolG — VolX — Vol§ X)

and

Vol§ X (VolX + (1 — VolX)) = VolX (VolG — VolX)(1 — o?)).

6 Matchings and applications

Definition 6.1. A set edges M C E(G) is called matching if Ve,e’ € M,
ene =40.
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6.1 Perfect matching

V(G
Definition 6.2. A matching is perfect if |M| = | (2 )|, i.e., covers all vertices
in G. Sometimes we can think it as a permutation o = ( ;) ; ? )

For X C V(G), Ne¢(X)={y:y ~x for x € X}.

Theorem 6.3. (Hall’s theorem) A bipartite graph G = (AUB, E) with |A| = | B
has a perfect matching if and only if for any nonempty X C A, |[Ng(X)| > | X|
10(X)|

or ——— > 1.

X
Proof. If G has a perfect matching, it is easy to see that |[Ng(X)| > |X|. For
the other direction, it suffices to show that matching covering A. We use the
induction on |A|. Assume that (<) holds for 1 < |A| < n and we let G have
|A| = n.

Case 1. If |[Ng(X)| > | X| for all nonempty X & A. Pick an edge {a,b} €
E(G), delete a,b to obtain H. For § # X C A\{a}, |[Nu(X)| > |Ng(X)| -1 >
(IX|+1)—1=1|X|. So H has matched covering A\{a}. Now, we add {a,b}
back to get matching covering A in G.

Case 2. Exists X ¢ A with |N(X)| = |X|. By induction, matching covering
X in H. For Y C A\X, we have

INu(X)| + [Na(Y)| = [Ne(XUY)| = [XUY]=[X]|+[Y].

Since |Ng(X)| = |X], so [Ng(Y)| > |Y|, which implies matching covering A\ X
in K. O

Theorem 6.4. (Tutte’s theorem) Let q(G) denote the number of connected

components of odd order. G has perfect matching if and only if for any X C
V(G), ¢(G\X) < |X|, where G\X s a subgraph induced by V\X.

Proof. (Sketch) To see =, note that each connected component of odd order
sends at least one edge to a vertex of X. Each vertex of X only receives at most
one edge from each component.

() D S
\

{

e 2 o—7P X

We leave < as an exercise. O
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6.2 Doubly stochastic matrices / magic squares

Definition 6.5. A square matrix is doubly stochastic if nonnegative entries
with row/column sums are all 1.

Example 6.6. P = D~ !A of random walks on regular graph.

Definition 6.7. A magic square of weight d is a square matrix, nonnegative
integers with row/column sums are all d.

1, if j=o(i),

Definition 6.8. An nxn permutation matrix T}, defined by T;; = {0 herw
, otherwise,

where o is a permutation of {1,2,--- ,n}.

Theorem 6.9. (Birkhoff - Von Neumann) Every magic square of weight d is
the sum of d permutation matrices.

Proof. Let T be an n x n magic square of weight d > 1. Define a bipartite
G = (AUB,E), wherei € A,j € B, i ~ jif T;; > 0. Consider X C A,
Yiex Tij = |X|d, so ZjeN(X) T;; > |X|d. But ZjeN(X) T;; = IN(X)|d, so
there is a perfect matching by Hall’s theorem, which we denote by o. Let T,
be the associated permutation matrix and 7' — T, is a magic square of weight
d — 1. Finish with the induction on d. O

6.3 Applications: Two-sided matching problems

Ordinal preferences:

) T md 7,4
AR
@ 5 S\ S X

T} gl S‘). Sz

Find the perfect matching that is “optimal” with respect to preferences.

Definition 6.10. A matching is stable if and only if the following doesn’t hold:
1. 71 is assigned to sq, but prefers r&s assignment of s;, or 2. s; prefers r, over
than r;.
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This is related to the “Gale-Shapley Algorithm”.

Definition 6.11. A matching r-pareto efficient if no pair r;,7; switch assign-
ments and both receive prefered assignment.

Here ( Zl 22 Z?’ ) is only a stable matching not r-pareto efficient.
1 52 S3
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