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– Enter your Name and Student ID # before you start.
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1. Define the NumPy arrays as follows.

arr1 = np.array([1,2,3])

arr2 = np.array([[1,2,3]])

arr3 = np.array([[1],[2],[3]])

arr4 = np.array([[1,2],[2,3]])

(a) [1pt] For each array above, write down its shape.

(b) [2pt] What is the output of (arr2 - 1) * arr3? Describe the broad-
casting rule.

(c) [2pt] What is the output of arr4 - arr4.mean(axis=0)? Describe
the broadcasting rule.
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2. Consider the hyperplane with its normal vector r as shown below. Let
u1 and u2 be vectors falling on the hyperplane.

r

u1

u2

r = (−1,−1, 1, 1)

u1 = (1, 1, 1, 1)

u2 = (1,−1,−1, 1)

(a) [2pt] For each of the following points, draw it on the picture above
to demonstrate its relative position with the hyperplane (on the hy-
perplane, on the same side as r, or on the opposite side) and find its
projection onto the the direction of r.

p1 = (2, 2, 1, 1),

p2 = (2, 1, 2, 1),

p3 = (2, 1, 1, 2).

(b) [3pt] Let A be the matrix whose columns are u1 and u2 in order.
Draw

A

[
3
1

]
, A

[
1
3

]
, and q = (4, 0, 0, 4)

on the picture above.
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3. Let

A =


1 0 1 1
0 1 1 1
1 1 1 0
1 1 0 1

 .

(a) [1pt] Find the eigenvalues of A and an orthonormal eigenbasis of it.

(b) [1pt] Let RA(x) = x>Ax
x>x

. Solve

min
x 6=0

RA(x)

and find a vector x that achieves the minimum.

(c) [1pt] Find a vector x such that RA(x) = 0. Describe your reasoning.

(d) [2pt] Apply the Power Method to A using the initial vector x0 =
(1,−1, 0, 0). Which vector does xk converge to? Explain why xk

does not converge to the eigenvector corresponding to the largest
eigenvalue.
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4. [5pt] Mathematical essay: Write a few paragraphs to introduce the spec-
tral decomposition.

Your score will be based on the following criteria.

• The definition is clear.

• Some sentences are added to explain the definition.

• Examples or pictures are included to help understanding.

• The sentences are complete.
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5. [extra 2pt] Let

A =


1 1 1
1 2 4
1 3 9
1 4 16

 and b =


2
0
1
2

 .

Find the vector x such that ‖Ax− b‖2 is minimized.

[END]
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Page Points Score

1 5

2 5

3 5

4 5

5 2

Total 20 (+2)


