
  

   

Variational Formulation of BVP

Consider functionals  :

here  is some set of continuous real function

define on a closed set , .

:  the set of admissible function of  

;  ,  here    is the

f V R

V

a b

V f

S u v V u v 



     2 L norm

 

  
 

   

 

u fixed
,  ,  is called the set of test functions

Notice that 1 if  is a linear space then  is also linear.

                  2 ;  can be rewritten as 

                        ; ,  

V u v u v V

V V

S u

S u v V v u

 



 

   

      ,  1,  0,V     

 

 

 
 

   
 

Definition 1. Let  be defined on . Then  is a strong

                     local minimizer of  if >0

                      for all ;
u u

f V u V

f

f u f u u S u












 

 

 

 
 

 
 

Definition 2. Let  be defined on . Then  is a strong

                     global minimizer of  if

                        for all 
u u

f V u V

f

f u f u u V
 



 

 

Definition 3. Let  be defined on . Let  and 

                     be given where 1. The th order directional

                     derivative of  at  in the direction  is defined as

        

f V u V V

m

f u







 



   
 

0

             ;

m

m

m

d f u
f u

dt










 

   1

Definition 4. Let  be defined on .
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Theorem 1. Suppose ;  exists for all  at some .
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Theorem 2. Let  be a stationary point of .
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pf: Consider the taylor formula of .
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Theorem 3. Let  be a guadratic functional defined on 
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Remark: differentiate  with respect to , we have
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Euler-Lagrange Equation:

1-D problem
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The above equation ***  is called the Euler-Lagrange equation.

The formulation **  is called the variational formulation of *** .
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By Theorem 3, the solution of 
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2-D problems
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Now, differentiate  with respect to .
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Remark 2. 
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