Variational Formulation of BVP
Consider functionals f :V - R
here V is some set of continuous real function

define on a closed set ([a, b])
V : the set of admissible function of f
S(u;e)={veV| Ju-v|<e}, here | - | is the L, —norm

V = {17|77 = (u —V, U,V ev} is called the set of test functions

u fixed)
Notice that (1)if V is a linear space then V is also linear.
(2)S(u; &) can be rewritten as

S(wg):{Vthk:u+rm neVTwmzl,re[Qg»

Definition 1. Let f be defined on V. Then u €V isa (strong)
local minimizer of f if 3&>0

f(u)s f(u) forall ueS(u;¢)
)
Definition 2. Let f be defined on V. Then u €V isa (strong)
global minimizer of f if
f(u)(s) f(u) forall u(e\)/
Definition 3. Let f be definedonV. LetueV and eV
be given where ||7||=1. The mth order directional
derivative of f at u in the direction 7 is defined as

n d"f(u+r
0 ) = )

Definition 4. Let f be defined on V.
Suppose f (u;n) =0forall neV, |n|=1

u is called a stationary point of f.



Theorem 1. Suppose f (u;n) exists for all 77 at some u eV.

If u is a local minimizer then u is stationary.

pf: f(u+ﬂz)_ f (u) = f(l)(u;n)+0(r) forall neV, |j7|=1

Suppose u is not stationary = £ (u;n) # 0 for some 7 eV

:>f(u+r77)—f(u/T( (un)+077))

= 37" small enough such that
sign( 1 (u)+0(x)) =sign( £ () for [¢] <[
Let's choose 7 with opposite sign of f @ (u’;)
Clearly, f (u’Im)— f (u’F 0
- f (u’I m) < f (uT

= f(u/Tis not a local minimizer —«.

Therefor, u is stationary.

Theorem 2. Let u €V be a stationary point of f.

Supposef(z)(u;n) exist for all direction 7. If

u is a local minimizer, then f ) (u;n) >0 for all

directions .

pf: Consider the taylor formula of f.
f (u+r77): f (u)+rf(1)(u;n)+%12f(2)(u;7y)+0(r3)
= f(u)+%rzf(2)(u;77)
u is a local minimizer.
= f(u+m)— f (u):%rzf(z)(u;n)+0(r3)>0
= For z small enough, one has O(z°) < %(f (u +T77)— f (u))

= % (u;7)>0



Theorem 3. Let f be a guadratic functional defined on V
f(u+rn)=f(u)+rf(1)(u;77)+%r2f(z)(u;n) e
forall eV, |7|=1and reR

Then u €V is the unigue strong local and strong global
minimizer if

f9(um)=0

,\ forall n eV and || =1.

£ (u;n) >0

(trival)

Remark: differentiate f with respect to z, we have

d
O ) =
f9(u;m) = i f (u +2'77)|T:0

2

d
f(z)(u;n):P (u+2'77)

Euler-Lagrange Equation:
(1-D problem)
Consider F (x,r,s) be areal function defined ona<x<b, —oo<r,s<w

let V ={VEC2[a,b]‘V(a)=0{, v(b):ﬂ}
f (u)=.[; F(xu(x),u'(x))dx, ueVv

One has

V={veC’[ab]n(a)=n(b)=0}
nd

=0

a

f(u+m)=JjF(X,u+r77,u'+z'77')dx



Now differentiate f (u+z7) with respect to ¢
we have

f(l)(u;;y)z(f—rj-:F(x,u +r¢7,u'+m')dx

baF +ﬁ. 'dx
aou T ou

7=0

=> U is a stationary point of f < bg—':-77+6—':-77'dx:0 —(**)
a ou

inte;ation bﬁ' _i(ﬁ} dx+(ﬁj
ween Ja ou T dxlau )T ou 77a

n(a)=n(b)=0 P
] :’7> '[b a—F—i(a—Fj dx=0 forall eV
al ou dx\ou

ﬁ_i(ﬁ
ou’

b

}:0 a<x<b —(***)
ou dx

The above equation (***) is called the Euler-Lagrange equation.

The formulation (**) is called the variational formulation of (***).
EXL. LetV ={veC?[0,1]v(0)=0, v(1) =1}

. 1, 2

and F(x,u,u J==(u ) —u, r(x)eC|0,1
(xuu)==(u) -u r(x)ecfo]]
Find the Euler-Lagrange equation and the associated variational
formulation.
Ans: Euler-Lagrange equation:
8_F_i(6_Ej:O :—r(x)—i(u'):O
ou dx\ou dx
=u (x)+r(x)=0

variational formulation:

L eerenex, = [ U ()7 ()+r(x)n(x)dx=0

neV={vec?[0.1]v(0)=v(2)-0}



Remark 1.

Notice that f (u+77) = J.:%(u + m)z —r(u+zzn)dx

_I( u —ru)dx+r.[ un —rndx+;r jl(n')zdx

( dx j r(x)u(x)dx
and ):ja r(x)n(x)dx
§(2 )(u 77):% f(u+zn) j —{%((u.pm)')z_r(x)(u +r77)}dx

_I [u+r77 }dx J. dx>0

= f is a quadratic functional.

u(x
By Theorem 3, the solution of

u(o)
is the strong global minimizer of F.
Exercise: Find the Euler-Lagrange equation of the functional

f (u):J':%(P(x)(u')2 +q(x)u2)—g(x)udx
hereu eV = {v eC? [a,b]‘v(a) =v(b)= 0}.
(2-D problems)
Exercise: F (x, y,u',u") = %(u)2 Find the Euler-Lagrange equation.

What boundary condition shall be imposed?
Consider ©: open bounded simply connected
I": smooth except at finite number of corners (Lipschtz continuous)

n=(u,u,); 7=(-u,u,)

. au 9

u, =n-vu
" hereVu:(ux,uy)Tz x| go| X
u =7-vu ou 9



Some notations and identies

div(u):%+% here u :(ul,uz)T , div = Qi
ox oy ox’ oy

o°u o

_+_

8X2 ayZ

ou ou

Au=div(Vu)= dlv(— _) =

OX oy

Vau=V'(Vu)= (% %}

Qo R
=4
2

Gauss integral identies
H uv,dxdy = '[ nuvds — H u vdxdy
Q r Q

J.J' uv, dxdy = J. n,uvds — H u, vdxdy
Q r Q

divergence theorem
_[ div(u)dA= Iﬁ-uds
Q r

Integration by parts
[faiv(u)vin= ”aul VdA+ H—vdA

_jnuvds Hu dA+jnuvds ”u —dA

:Jr'(n-u)vds—gu -VVdA



Let's consider F (X, y,r,s,t) be a function defined on (x,y)eQ

and —oo<r,S,t < oo.

LetV :{VECZ(E)‘v:a on F} and
:”F(X’ y.u,u,,u, )dxdy, ueV
Q

Clearly, one has

{VGCZ( )‘VZOOI’]F} and

u+r77 =”F X, y,u+m,ux+mx,uy+my)dA
Q

Now, differentiate f (u+z7) with respect to z.

We havef(l)(u;n):_”'diF(x, y,U+7n,U, +777,,u, +777, ) dA
O T

—-n+—-n, +—-n 0dA
ou T ou, K ou Ty

Q y

” oF oF oF

Hence, u is a stationary point

@jj%m;f g+

o
(1 yon- jj{ﬁ—F @_F] Vnda
:ga A ”d {LaF aFH iAs f (aF ;::J ndA —(+)

:I F _giv|| E *E ndA=0 forall n eV
au ay

=0 —(++)

y

using integration by parts, implies

= The Euler-Lagrange equation is

F_OIFI_OIF | _ging —(+++)
ou Oox\ ou, ay au

The formulation (++) is called the variational formulation of (+++)



Ex2. Let F(x, y,u,ux,uy):% p(X, y)(uf,uﬁ)+%q(x,y)u2 -r(x,y)u
and f (u):”F(x, y,u,ux,uy)dA,
Q

hereUEV={VEC2(§_2)‘V=aonFandp>0q20}

Find the Euler-Lagrange equation and the associated variational
formulation.
Remark 2.

If the admissible set is simply C* (5) without given boundary

data (v =« onT), the natural boundary condition for the

Euler-Lagrange equation is ﬁ-( oF EJ =0 from (+)

ou, ou,

In example 2, the natural boundary condition is

n-(p(x y)u,, p(x,u)u,)=0
= p(x, y)-ﬁ-Vu =0 =the Neumann boundary condition.
w(0)=6(0)=0

Note: boundary of Cartilevel beam {w'(i) _ 49'(i) 0

Ans: By (+++), the Euler-Lagrange equation is

o2 & | atmuertn)- S ot

ou  ox\ou, ) oy{oaou,
0
—ap(x,y)uyzo
{—div(p(x,y)Vu)+q(x,y)u—r(x,y):0inQ
=
u.=a

and the variational formulation is
”(—div( pvu)+qu— r)-ndA: 0
Q

integration
by parts

= ” pvu -VndA+.|:fqu -77dA+J.J.r77dA:O
Q Q Q



Remark 3.
In example 2, we have

f(l)(u;n):

%E p((u+n])i+(u+rr7)§)+%q(u+m)2+r(u+m)}

7=0

= p[(u+m)X ,+(uton), -ny}+q(u+m)-n+rn

=0

= p|ug, +u,n, |+qup+ry

f(Z)(u;ﬂ):%(p[(qum)xnx +(u+r77)y77yJ+q(u+n])77+r,u)

=0

= p(man +nyn, )+ an® >0
Clearly, we have

f (u+m):% p[(u+m)i+(u+m)ﬂ+%q(u+m)z +r(u+7ny)
:% p| u; +u§]+%qu+ru+r(p[uxnx+uyny]+qun+rn)+

Erz(p[ﬂfwﬂwﬂz)

= f(u)+rf(l)(u;n)+%12f(2)(u;7y)
Hence, f is a quadratic functional.

By theorem 3, the solution of the Euler-Lagrange equation is a

strong global minimizer of the functional f.

Remark 4. The solution of the variational formulation is called
the weak solution of the associated Euler-Lagrange
equation.

2
Poincare-Friedrich inequality: J.WZ < I:((i—wj
X

I —(5)ds (letw(0)=0)

de “[r IUIU

= j X)dx< | ( L(‘;—w dx]: jo(‘;—‘;"j dx




