In taking derivatives for the functional f (u) on an admissible

space V, there is a basic question to be asked.

(1)Given a sequence of functions {u,,}, does the sequence converge
to a function u in V if given any & >0 |u, —u, [ < & for all n,m large
enough?
Is the space V complete under the given norm || - | 2

(2)Whar a good norm || - | is?
Let's consider the functional f (u) = %a(u,u)—G (u)
here a(u,v) = I: p(x)u’v'+g(x)uvdx

b
G(U):L g(x)udx,p,>p>p,>0,q>q>0
andueV = {v eC*[ab]v(a)=v(b)= 0}, also let's consider
the energy norm |u, =a(u, u)% inV.
We want to have the following properties

(i) Given any cauchy sequence {u,}. u, e ueV

(ii)u,u’eLl?

Assume {u,} <V and lim |u, -u,[. =0

n,m-—oo

By the Poincar'e-Friedrich inequality, (V',v') > ﬁ(v,v)
-a

M= (2] () > (V)2 (V) + s ()

> (VI M) vuev

Letv=u,-u,.One has Ju, —u,[’ > p( u'-u’

2
ey

Hence |u, —u,[. — 0 impies |u,"—u, | >0 |u,-u,|—0

By the completeness of L space, there exists u and u e L2

such that u, —u and u,” —>u
L Lz

Now the questions here to be asked become
(1) doesu eV

(2) does u=u' or does u’ not even exist?



To answer the above questions, we give the following example.
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we have
2
., —un||fl = fl p(um' —un') dx+_[jlq(um —u, ) dx

< plfl(um' ~u,’ )2 dx + qlfl(um ~u, )2 dx

., {1 for |x|<1 {Z for |x|<1
U, —u,|< n; Ju,—u|<{n n

0 otherwise 0 otherwise

where

2 4
= o —u, [ <=+ =2
= lim Ju, —u,| =0

m,n—o0

However, one has

limu, =1-|x|

1 -1<x<0
limu'=40 x=0
-1 0<x<1

u=Ilimu,
n—ow

Clearly -, «C
u=Ilimu,

n—oo

Therefore, the answer of (1) is "No"

(2)Since u=1-|x|, clearly u is not differentiable in the

classical sense. However, u is "differentiable"” in the
weak sense. Indeed, one can show

[ wodx=—] ugrax = (1) pox
- _Lol(1+ X)g'dx - jol(l— X)¢'dx
= [ (L) f - [Loox-(1-x) ),
- [ [
= [ 0(x)g(x)dx  forall pev

Therefore, u’(x) = JU() when the derivative is considered in the
weak sense.

From the above observations, we need to enlarge the admissible
space V" in order to find the minimizer of the functional f (u).
Moreover, the concept of generalized (weak) derivative is necessary
in the new admissible space.



Sobolev Space:
Review of Lebesgue Integration theorey:
Lebesgue space:

Lp(Q):{f| ”f”LP(Q) <°O} I<ps<ow

1

p
here ||f||Lp(Q):Ufpde , p<oo(denote | [, = [f],)
Q

Remark:
(1) In Lebesgue theory, dx denotes a "measure” and f = g
is f (x)=g(x) forall x in Q except on a measure zero set.
1 x>0 1 x>0
Example: f (X):{O <0’ g(x):{o <0
= f (x)=g(x) except at x =0 since the length of a point x =0
is zero, we simply say f (x) =g(x)
f and g are also called "in equivalent class".

(1) For the case p = oo,
|t

= ess sup {‘f(X)‘ZXEQ}

(@) (essential sup)

minimum

= inf Jaec R|y{{x| f (x)>a}J:0

a is a upperbound of f

H/\ E 5 except a measure zero set.
x> xeQ
tan"x xeR\Q
In general sense, f (x) is unbounded,
but | f]. =1 = f(x)eL*(Q).

Example: f (x) = {




(3) f is called locally integrable if _[ f dx <oo for any compact set K = Q
K

we denote f e L,/ (Q).

loc

«Well known inequalities
Minkowski's inequality: 1< p<oo, f-ge L’
[t -+l <Nl +lolls

Holder inequality: If f e L?, g e L %+%:1
thenf.gel'(Q) and
” f g”u(g) = ” f ||Lp(Q) ”g”m(Q)

Schwarz's inequality: p=2, q=2
_H f (X) 9 (X)‘ dx < ” f ||L2(Q) ”g”LZ(Q)
Q

Normed space:(v - ||) here V is a linear space and | - | is
a norm satisfies

(i) [V|=0 WveV & |v|=0<v=0 (in Lebesgue sense)
(ii)c-v|=lc|-|v|. ceR, veV

(i) |v+w| < |v]|+|w]| vv.weV

A metric d is defined by d (v, w) =|v—w| foranyv,weV

A normed linear space V called complete if every cauchy
sequence {v;} has a limitv eV here cauchy sequence is
defined by d (v, v;) >0 asi, j - .

(The complete normed linear space is called a Banach space.)
Theorem 4. L? (Q) is a Banach space, 1< p <o

(Ll(Q)D L (Q):) ------ oL (Q))

Def: A function f € L

loc

if 3 a function g e L, (Q) such that
I g(x)g(x)dx = (—1)‘0‘ I f(x)¢"” (x)dx forall peC;(Q)

Q

() has a weak derivative D f

here Cy (Q2) denote the set of C” function with compact support in Q.



Notation: v\ = D and v'¥) € L?(Q2) meaning g(x) e L*(Q)
in the above theorem.
Leto,,0,,---- ,0,, be nonnegative integers
Pl
OXox32 - Ox°

n

u? =D

52(51,52, ...... ,an), |a|:z(3~i, D? =

and ¢ (Q)={veC (@) ¢ *(), 0<|o|<k|
The sobolev inner product on ¢ (Q) is

(uv), = > (u(a),v(ﬁ)), where (u,v):J'Qu-vdx

0<lo|<k

and the sobolev norm

1
_ oF |
b 2 b

In2-D

Jull,, = Ju® +uf +uj +uf +uf, +uj,dxdy
Q
The sobolev space H; () is the completion of ¢ (Q) with
respect to | - ||k]2 or

H (Q)= {u e L2(Q)[u'” exists for all 9, 0< 9| < k}

HEa ()= fu < H (@) o, =0}

- . ~\ 190
H;” is the completion of c* under HX norm = max u®
o<

L

Define H here, define || - |, _=| Y. ‘u(a) "
P 0<lol<k L

It can be shown that HZ (Q) us a Hilbert space with respect to
sobolev inner product ( -, - ), and sobolev norm | - |,

(Hilbert space is complete by definition)



m k
Theorem 5. Fork <m | {Hp (Q)c H;(Q)
Forl<p<q<wo

possible singularity of H* function

consider u(x, y):log(logéj r— /x2+y2 in D:{(x, y)‘x2+y2 <1}

1

S o dr
IZ — <o =UueH!
o rlog°r

1 2 -
.[0 vDY Iog(log F]dr, veCy (D)

2
=vlog Iog?

1 2
— "Yloglog—d
i} _[O(v)og og—dr

= T
r=—

1 ~ ot ~ . -
:2 consider J}wloglog%dr=j02wlog(—log r)-logzr-r- dr
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