A complete normed linear space V equipped with
inner product ( , ) is called a Hilbert space.
Hilbert space

The Sobolev space H} with sobolev inner product

(uv), = > (u(a),v(ﬁ))Lz is a Hilbert space.

0<foj<k
Definition: Let H be a Hilbert space, and S < H be
a linear subset (u,ve S,0 € R) that is closed in H.
Then S is called a subspace of H.
Proposition: If S is a subspace of H, then (S,( , ))

is also a Hilbert space.

Example:

(1)Let T :H — K be a contineous linear mapping.
(H,K are linear space)

Then ker (T ) is a subspace.

(2)x*" = {v e H|(x,v)= 0}, x € H is a subspace.
M < H isasubspace = M* ={veH|(x,v)=0forallve M|
is also a subspace.

Theorem: Paralleogram law

v+ + v =wl = 2"+

Proposition:

Let M be a subspace of H. Letve H\M and

define 5 =inf {lv—w|:weM} (5>0)

Then there exists w, € M such that

()v—w| =2
(i)v—w,eM* (i.e. (Vv—w,,w)=0VweM)



Pf. Let {w,} be a minimizing sequence

() timl, =5
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1 2
= E”Wn _Wm”
ot )~ ot~ ot —0) (o,
= 2(||Wn V[ + i, =)
= [, =, [ = 2w, =[]+ g, ~ v ) ~lw, +w, —2v

W+ W

Lt Wy _VH

2

= 2( |y "+, ) -4

W, +W, v>s

Since 1(wn +W,)eH,
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lim |w, —w, |* <2(5° +6%)-45° =0
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Therefore {w,} is a Cauchy sequence.
Since M is closed, 3w, € M such that w, — w; and
limw, ~v] = ~v[ =& (|| - | is continueous)

(ii)Letz=v—w, andwe H. ForteR, we have w, +twe M

= [z—tw| =|v—(w, +tw)H2 has an absolute minimum at
t=0

:>%||z—tw||2 =0 = -2(z,w)=0foranywe M

t=0
I

%(z—tw, z-tw)

=zeM".

Remark:

Given M — H and v € H. One can decompose
V=W, +Ww, herew, e M, w, e M~ "uniquely".
Furthermore, one can define projection operator

{v ifveM
P,V =

Po:H—->M b W, ifveH\M
PLH MY (0 ifveM
P,V = )
w, ifveH\M

Moreover, uniqueness of the decomposition implies P, = P,



Proposition 2.
Given subspace H of M, there exists unigue decomposition

v="P,v+P v.Inotherword H=M ®&M".

Riesz-Representation theorem:
Any contineous linear functional L on a Hilbert space H can

be represented uniquely as L(v) = (u,v)

b, ::)

InR? L(0)=0
L(x,y,z)=ax+by+cz linear functional can

be represented by L(x,y,z)=(a,b,c)-(x,y,z)
—_—— —

A plane cna be represented by {(x Y, z)‘ L(xy,z)= 0} =ker (L)

Pf.

(i)uniqueness: suppose 3 u, #u, € H such that
L(v)=(u,Vv)=(u,,v) foranyv
= (U, —U,,v)=0
choose v=u,—u, = (u,—U,,u,—U,)=0
=>U-U,=0 -«
Therefore, the representation u of L is unique.



(i) Define M = {v e H|L(v) =0}. we want to show
JueM* suchthat L(v)=(u,v) forallv.
(same idea as in the plane representation in RS)
case(1):if M+ = {0}, then by the proposition 2 at
p.38, itis clearly H =M. ThismeansL:H — 0
=L=0 =L(v)=(0,v) forall v.
case(2):if M* =0, thenpickze M, z#0=L(z)#0
ForveH, andﬂ:%, we have L(v—fz) = L(v)—ﬂ- L(z)=0
=>V-pzeM.
Sincev=(v—pz)+(pBz),ifveM* thenv—Bz=0 = v=pz
eM eM

= M is one dimensional.

Nowchooseu=#-z eM™*
4

We have (u,v) = (U’VZNGBH’GBMZ)

=(Uvﬂ2)=ﬁﬁ(z,2)
:ﬂL(z)= L(v) forallve H

Thus, u is the desired representation of L in H.

The Lax-Milgram Theorem

Lemma Contraction Mapping Principle:

Given a Banach Space V and a mapping T :V -V
satisfies |[Tv, —Tv,| <M |v, —v,| (T is contineous!)
forall v;,v, eV and fixed 0 <M <1, then 3'ueV
such that T (u) =u.

T is called the contraction mapping and u is called a
fixed point.



Pf. (sketch) Pick v, eV, v, =Ty, k=123,
e =Vl =T (v) =T ()| S M v v

= Vs v <M ||V1 Vo

= For N >n,
N-1
”VN _Vn”: kaﬂ_vk
k=n

(ZM vl M -l

Vo) —Vo| >0 asn—oo

{v,} is a Cauchy sequence.
Since V is a complete space = 3Ju, v, — u and
by the continuity of T, limT (v,)=T (u)

Hence, u is a fixed point.

uniqueness: suppose 3 two fixed points u,, u,
T (u)=T (u,)] < M flu, —u,|

= [Juy =, < M Juy —u|

This is contradict with the condition 0 <M <1.

.. the fixed point u is unique.

Theorem (Lax-Milgram) Given a Hilbert space (v,( -, -))
and a bilinear forma ( -, -) satisfies
(i)(continuity) [a(u,v)|< B|ul|, |v], for some 5>0
(ii)(coercivity) |a(u,v)|= p|ul for some p >0

and a continuous linear functional Fe V'  (F:V > R)
collection of linear
(mapping fromVaR)

Then, there exists a unique u eV
such that

a(u,v)=F(v) forallveVv [||F|| —sup ”\(/” )J

w#O



Remark:
Consider (example in p.33)

a(uv) = j[—z(aijs—:]muJ v odx

weak formulation ! linear in v

resulted from

veriational principle n
linear inu

bilinear form

or more general example in p.31

f(pi (a" pju+b‘u)+i‘piu+du) v

linear inv

linear in u,D(ﬁ’)u
conditions (1)(2)(3) in Theorem 10 guarrantee a(u,v)
satisfies (i)&(ii) of the Lax-Milgram.



