Remark:

Regularity analysis is important! Even for the equation
Au = f where f e L*, one might not have ue H.!
Example 1.

Consider Q = {(u,v)‘o <v<l 0<O< %}

if %< B <1(Q is not convex), consider u =(1-r?)v(r,0),

here v(r,0)=r"singo =u| =

:,9:0,9:%:\/0,9):0

Au:( )Av+2V(1 r )on+vA(l—r2)
—4r——4v_ —(4B+4)v=f

Since v is bounded, f e *(Q) (L-M theorem is satisfied)

o’u o°u
However, 7 r’2nearr=0 = f<1 = Fea : unbounded
r r

= u ¢ H; (By the Sobolev inequality (2) Theorem 7)

What's known about regularity?

If 0Q2 is s(moot)h (or convex), the solutions of elliptic
2QeC?

P.D.E with pure Dirichlet B.C. or Neumann B.C has
? regularity.

Part I1.

Finite element spaces for V,

Consider V, consists of piecewise polynomials.

We have
V,cH'Y(Q) oV, cC’(Q)
V,cH*(Q) <V, cCHQ)

here C° (g_z) = {v|v is continuous on 5}

c'(Q)={vp’ec’(0), Jo|=1
To define a finite element space, we need to specify
(a)mesh T, (generally a triangulation ) on the domain Q
(condition on J ) : Any face of an element k in J, is either

a face of another element of a portion of the boundary oQ.
= No hanging nodes are allowed!



Mot allowed

(b)the nature of the function v in V, on each element
keT,

(c)the parameters to be used to describe the functions
inV,

Some finite element spcae:

For 1-D problems, one has

mesh (a}l ./.\.

element k

Example 1.
(a)each element contains 2 nodal points and 2 nodal value.

(b) piecewise linear function in element k.

(c)linear function u, (x) in k can be represented by

000~ 22 oy )+ 252 (1)

X — X

. X—X,
ders= ! 0,1] wh i X;
consider s = —~— (s[0,1] when x e[x;, x,.,])

i+1 i

=U,(x)= (I-s) u,(x)+ s U, (%)

& nodal values
(basis functions) (unknowns)

nodal values

(basis functions) (unknowns)

(i.e parameters used to describe the linear function)
. : : li=]

Basis function satis X )=
fya(x) {O i# ]

| &y Az




Example 2.
(a)mesh
each element contains 3 nodal points, 3 nodal values.
(b)quadratic functions in each element.
(c)quadratic function can be represented by
u, (X) _ (X_ XZ)(X_ Xs) u, (X1)+ (x—xl)(x—x3)
(% =%)(% =) (% —%)(% —X
4 ¢
= (X)Uy (%) + 6, (X)Uy (%) + 65 (X) U, (%)

parametrizing: (assume X, is the midpoint)

*~—o—o — I—'—{ 2
3

(x=%)(x=%,)
X3—X1)(X3—X2

3

)uh(x2)+( )uh(xs)

x=f{x—x)s+x O % 1
1 1
(s— (s-1) s(s—j
2} s(s—-1 2
u, (x)= T u, (%, )+ ( 1 )un(x2)+ 1 U, (X;)
2 4 2
| S— [ —
#(s) ¢:(s) ¢s(s)
. . 1 i=]
basis function ﬂ(xj):{ i,j=1~3

0 i=j
Remark:
Example 1 & 2 are based on the Lagrange interpolation the

functions on V, are only c(s_).) =V, cH'(Q)

A—————

k



Example 3.

(a)mesh
each element contains 2 nodal points and 4 nodal values
(ul, ul',uz,uz')

(b)cubic Hermite polynomial in each element

(C)un (X) =®io (X)un (Xi)"'(”z,o (X)un (X2)+¢1,1(X)un' (X1)+¢’2,1(X)un' (XZ)

1i=j
(pivo(xi):{o i # | (piyo(xi)zo
here

X =%,

X=X ’
(”21_[ ] (X_Xz)

X, =%

. X x=x+s{x—x) 5
parametrizing: » . .

xn X 0 1
(/’1,0(5

)=(s-1)"(1+2s) =25° -3s% +1
050(8)=5°(1-2(s-1)) =—25+35°
0. (s)=(s-1)"s=5"-2s+s
?,,(5)=5"(s-1)=5>-¢
(Those are same as the shap functions of a beam element)

Remark:
The functions in V, (here) are in c(f_z) =V, c H*(Q)




For 2-D problems:
Example 4.
(a)mesh
each element contains 3 nodal points and 3 nodal values
(b) piecewise linear function in each element
(c) (i)parametrization
T(0,0)=x
T(1,0)=x, :>CD:(X—2—Z,X—3—Z) in matrix form

T(0,1)=x
. 7
x3 a -
T
> | consider an affine
- c mapping (linear)
— T ]
x s — 0 1
&

#(cn)=1-c—n 1i=
here ¢2(§,77):g :>¢I(Tl(xj)):{o i #j
¢3(§’77):77

V,=1u| u| =p,(k), vke J,  andu is contineous at nodes

Collection of all
elements=mesh



Example 5.
(a)mesh
each element has 6 nodes and 6 nodal values
(b)quadratic function in each element (6 coefficients in quadratic polynomial)
(c)assuming the points on each edge is the mid-point
(i)Parametrization:

q):[xz—xl,x3—xl]

B

l=¢-n=0

=(1- 277)
¢ =4
¢ =4(1-c-n)n
¢ =4(1-c-n)s
V, ={ul u (k) vk eJ,, u is contineous at nodes} < ¢ (Q)

1
Xy = E{x1+x2+x3]

center point)



Example 6.
(a)mesh

each element has 4 nodal points 3 values(u, ux,uy) at each

node i (i=1,2,3) 1 value u at node 4.
(b)cubic polynomial (10 coefficients)
(c) (i)parametrization

:izi“@un(xi )+ 3 (

i=1

here ¢,(x;)=5, ,j=12.34, ¢.(X,)
#(x,)=0 ,i=1234, %W(XJF

#(x,)=0 ,i=1234, iﬁv(xj)
4,(x)=6,; .i=1234, %@(xj):

How to determine basis functions?

Consider I, =1-¢ -7, I, =¢, | =g, = (1

¢ =17 (1+2(1,+1,))- L{%éj@

L

, 11
¢ =13 (1+2(L +1,))- L, (§'§j¢4

%—/
LZ

Sy

f J+¢4un(x4)

()OIJ—13

4 (x;)=0,1i,j=1~3



L

11

¢3y = _(Il + Iz)le? - Lsy (_’_j@

— o 33
L%

¢4 = 27'1'2'3

Remark:

the function space V, < c° (g_z) and u and Vu are contineous at

nodal points 1,2,3 but V, & cl(f_z)

¥




Example 7. Argyris triangle
(a)mesh
21 nodal values <> polynomial of deg 5 = 21 coefficients
ZS:XKVHZA:XI(V‘H“}
(b) ps (k): polynomial of degree 5 in each element
(c) The coefficients of p; (k) can be uniguely determined

if one can show

. 0° )
ps(x)=0 i=1~3 yps(xi)zo i=1~3
0 . 0° .
— X)=01=1~3 — X)=0 1=1~3
linear 21 | X P2 (%) oy’ Ps (%)
equation ) | 0 _0i-1~3 o 0 i-1~3
@pS(Xi)_ = axﬁy ps(xi)_ =
X + X. i )
252250 s
= p;=0

N~ . 0 0
Parametrization = we only need to substitute x, = ((J X, :( ]

0) . :
X, =[ ] into the above equation
1

To find the coefficients of p; (k) in terms of nodal values, one solve

o° ol :
P (%) =u ac P =g 113
8 0 0’ o -
> ps () v PY: Ps (%) Y
P o & o°
Y Ps (%) oy Xy Ps (%) oxoy
2egess




(d)one can show that V, ={u| u|, € ps(k), ke | cl(ﬁ)
observation: consider k;,k, € J, with common edges

letv, € ps (k) and v, € py(k,)

we have w = v, —v, satisfying

w=0

w, =0

w, =0 at A,B —12 equations

w, =0

w, =0

w_ 0, w_ Oatc — 2 equations

OX oy
aw = w + w — 21— 6 — 1 =14 coefficients left
on OX 5)/ # of termnff_d::g 5  constant terms

gone after differentiation

] ow
Moreover, since w|S =0 = =~ 0, as a result,
S

we have (YDV\)/: OonS

= Vv, =Vv, onS = The function DV is contineous across S.
(Dv;)  (Dv,)

Therefore, one can conclude V,  ¢* (5)

nodal value

Hl,ug ,H3,H4




Example 8. Pectangular meshes
(1) four nodes element

4= 7(1-5)(1-1)

1 1-delement ® 1-delement
¢2 :Z(l+ g)(l—r]) tensor
1 (-¢lts) ® (l-nl+n)
¢3 — Z(1+ g)(l-l— 77) basis in 1-d variable ¢ basis in 1-d variable 7
= ((1-6)(A-n).(A-5)(1+n). (L+6)(L-n), (L+5) (1+7))
basis in 2-d

¢, =%(1—§)(1+77)

7 5

1-7
nodal value s~z
3 4
1 3 1+7
1+ & 1-¢

(2)nine nodes element

) =%gn(1—g)(1—77)
= (L+<)(1=6)n(1-n)

¢, :%(1+§)§77(1—77)

b =(1-c)(1+e)(1-n)(1+n)

7. 6 ~gtn-l




(3) 8 nodes element

§=—5(=)(=n)(Lrcen) =5 (1+5)(en) (15 -n)

b=2(-c)ir)i-n)  h=2l-c)(Lre)(L)
§=-5 (o) A-n)A-c+n) ¢ =-4(1-5)(Len)Lrs-n)

b=5Mr)A-mn)  h=30-o)-n)Len)
(4) Bogner-Fox-Schmit element

It can be shown BFS gives V, cl(s_))!

BTy, B, B,

represents mixed

derivation

For 3-D problems:
(1) Tetrahedron element (4-nodes)

h=l-c-n-p | h=3(1-6)(1-n)1-p) h=3(1-5)L-n)(L+p)

1

ho=c | =5 e)A-n)1-p) ¢ =5+5)-n)(1+p)

b= | =5 re)(L+n)(1-p) ¢ =5(L+<)(1+n)(1+p)




(2) Hexahedron
Quadrilateral element basises can be obtained by tensor of linear
element in p and 4-nodes element in the ¢-7 plane.

(3)prisinatic element
the element basised can be obtained from tensor product of linear
element of p(2-nodes) and linear element of -7 plane(3 nodes)

(1-p1+p)® (.1~ ~1)

= h=Z(-c-n)i-p) h=3(1-c-n)(1+p)

1 1
¢ =5(1-p) ¢ =55(1+p)
1 1
%=§n@—p) %=§n@+p)

Approximation theory for FEM.



