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Approximation theory for FEM

The question to be answered here is how big the error  is ?

Here  belongs to given finite element space.

First, let's consider piecewise linear functions in 
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we assume  a constant  such that

          meaning no triangle in  is degenrated!

Let ,  1 ~ ,  be the nodes of  and define the interpolant
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functions. This is not the case when using sin,

cos as basis functions.

 
 
 
 
 

 

 

 

     

 
 

 

 

   

Recall Theorem 7 *

0

1

2

2

1

Theorem 1. 

Let  be an element with vertices ,  1 ~ 3. Given ,

let the interpolant  be defined by ,  1 ~ 3.
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where max

* The Sobolev inequality 2   can be embedded in  in .
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proof:

Let ,  1 ~ 3,  be the basis functions

For ,  we have      for 
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Now consider the parametrization

It can be shown  1
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To prove 2 ,  let's differentiate 3

  5

it can be shown

1 0

0       

1 0

This imp

h i i i i

i i i

i

i

D v D v k x v x D x D R x x

D x

   

   
  



   
  

   

  





 
     

 

  
      

  
       

  

  



                  

 
 

       

               

3 3

1 1

2

3 3

1 1

lies

here .

2

2 0 by 4

T
i i

h i i i

i i

i j

i i i

i

i i i

i i

D v D v D R x x D a x H a x x

v
H

x x

D a x H a x H a x

D R x x H a x x

  



 

   

 





 

     

 
  

   

   

    

 

   

               

   

3 3

1 1

1 1 1 1

2 22 2

  7

Again, by parametrization, we can show

h i i i i

i i

i i i

i

i i i

D v D v R x D x R x D x

x x x x
D x

x xx x

  

     

  


     

  

  

 



    

         
                 
                        

 

 

 

 



 

 
 

 

1 2

2 1 3 1

1

2 2

12 1

1 11 2
2 1

Jacobian

2 1
1 1 2 2

2 1

1 1

2 2

Recall:

, ,

1

,

1

T a a a a a x

x a

x x

x x


 







 

 

 

  
         

   
    

     

  
     
    
      
 
  

 

 

2
32 1 2

12 2 2

2 1 2
2 21 1 1

3
22 1 1

12 2 2

2 1 1
3 31 1 1

1

2 1

2 2

2 1
11 1

  
1

1

1 1 1

1 1 1

1

a a

h

a a

h

























 
 
 

 
       
       
        

  

 
       
       
        

  

 
    
   
    

  

 

2 1 1 2

2 2 2 2

1 2 1 2

21 1 1 1

2 3

1

1 1 1

1
                                      

1
i

k
k

h

a a

h

D 




      
    

       


 



 
 



 

     
 

 

23

2
1

As a result, 7  becomes
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Let's define the semi-norm
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Theorem 2. Under the assumption of theorem 1,

there is a constant  such that
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Global error estimation

Theorem 3. Under the assumption of Theorem 1,
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interpolationCea Poincare
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Remark 2  error of FEM solution satisfies
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2Remark 3  Error estimation in -norm
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Remark 4 : Interpolation with poly of higher degree r 1
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General FEM Procedure for solving P.D.E

Consider the following P.D.E
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Step 1: write down the weak formulation
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        : s

T
T

m

e e
m

e e e

e m e m

TT

e

e

e

u

vA udx v v D A D J dx

u

v K u

v v v u u u

K D A D J d d

K

 

 
 

        
  

   

       

   

 



tiffness matrix.

 

 1 2 3

1 1 2 2 3 3

1 1 2 2 3 3

3

1

Notes: Closer look at computing Jacobian 
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In linear basis function,  is a constant.

More general case, let ~  be basis of the mapping function
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Step 3. Assembling the element matrices , ,  into global matrices.
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Step 4. Solve the linear system
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uniform partition.

  Compare your answer with the exact solution , sin sin .u x y x y

 

 


