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Approximation theory for FEM

The question to be answered here is how big the error  is ?

Here  belongs to given finite element space.

First, let's consider piecewise linear functions in 
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we assume  a constant  such that

          meaning no triangle in  is degenrated!

Let ,  1 ~ ,  be the nodes of  and define the interpolant

meaning  consists of nodal inter
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functions. This is not the case when using sin,

cos as basis functions.
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Recall Theorem 7 *
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Theorem 1. 

Let  be an element with vertices ,  1 ~ 3. Given ,

let the interpolant  be defined by ,  1 ~ 3.
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Now, since ,  for 1,2,3,  1,2,
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Combine 1  & 2
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proof:

Let ,  1 ~ 3,  be the basis functions

For ,  we have      for 
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By Taylor expansion, one has , ,  ,
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Now consider the parametrization
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Let's define the semi-norm
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Global error estimation

Theorem 3. Under the assumption of Theorem 1,
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Remark 4 : Interpolation with poly of higher degree r 1
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1
normal flux

General FEM Procedure for solving P.D.E

Consider the following P.D.E

div

;                

A u B u cu f

u g A u n r

     



    

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2

2

divergence
theorem

2

normal vector
of 

Step 1: write down the weak formulation

     div   ,here 0

        8

     

IIII II

v A u B u cu dx vfdx v

vA u v B u cvu

v f v A u n

v fd
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 

  



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        

     

     

 

 
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 

   
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IV V

x v rds
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Step 2. FEM discretization

  generate mesh for 
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     
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Let 

Choose FEM spaces and discretizatin

 

Let ~  be the basis functions on the reference element 

satisfying  and ~  be the
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here   ,   ,  

           need Numerical Integration

        : s
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tiffness matrix.
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Notes: Closer look at computing Jacobian 

det

let 1 ,  ,    basis of the mapping functions

one has 
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In linear basis function,  is a constant.

More general case, let ~  be basis of the mapping function

    

Jacobian needs to be appr
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   

   

 

 
  

 

 



oximated in numerical integration.
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Similar discretization process applied on
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mass matrix
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Step 3. Assembling the element matrices , ,  into global matrices.

             ,  ,    and 

here ,   are the global nodal vector.

The left hand side of 8  

h h h h

e e e

ee e e

e J e J e J e J

K W M

K K W W M M u u

u v

       

      

         

is discretized into matrix form

    in 8v K W M u I II III    
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22 mass matrix
for boundary
element

1

1

Jacobian of
surface inte

Moreover the righthand side of 8  can also be discretized as

   8
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IV v M f
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 
 

  
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 
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 

   
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Step 4. Solve the linear system

          

Example: Given = 0, 0, ,  solve

2 0
           using rectangular 4 nodals element.

0

  where each boundary segment is decomosed int

s
sK W M u M f M r

u u

u

 



   

 

  




 

o 4,8,16,32

uniform partition.

  Compare your answer with the exact solution , sin sin .u x y x y

 

 


