Approximation theory for FEM

The question to be answered here is how big the error u—u,, is ?
Here u, belongs to given finite element space.

First, let's consider V, = piecewise linear functions in R’
ForkeJ,,

hk = the diameter of k = longest side of k
= the diameter of the circle inschibed in k

h max h,
h edy

we assume 3 a constant 4 such that

% > Vkeld, (meaningno triangleinJ, is degenrated!)
k

LetN,, i =1~ n, be the nodes of J, and define the interpolant
meaning V, consists of nodal interpolation

(,u)(N;)=u(N;) | functions. This is not the case when using sin,
cos as basis functions.
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Theorem 1.
Letk € J, be an element with vertices a', i =1~ 3. GivenveC°(k),
let the interpolant z,v e P, (k) be defined by mv(a')=v(a'), i=1~3.

Then (1)|v- <2h2 max

(k)

Recall Theorem 7(*)

<6- h—kmaxHDa
L (k) oy o]=2

(2)m e HDa V— 7Z'hV) “

where

= maxi(x)

xek

e Sobolev inequality can be embedded in H? in R?.
*)The Sobolev i lity(2) C° b bedded in H? in R®



Now, since ‘a} —xj‘ghk, fori=123, j=12,

R ()| < 2h? maxHDavHLw(k)

ol=2

Combine (1) & (2)

proof:
Let ¢, i =1~ 3, be the basis functions

Forwe P,(k), we have W(X):ZS:W (a')g (x) forxek

:>(7zhv)(x):iZ::v(ai)¢5i (x) forxek —(1)

By Taylor expansion, one has x =(x,,X,), ¥ = (Y., ¥,)

V(y)=V(X)+iaV(X)(yj %) +R(xY)

=1 <9xj

13 82V(g)
h R == — 7/ (y —x X,
wer(a) 33, 21, 5)

Now choose y =a', we have v(a') =v(x)+P (x)+R(x) —(2)
R(=35(x) (@ =(ea)
Ri(x):R(x,ai)
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Now consider the parametrization

Ry
B

It can be shown X_(l—g—ﬂ)al-l-gaz +na’
and IZS:P, ZVV((& ~X)-¢,(x ))

ZVv(a' [(1 c-n)a+ca +77a3] ¢ (s
(1-¢

)
=Vv- ( a’ [(1 c-n)a+gca +77a3}) c+
)

parametrlzatlon

3

(a1 [l G- 77a+ga +na

3

(3 [(1 c—n)a+ga’+na’|)n
=0 (By direct computation) —(4)

Therefore,

ZmaX\R )| (x)

(*)=|zv-v|<

ZR

< mex‘Ri ‘ < 2h?

“ (k)
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(1) is proved.
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To prove (2), let's differentiate (3)
(3)&(4)

it can be shown

0
2 by parametrization _(1_§—77)+—(g)+_(77)20
ZD(B)¢i (x)=0 ’ o ele 6; ag
= %(1—§—U)+%(g)+£( )=0
This implies
Dz,v—D = D(a)i R (X)¢ (x)= D' )i(a. _X)T [H ](a' —x) 4(%)

Again, by parametrization, we can show

O¢ 04 On o4 | Og On | o4

‘D(a)¢-(X)‘= ox, Og Ox 0n _ ox 0% og
| O¢ 0%, On 0% |G On || 04
oX, 05 OX, On |0OX, OX, | On

= D(a)zzhv:D(a)v(k)LiZ::qi,(X)J+V(X)ZD(0)¢,(x)+D(6)ZRi(x)¢5i(x) ~(5)
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As aresult, (7) becomes

D7y -DC ‘<p—IZ\R (%)< p-n;a;HDav

(k)
This proves (2).

Let's define the semi-norm

oo |

(because |V|H; =0evenifv£0(eg.v=Lr 21))

Poincare inequality(|u] . <|Vul,. ) shows that it is suffice to

estimate the H, semi-norm for obtaining the upper bound of the
H,-norm.

Theorem 2. Under the assumption of theorem 1,
there is a constant ¢ such that

”V N ﬂ-hV”Lz(k) < Chk2 |V|H2(k)

h
SC;ﬂWmm

W_”hHw)

(Pf: skip.)
Global error estimation

Theorem 3. Under the assumption of Theorem 1,
<ch?|ul...

V() (@)
|V_7[hV|H1(Q) < Ch|u|H2(Q)

P vl = 3 nv—nhvn;m < 20 6 iy < il

[Pk>ﬁ

V- ”hVIHl—ZC Zc IUI <()N*[ule(q

kel, kel,

Remark (2) error of FEM solution satisfies

Hlu Uy |

T energy norm

< min

Cea VeV,

< cmin

(Poincare)  veV,

Ju—vl],

u-v), ch|u|Hz(Q)

<
interpolation
error



Remark (3) Error estimation in L*-norm
Consider a(u,v)= j AVUVV + cuvdx. Suppose u and u, are the weak

a(u,v)=F(v) veV J

solution and the FEM solution respectively.| i.e
a(u,,v)=F(v) veV,

Lete=u—u,. Clearly one hasa(u—u,,v)=0 =a(e,v)=0 veV,
a(np)=(ue)

ol, =0
((*) is called the adjoint problem)

Consider ¢ the solution of {

For any ¢, €V, andv=u—-u,, we have
a(v,p—-g¢,)=a(u-u,,¢)+a(u-u,,¢,)
=a(u-u,,¢)=(u-u,e)=a(u—u,, ¢—g,)

2 Holdering
= -l < cu-u,

HY(Q) le o, Hi(@)
<ch Ju _Uh”H1 |¢|H2(Q) (by Remark (2))
When the adjoint problem (*) has H? — regularity (for example  is convex)
we have ||, o, <[z,
Using this inequality, one has
||u N uh”iZ(g) <ch ||u — Uy ||H1(Q) ||u _uh”LZ(Q)

= Ju =ty 2oy <’ Ju by remark (2))

H2(Q) (

L(

The above argument is the so-called "duality argument”.

Remark (4): Interpolation with poly of higher degree r >1

lu—7,u

L*(Q) <ch™ |u|H'+1(Q

)

Ju- ”hu”Hl(g) <ch’ |U|H”1(Q)

lu—7,u )SChH|u|HM(Q

H2(Q )
If u doesn't have regularity of H™, then suppose u e H®, 1<s<r +1,
we have |u —7Z'hU||L2(Q) <ch’ |u|HS(Q)

”u _”hu”Hl(Q) <ch™ |u

H*(Q)
General FEM Procedure for solving P.D.E
Consider the following P.D.E
—div(A,,-Vu)+BVu+cu = f

{u|1‘1 =g, Avu.n=r

(normal flux)
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Step 1: write down the weak formulation
J.v[ dIV AVu +B- Vu+cu }dx J'vfdx ,here v|

?h'zﬁigﬁn”ce
IVVAVU+IV BVu jcvu
%/_J %,_/
() (m ('“)
:Igv-f+jv(AVu)- n, —(8)
T

normal vector
of T’y

_Iv fdx+jv rds

2

o
Step 2. FEM discretization
(a)generate mesh J, for Q
(b)consider (2)
IVVAVudx =y '[VVAVudx
Q

eeJh(Q) e

parametrization for &
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Let 4 ~ ¢, be the basis functions on the reference element

satisfying 4 (x;) =5, and v, ~ v, be the nodal values

V:Zm:viqﬁi, u:zm:ujgzﬁj
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U

vaAVudx 'H_vl ------ V, |D"-® A( )D|J|
e u
=\7€.Ke.q -(9)
herev, =|v,-- - Vo |, U =] Uy o u_ |,

K, :.[DT CDTA(CD) D|J|dsdy < need Numerical Integration
K., :stiffness matrix.

Notes: Closer look at computing Jacobian |J|
ox oy
dg 0O
ox
on 0n
let o, =1-c -7, @, =¢, ¢, =n (basis of the mapping functions)
one has X = X,@, + X,@, + X;;
Y=Y+ yz(”z + y3§03

3

o0 6¢.
le 6g’ 6g. Z

|J| = det

S %
_ZXI 877 8,u Z_ll on Yi
a—(oo; a—wo_y &;:<¢11¢2’¢3>
og og "
=[J|=| 2. - X = (X, Xy, Xg )
s 09 - Vo
oX ——oy y=(Y1. Y2 Ys)

o :inner product.



In linear basis function, |J| is a constant.
More general case, let ¢, ~ ¢, be basis of the mapping function

[5G

=[J|= — Jacobian needs to be approximated in numerical integration.

7 . .
//\l @ 13 quadratic
'T in this cases

("\.

(d )Similar discretization process applied on

II IvBVu J.VB -Vu

el e (vector)

) U,
IvB-Vudx:Hvl ------ Vo || [Bl,Bz](CD)D|J| : |dgdn
) : ¢m mx1 Um
W, U
III cvudx = cvudx
)fowdc= 2]
) U,
J-CVUdX — II.Vl ...... vV, (¢l ...... ¢m )|J| dx
° : b u,

M, (mass matrix

Step 3. Assembling the element matrices K_,W,, M, into global matrices.

, ZW =W, ZM =M and Zue—u

eeJh(Q) eeJ eeJ ee.]

here u, v are the global nodal Vector.
The left hand side of (8) is discretized into matrix form

V(K+W +M)u=(1)+(11)+(11) in (8)



Moreover the righthand side of (8) can also be discretized as
(IV)—=(8)=v-M - f

(V)—(8):ﬁ[v-rds= >ovee Mo,

eedy () mass matrix
for boundary
element

MS = (15 ...... ¢§) J°l ds=M°-r
€ ¢S Jacobian of
e surface integral

:G(M?+MSFS):(|V)+(V) in (8)

boundary element

& - ¢, basis for

boundary element

Step 4. Solve the linear system
(K+W+M)u=Mf +M°r’
Example: Given Q=[0, z]x[0, 7], solve
-Au+2u=0
using rectangular 4 nodals element.
Ul =0

where each boundary segment is decomosed into 4,8,16,32
uniform partition.
Compare your answer with the exact solution u(x, y)=sin xsin y.
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