Finite Element Method
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(A) A SDOF system

k : spring constant (measurement of stiffness)
F : force

q: displacement of DOF (degree of freedom)
(1) k-g=F (equilibrium)
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(B) For MDOF system (suppose n degree of freedom)
n: # of DOF
K. - Stiffness matrix
Fra: load vector (external force)

O

0,4 = q_2 = DOF vector or displacement vector

a,
(2) K-q=F (equilibrium)

Physical structure (A,B) = Kq=F

FEM

Remark : In general, the equilibrium is described by PDEs, FEM
is a powerful method for discretization of PDEs.

FEM modeling of solids and structures can be carried out by the virtual work principle
which is directly link to the energy variation of the associated PDEs.

Virtual Work Principle = Variational Principle



Consider
Kg—F =0 ————(3) (force balance)

By introducing arbitrary displacement 5q = 0 called virtual displacement and multiplying 6q to
eq.(3). We have

5q(Kq-F)=0 ————- (4) (energy balance)

Observation:

(3) is in vectorial form.

(i) (3) and (4) are equivalent. (ii) {(4) is in scalar form.

Note:
0q-F is called the external virtual work.
0q-K-q is called the internal virtual work.

Example: A bar under axial force
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u(x): actual displacement

f (x): applied force per unit length
A(x): cross-sectional area

p: applied force at x =L

7 2 J 7] e
| (=) -Fl

By the mean-value theorem, We have F (x+dx)—F (x)+ f (x+¢&)dx=0

:{Z—i(x)jt f (x+g)}dx+0(dx2):0



Letdx >0, £« >0

=T (x)=0 ————(5)
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Let o, be the inner stress. Let £ be the strain satisfies ¢, = aiu (x)
X

Hooke's law gives the Stress-Strain relationship:

Moreover, the actual force is

F(x)=[o,dA = o,A(x)
s constant 1ong
cross-section
H.JH " FL)=p
ully H =L
0
(5) = &(GXX(X)A(X))+f:O ————— (7) (PDE)

To solve (7) one requires boundary conditions:

(0)=

u 0
, In this example.
F(L)=oy(L)A(L)=p

boundary conditions{

oF [internal force change + external force
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Now, one can rewrite (7) in weak formulation by multiplying virtual strain su to (7)
as following:

jéu(%a A( j+j suf (x)dx=0

integration

=
by part

ﬁ(@j o, A(X)dx = 5u(X) o, A(X)|,_ —00(X) o, A(X)| _, +IOL5U (%) (x)

OX
Let 5u(0) =0 and apply the boundary condition, we have

IL@E_ CA(X)dx = su(L p+j su(x) f(x)dx —--—(8)

internal work sU external work sW

Observation:(1) the unknown is u(x)
(2) the left hand side is a bilinear operator in variables éu and u.

Finite element modeling:

Idea: Divide the bar into segments called "element”

el#1 el#e el#3
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Stepl: Choose a FEM space:
Assume u (x) is linear within each element.

node(1) nodel2)

element {3] +

Introducing non-dimensional local coordinates "'s"
defined such that

s=0 atnode (1) -
s=1 atnode (2) X, — X,

= Xx=(1-5)X +5X,

LetN,(s)=1-s, N,(s)=s (called the mapping function)

We have
x=N,(s)%+N,(x)x, ————- (10)
= dx=(x,—x)ds=l-ds ————— (11) (I =element length)

Moreover, since u is linear, one has u =c, +¢,x (or u=a, +a,s in the reference coordinate s)

u=u, at node (1)

, we havea, =u,, @, =u, —Uu
u=u, atnode (2) %=t &=l

Suppose {

= U =(1-s)u, +su,

rewrite
u=N,u, + N,u, where N, =1-s, N, = are called the shap functions ————— (12)

Remark : In case, mapping functions = shap functions, the FEM formulation
is called "isoparametirc formulation”.



Step2: Discretization over each element

For 6u;, = EA@-a—udx
i OX X
Since
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(i) &:g'&—T(—U1+u2)=|1[—1,1](i]

(ii) For arbitrary su, choose &u = (1-5)du, +sdu, (the so called Galerkin formulation)
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here K = %E EAds{ L1 } is called the element stiffness and K is symmetric.

For oW, :(J') f Sudx = '[:((l—s)éul +50U, )- (s)-1ds

=[8u,,5U, ] IO (11—5) flo)ies = [§ul,5u2]{Ql(i)],
IO sf (s)lds Q)

(i)
here [ ! } is called the element load vector.
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Step3: Summing or assembling element vectors and matrices

local nodal 1 2
numb er 2 2
—* u1+ w7 ou :: Iy
| _.-—-—'-"'"_'_'_F'_
global nedal number
local nodal global nodal
number number
u —>Uu, ou, —aou
element1: " ! '
u, >u, ou,—>ou, elem#1(1 )
5 This vector array
T Y slem#2| 2 contains global dof
element 2: ul u2 5ul 5u2 = ; corresponding to
- -
2 0 ? 3 Z| element dof is called
elem#3| 3| . .
Ty 4 connectivity vector
element3: * ! :
u, »>u, ou,—>aou,
(i) Assembly of the global load vector
3 S ]|
oW :;é\/\/l :;[5[]1 ,5U2 :| é')
Q(l) Q(Z) ©)
=[ou,0u,]| © |+[ou,,u,]| T |+[ouy,Su,]|
Q(l) Q(Z) (3)
2 2 2
o 3
0,00 _|F
=[6u,,8u,,8u,,6u,] sz Q13 | i —— (13)
Q7+Q” | |F
£3) 4 _IN global load vector




1(1) ~ N —( R
o=, Ny

o= |2 O E
1(2) N 2 N 2
2| —> |3 - .

T 3] g
o]
§3) = 1 o\F

- connevtive

vector

(i) Assembly of the global stiffness matrix
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— _ (i) (1) 11 12 1
8U =Y 6U, =) [ sul’,6u} ][K(i) }(ug)]

= = 21 ng)
SN () ()0
=2 > Kisuu! ————(A)
i=1 jk=1
u
after Kll K14 ul
= [suy,6u,,5U,,0U,] Cl
assenbly u3
K41 K44 u

o~

= 24: Kjouu; —--—(B)

i,j=1

Compare (A)&(B) term by term through using the connective vector, we have

Kfj)5u{l)uf1) — K 0U, U,

KYsuPul - K, ,6u, -u,

element #1 O
K§,1)5u§)ul( ) K,.0u, -u,
K§25u§l)u§1) — K,,0U, -U,
, etc,
Kl(j)éul(z)ul(z) —K,,8U, U,
K@suPu® 5 K, .6u, -u
element#2 LT T 23772

Kfl)&ugz)ul(z) — K,,6U;-u,

Kfz)dugz)ugz) — Ky 40U, - U,
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o0 Ky
ul
u
= oU =[du,,8U,,8U,,6U, ] K, u2 —(14)
3
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Together with (8),(9),(13) and (14), we have
ul Fl
u2 F2
[6u,,8U,,8U,,6U,]- K., =[éu,,8u,,8u,,6u,]
u3 FS
u, I:4
apply . o~
i Su-(Ku-F)=0 —(15)
condition
(:s(sou)r;gpzo)

The discrete system can now be solved.
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