4. BROWNIAN MOTIONS

The origination of Brownian motions is based on botanist Brown’s observation of pollen
grain pending on the water, of which motion is determined by the net effect of bombardment
of water molecules. In this section, we introduce the mathematical framework in the one-
dimensional case and discuss their properties. Thereafter, (X¢):>o refers to a stochastic process
defined on a probability space (€2, F,P), where X; is non-degenerate for ¢ > 0. For convenience,
we assume that P is complete.

4.1. Definitions. A stochastic process (X¢):>0 defined on a probability space (€2, F,P) with
values in R is a Brownian motion if Xy = 0 and
(A1) (Independency of increments) Xy,, Xt, — Xtgye-r, Xt,, — Xt,,_, are independent for any
to<t; <---<tpandn>1.
(A2) (Stationarity of increments) For any s > 0, the distribution of X;;s—X; is independent
of t.
(A3) (Continuity) For any ¢ > 0, one has

i LUX s = Xe| > 0)
1m
sJ0 S

Remark 4.1. By the m — X lemma, (Al) is equivalent to the independence of F(X;ys — X¢)
and F(X,,r <t) for any s, > 0.

=0.

Proposition 4.1. Let (X;)i>0 be a Brownian motion. Then, there are p € R and o > 0 such
that X; is normal with mean ut and variance ot for t > 0.

To prove this proposition, we recall the following lemma.

Lemma 4.2. Forn > 1, let X, 1,..., Xy be i.i.d. non-degenerate random variables and set
Sp =iy Xni and My, = max{| X, ;| : 1 <i < n}. Assume that S,, converges in distribution
to X. Then, X s normal if and only if M, converges to 0 in distribution.
Proof of Proposition 4.1. By the stationarity of increments, (A3) is equivalent to
P(| X 0
o FUX] > )
50 S
Fix t > 0. By (A1) and (A2), X is infinitely divisible since

n

Xi = Z(th/n = Xy(k—1)/n)-
=1

Let M, = max{| Xy, — Xyk—1)/n| : 1 < k < n}. Note that, for § > 0,
P(My > 6) = 1~ P(My < 5) = 1 — P(|X,/0| < 6"
=1-[1-P(|Xy/p| >06)]" =1~[1-o0(t/n)]" =0

as n — oo. By Lemma 4.2, this implies that X; is normal. Set ¢(¢) = EX; and ¢(t) = Var(Xy).
Clearly, one has

=0, Vé>0.

Pt +s) = EXpps = E(Xiys — Xo) + EXy = ¢(s) + ¢(1)
and
o(t+s) = Var(Xps — Xt + Xy) = Var(Xyqs — Xy) + Var(Xy) = ¢(s) + ¢

—~

).

Following these computations, we may conclude that ¢(t) = ¢(1)t and ¢(t) = ¢(1)t for
t € QN[0,00). As X5 converges in distribution to Xy, we have ¢(t + s) — ¢(t) and
©(t+s) — ¢(t). This implies that ¢ and ¢ are right-continuous and, hence, EX; = tEX; and

Var(X;) = tVar(X;) for ¢ > 0. O
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Definition 4.1. A Brownian motion is a process (X;)¢>o satisfying Xo = 0 and
(1) For tg < t1 < -+ <tn, Xig, Xty — Xtgs -y Xt,, — Xt,_, are independent.
(2) There are g € R and 02 > 0 such that Xy, — X; is normally distributed with mean
sp and variance so? for all + > 0 and s > 0.

If £ =0 and o = 1, then (X})¢>0 is called a normalized Brownian motion.
Remark 4.2. p is called the drift of a Brownian motion.

Exercise 4.1. Let (X¢);>0 be a Brownian motion and set Y; = (X; —tEX;)//Var(X;). Show
that (Y7)¢>0 is a normalized Brownian motion.

Exercise 4.2. Suppose X1, ..., X,, are random variables such that X7, Xo — X4, ..., X, — X,
are independent. Prove that if F} is the distribution function of X — Xj;_1, then the joint
distribution function F' of X1, ..., X}, is given by

F(xl,xg,...,xn) :/ F1<dy1)/ Fg(dyg) Xoeee
(—o0,z1] (—o0,22—y1]

y / Fo(dyn).
(—OO,In—yn—l—'“—yl]

Note that one may build up a probability space for the existence of a process with given
finite-dimensional distributions. Without the regularity of sample pathes, there might be
events of interests but non-measurable, e.g.

A={X;=0forsomet eI} =| J{X; =0}, B={X,<cVtel}=|{X<c}
tel tel
However, if the process is continuous almost surely, then the above events turn into measurable
sets. For instance, let I = [0,1] and (Y%)ter be a continuous process. Define, for € > 0 and
n>1,
Ac={|V| <eforsomet eI}, Apc={|Yy/2n|<efor some k> 0}.
Clearly, A, -+ Ac and Ac — A, which implies A is measurable.
This leads us to the construction of continuous Brownian motions.

Definition 4.2. Let I C [0,00). A process (X;)ies is said to be continuous in probability if
for all t € I and t, — t, Xy, — X; in probability.

Theorem 4.3. Let I be an interval in [0,00). Assume that a process (Xi¢)ier is continuous
in probability and there exists a countable set T dense on I such that

P(w : t — Xy(w) is uniformly continuous on TN J) =1

for any finite subinterval J C I. Then, there is a process (Yi)ier on the same probability space
such that the map t — Y (w) is continuous on I for allw and X; =Y; a.s. for allt € I.

Remark 4.3. Both processes (X;)icr and (Y;)ier have the same distribution.
Proof of Theorem 4.3. Write Ty =T N J and set
C ={w:t— X;(w) is uniformly continuous on T}
For t > 0, define
Yi(w) = lim Xy (w), VweC,teJ t;jeTy t;—t

]*)OO
and Yi(w) =0 for all w € C° and t € J. Clearly, Y; is a measurable function (since Xy, — Y;
on C) and is continuous in ¢ € J for all w. Since X, converges in probability to X; and Xy,
converges to Y; a.s., we have Y; = X; a.s. for all t € J. The desired construction is then given
by applying the above conclusion to J, = [0,n] N I. O
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Theorem 4.4. For any Brownian motion (X;)i>o, there ezists a countable dense subset T of
[0,00) such that, for almost all w, the map t — Xi(w) is uniformly continuous on T N [0, a
for all a < .

To prove this theorem, we need the following lemma.

Lemma 4.5. Let X; be a Brownian motion. Fortyg <t; <---<t, and x > 0,

< < .
P (1?1?%% Xy, > at) <2P(Xy, >x), P <1I§III?,SXH | Xe, | > :c) <2P(|Xy,| > x)

Proof. Let N = inf{k > 1: Xy, > x}, where inf () := oco. Since the distribution of X;, — X,
is continuous and symmetric about 0, one has

1<k<n

n n
P < max X, > :c> =Y P(N=k)=2> P(N=kP(X,, — X, >0).
k=1 k=1
Note that {N =k} € F(Xy,, ..., X3, ). By the independency of increments, this implies

n
P(max X, >a:> :QZIP’(N:k,th—th > 0)
k=1

1<k<n
n
<2) P(N =k, X;, > 1) < 2P(Xy, > ).
k=1

Since X; is normalized, —X; has the same distribution as X; and thus

. ) < )
P (1g}€1£1nth < x) <2P(X;, < —x)

The last inequality is given by the following fact.

{ max | Xy, | > a:} C { max Xy > x} U{ min X;, < —x}.
1<k<n 1<k<n 1<k<n
O

Proof of Theorem 4.4. By Exercise 4.1, it suffices to consider normalized Brownian motions.
Let I = {k/2" : k >0,n >0}, a € Nand T = {ak/2" : k = 0,1,...,2", n > 1}. Clearly,
T =1N1]0,a]. Define

Up =sup{|Xs — X¢|:s,t €T, [s—t|<a27"}, U= lim U,.

n—oo

By Theorem 4.3, it suffices to show that U = 0 a.s.. As U, is non-increasing, it is equivalent
to prove that U, — 0 in probability.

Set Iny = [ak/2",a(k + 1)/2"] and Y, = sup{|Xy — Xopjon| : t € Ly N T} for k =
0,1,...,2"™ — 1. By the following inequality

1
U, < max Y,
37" = g<peon MR

it remains to show that the right hand side converges to 0 in probability. Following assumptions
(A1) and (A2), one has

2" —1
P Y, o)< P(Y, 0) =2"P(Y, J).
(g Yo 26) = 0020230020
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Let T, = {ak/2™ : k =0,1,...,2"}. Obviously, max{|X| : t € I, 0N T},} is non-decreasing in
m and converges to Y, o, which implies
P(Y,0>0)= lim P < max | Xy| > 5) .
m—00 teln, 0oNTm
By Lemma 4.5, we have
< —-n > n.

P <teII;IL1,?r§Tm | X+| > 5) <2P(| X yo-n| >0), VYm>n
Consequently, one may apply (A3) to get
=0.

n—o00 0<k<2m n—o00 2—n—1

lim IP’( max Y, > 5) < lim w

O

Thereafter, a Brownian motion refers to a stochastic process (X3 ):>¢ with continuous sample
paths and satisfying Xy = 0 and
(1) X4y, Xt, — Xitgyeer X+, — Xy, are independent for top < t; < --- <ty and n > 1.
(2) For s < t, Xy — X, has the normal distribution with mean u(t — s) and variance
o2(t — s).
When mentioning normalized Brownian motions, we mean p = 0 and o = 1 and write (By)i>0
instead. In the following exercises, we use I to denote an interval in [0, 00).

Exercise 4.3. Let (X{)ter be continuous in probability. Show that, for any countable set
{ti i > 1} dense in I,

F(Xp,t€l) C F(Xy;,i>1)
where F(Xy,,i > 1) is the o-field containing F(X,,i > 1) and all subsets of measure zero set
of P.

Exercise 4.4. Let (X;);er be a stochastic process continuous in probability and T, be a finite
subset of I satisfying T,, C Ty, 11 and T, — T', where T is dense in I. Use Exercise 4.3 to show
that, for A € F(X,t € 1),

P(A|X;,t € Tp) “3 P(A|X;,t € 1) asn — oo.

Exercise 4.5. Let (X¢)ier and (Y;):er be two stochastic processes satisfying P(X; =Y;) =1
for all t € I. Show that if (X;)ic; and (Y3)ies almost surely right-continuous (resp. left-
continuous), then P(X; = Y;,Vt € I) = 1.

Exercise 4.6. Let (X;):cs be a stochastic process with right-continuous (resp. left-continuous)
sample paths. Show that the map (¢, w) — X¢(w) is B(I) x F(X;,? € I)-measurable.

4.2. Variation and differentiability of Brownian motions.
Theorem 4.6. Let (X;);>0 be a Brownian motion. Then,

P({w € Q: t — Bi(w) is Lipschitz continuous at some t > 0}) = 0.
Corollary 4.7. Almost all Brownian paths are nowhere differentiable.

Proof. This is an immediate result of the fact that if a function is differentiable at some point,
say x, then the function is Lipschitz continuous at x. O

Corollary 4.8. Almost all Brownian paths have infinite variation on any finite interval.

Proof. This comes from the fact that if a function is of bounded variation on I, then it is
differentiable a.s. (in Lebesgue measure) on I. O
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Proof of Theorem 4.6. We prove this theorem by following Breiman’s book. It suffices to
consider the normalized Brownian motion starting from 0. Fix N € N, let M > 0 and set

A, = {w : for some s € [0, N], | X¢(w) — Xs(w)| < M|t —s|, V|t —s| <2N/n}

Ynk(w) = max { ’XN(k+2—i)/n(w) — XN(k+1-i)/n(W)|i = 0,1, 2} :
For w € A,, with Nk/n <s < N(k+1)/n, ypr < 3NM/n and this implies A,, C B,,, where

By ={w:ypi(w) < %, for some 1 <k <n-—2.}

and

By the independency and stationarity of increments, one has, for n > 2,

SNM SNM
XN(i+1)/n — XNifn| < " > =nP (’XN/n’ < n)

SMN/n —nx2/(2N / —Ny?/(2n) )d 0,
V 27TN/3MN/n 27m/3M )

as n — oo. Let A be the limit of A,. Clearly, A contains all Brownian paths ¢ € [0, N] — X}
which is Lipschitz continuous at some point with Lipschitz constant M. Following the above
computations, we obtain P(A) = 0 for all M > 0, which says that almost all Brownian
paths are nowhere Lipschitz continuous on [0, N]. As N is arbitrary, this proves the desired
property. U

P(B,) < nP(n%]af(

Let B; be a normalized Brownian motion. Let P, = {t,0 < -+ < ty,m, } be a partition of
[0,t] and set ||Py|| = max{t, x+1 —tnr : 0 < k < m,}. Consider the following summation.

mnp—1
- Z ‘Btn,k+1 _Btn,k’2'
k=0
Clearly, one has
mp—1
Sp—t= Z [(Btn,k+1 - Btn,k)2 - E’Btn,kH B Btn,k‘Q]'
k=0

By the independency of increments, this implies

mp—1

E(Sn—1)* = > El(Bi, s — Btp)” = (bngepr — tap)]’
k=0
mp—1
=E(Bf = 1)* Y (tps1 — tng)” <E(BE = 1)%t]|Py
k=0

and then , ,
> E(B3 t
> P(ISn -t >€) < QZHP |, Ve>o0.

n=1 n=1
Theorem 4.9. Let Py, = {tn0, ..., tn,m, } be a partition of [0,t] and set | Py || = o nax [t er1—
Sk<mp
tnkl- If [|[Pall — 0, then

mp—1
Sn = Z |Btn,k+1 — Btn,k‘Z —t in LZ(P)
k=0
Moreover, if Y 07 || Pnl| < 00, then S, — t a.s.
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4.3. Behavior of Brownian Motions at time 0 and oc.

Theorem 4.10 (Law of the iterated logarithm). Let B; be a normalized Brownian motion.
Then,

. By
lim sup a.s.

I —
tlo  /2tloglog1/t
Proof. We start by proving the following two claims. Let ¢ € (0,1), ¢, = ¢" and ¢(t) =

\/2tloglog1/t.

Claim 1: For 6 € (0,1) and ¢ =1 — §/2, there are constants C' > 0 and A > 1 such that
P(Bt, > (1+0)p(tns1)) < Cn™* Vn.

Claim 2: Let Z, = By, — By, ,. For e € (0,1) and ¢ = ¢, there are constants C’ > 0 and
B € (0,1) (depending on €) such that

1
P(Z, > (1 —e)p(tn)) > C,nﬁ Tog 7t Vn large enough.
For the first claim, note that
1 [eS) ) 6—12/2
P(B;, > z\tp) = — e 5 2ds ~ as r — 00,
( tn n) \ 27 /x 2mx

and

(1+ 0 (tnt1)/Vin = v/2Alog(c(n + 1))
where A = ¢(1 +6)? and ¢ = log 1/q. By choosing ¢ = (1 — §/2), we get A > 1 and
1

P(By, > (1+0)p(t ~ as n — oo.
For the second claim, note that
6—22/2

P(Z, > z/tn — tny1) ~ N as z — 00

and

(1= €)@(tn)//tn — tns1 = /2B81og(en)
where 3 = (1 — €)?/(1 — q). Setting ¢ = € implies 3 € (0,1) and
1
P(Z, > (1 — tn)) ~
(Zo> (L= Op(ta)) ~ 5o 7
Back to the proof of the theorem. By Lemma 4.5, Borel-Cantelli lemma and the above
claims, we have

as n — o0.

(4.1) P ( max B; > (14 6)p(tht1) i.0.> =0, Vée(0,1)
te[tn+17tn]

and

(4.2) P(Z, > (1 —¢€)p(t,) i.0.) =1, Vee (0,1).

Note that ¢/(t) > 0 for t < e~ . By (4.1), this implies that, for all 6 € (0, 1),

tE[tn+1,tn)

P <limsup Bi/o(t) > 1+ 5) < IP’( max By > (1+9)o(tny1) i.o.) =0,
tl0
which implies
. By
limsup—~ <1 a.s..

tlo o(t)
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For the lower bound, note that both (B;)¢>0 and (—By):>0 have the same distribution. This
implies

B
P<mnmft2-4>=L
0 ()
Equivalently, for ¢ > and ¢ € (0,1),
Z —

P(Btn+1
Recall that (4.2) says, for € € (0,1) and g = ¢,
P(By, — By, ., > (1 —€)p(ty) i.0.) = 1.

As a result, for € € (0,1) and ¢ = 1 — ¢, the following event holds for infinitely many n with
probability 1.

(14 €)p(tn+1) for n large enough) = 1.

()O(tn‘l’l)
o(tn)
~ (tn) [1 — e~ (14 €)V/e]

Letting ¢ — 0 gives the desired lower bound. O

Bp, > (1= €)p(tn) — (L4 €)p(tn +1) = @(tn) |1 —€— (1 +€)

To see the behavior of Brownian motions as t — oo, we introduce the following notations.
Definition 4.3. Let Y7,...,Y,, be random variables. Y = (Y7,...,Y,,) has a joint (multivari-
ate) normal distribution with mean 0 if there exist i.i.d. standard normal random variables
X1,..., X and a k x n matrix A such that Y 4 XA, where X = (Xy, ..., X).

Proposition 4.11. Let Y1, ..., Y, be random variables with finite second moments and I" be the

covariance matriz, i.e. I';; = Cov(Y;,Y;). Then, I' is symmetric and non-negative definite.
Furthermore, if Y1,...,Y, are jointly normally distributed with mean 0, then T' = A'A, where

(Y1,..,Y,) 4 (X1, Xp)A, X1,..., Xk are standard normal and A is an k X n matriz.

Let Y1,...,Y, be jointly normal distributed with mean 0 and Y = (Y1,...,Y;,) 2 XA. For
U= (Ul .oy Up)

[\

k k n
) . . 1
EezYut _ Eer(Aut) —E H erj Zk Ajrug — H exp 75 <Z Agk“k)
j=1 j=1 k=1
= exp{—3uA’Au'} = exp{—Ful'u'}

This implies that the characteristic function of Y is specified by its covariance matrix. Con-
1

versely, if Y is a random vector (n-vector) whose characteristic function is given by e~ zulu!
where I' is a symmetric and non-negative n x n matrix, then there exists A (by choosing A
such that I' = A*A) and independent standard normal random variables X7, ..., X, such that

Y £ XA
Exercise 4.7. Assume that Yi,...,Y, have a joint normal distribution with mean 0. Show
that Y7, ...,Y,, are independent if and only if their covariance matrix is a diagonal matrix.

Hint: Use the fact that if X1, .., X,, are random variables with characteristic function f1, ..., f,,
then X1, ..., X,, are independent if and only if

Eei(U1X1+---+Uan) — fl(ul) X o0 X fn(un) V(U17 ,Un) € Rn

Definition 4.4. Y7, ..., Y, have a joint normal distribution A/'(m,T") if m = (EY3, ..., EY},) and
(Y1, ..., Y,) — m is jointly normal distributed with mean 0 and covariance matrix T

Definition 4.5. Let Y3, ..., Y, be random variable and Y = (Y7,...,Y},).
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(1) Y is linearly independent if ¢; Y7 +- - -+ ¢,Y;, = 0 a.s. implies that ¢; =0 for 1 <7 < n.
(2) Suppose Y has distribution N (0,T"). Y is non-degenerate if Y is linearly independent.

Exercise 4.8. Let Y = (Y7,...,Y,) has a joint normal distribution N'(0,T"). Show that

(1) Y is non-degenerate if and only if det " # 0.
(2) If Y is non-degenerate, then the joint density satisfies

_ 1 1 -1t
f(y)—(%)mmexp{ syl 'y}

Exercise 4.9. Suppose Y = (Y7, ..., Y},) has a joint normal distribution N'(0,T"). Let K be the
smallest integer k such that Y = X A, where X = (X, ..., Xx), X1,..., X} are i.i.d. standard
normal random variables and A is a k x n matrix. Set

L =max{l:Y;,...,Y;, are linearly independent for i; < --- <'is}.
Show that K = L = Rank(I').

Theorem 4.12. A stochastic process (Xi)i>0 s a normalized Brownian motion if and only
if, forany 0 < t; <tg <--- <tn, Xy, ..., Xy, have joint normal distribution with mean 0 and
covariance matriz I' given by I'; ; = min{t;, ¢;}.

Theorem 4.13. Let B; be a normalized Brownian motion and set

Xt _ tXl/t 'lft S (0,00)
0 ift=0

Then, X, is a Brownian motion of which paths are continuous on [0,00) with probability 1.

The following is an immediate corollary of the above theorem concerning the behavior of a
Brownian motion as time tends to infinity.

Corollary 4.14. For any normalized Brownian motion By, one has

: By
lim sup

et S——
t—oo V/2tloglogt

To prove this theorem, we need the following proposition.

a.s.

Proposition 4.15. Let B; be a normalized Brownian motion. Then,

. t
Iim — =0 a.s.
t—o00

Proof of Theorem 4.13. 1t is clear that for 0 < ¢; < --- < t,, X¢,,..., Xs, have a joint normal
distribution. Note that, for s > 0 and t > 0,

E(X¢X;) = stE(B, 4By /s) = stmin{1/t,1/s} = min{t, s}.
This implies that (X¢):>0 and (Bt)¢>0 have the same distribution. Note that X is continuous
on (0,00). By Proposition 4.15, one has

B
lim X; = lim¢By,; = lim = =0 a.s.
tJ0 t}0 stoo S

O

Proof of Proposition 4.15. Let Y, = B — Br_1. By the independency and stationarity of
increments, Y7, Yo, ... are i.i.d. and, by the law of large numbers,
Bk }/1+"'+Yka.s.
—=—" "3 EY; =0.
k k !
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For t > 0, let k be an integer such that ¢ € [k, k + 1) and set

7 = B, — Byl
K Orgt&%\ i+t — Bl

B, < Bt = By | By
120 = Pkl By| < 2k 4 1Ok
t k - t * k ‘ ‘ - + k2

The second term has been shown to converge to 0 a.s. For the first term, we recall a fact
generalized from Lemma 4.5 using the continuity of Brownian paths.
Fact 1: Let B; be a normalized Brownian motion. For ¢ > 0,

Observe that

P (max Bs > :I:) <2P(By>=z), P <max | Bs| > x> < 2P(|By| > x).
0<s<t 0<s<t

Using this fact, one can show that EZ; < co. Recall another fact in the following.
Fact 2: Let X1, Xo,... be i.i.d. random variables. Then, E|X;| < oo if and only if P(|X,,| >
n i.0.) = 0.

Note that, for any L > 0, LZy, LZs, ... are i.i.d. with E(LZ;) < oco. By Fact 2, one has

Z 1
P (limsup ?k < L) > P(LZ; < k for k large enough) = 1.

k—o0

This implies Zi/k — 0 a.s. O

4.4. Strong Markov property.

Definition 4.6. For any process (X;)i>0, set Fy := F (X5, s < 1).

(1) A nonnegative random variable T is called a stopping time for F; if {T' < t} € F; for
all t > 0.
(2) For any non-negative random variable 7', define

Fr:={BeF:BnN{T <t}eF,Vt>0}.
Remark 4.4. For any stopping times S < T, Fg C Fr.

Proposition 4.16. Let X; be a continuous process and T be a stopping time for F; =
F(Xs;0<s<t). If T is real-valued, then Xt is Fr-measurable.

Proof. For n > 1, set

k k+1 >
An,k {n<T<7’L}, Xn’T:kZOXk/nlAn’k.

Then, X,, 7 is F-measurable and, on {T' < N},

| X7 — X 1| < oBAx | Xern — Xil-
0<h<1/n
By the continuity of X, the right hand side converges to 0. This implies X,, 7 — X7 and,
hence, X7 is Fp-measurable. O

Theorem 4.17 (The strong Markov property). Let B; be a normalized Brownian motion
and T be a stopping time for Fy = F(Bs;0 < s < t). Assume P(T < oco) = 1 and set
Yi = Bryt — Br fort > 0. Then, Y; is a normalized Brownian motion and independent of
Fr.
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Proof. First, consider the case that T' takes values on a countable set, say {r1,7,...}. Let
0<ty <ty <--<ty, A1,..., A € B(R) and B € Fr. Note that {T = 7;} € F;, and

{T:Tj}mB:{T:Tj}m({TSTj}mB) G.FTJ..
This implies
IP(YVH € Ay, ,Y;gk S Ak,B)

o0
:ZP(Ytl €Ay,...Y;, € A, T =1;,B)
j=1

oo
:Z]P)(BT]“‘N:I - BTj S A]-?""BTj-i-tk —_ BTj € Ak,T — T],B)
j=1

o0
= P(By 14, — Br, € A1,...,Br 14, — Br, € A4)P(T = 7;,B)
j=1
:P(Btl — By € Ay, ...,Btk — By € Ak)[P(B)
This case is then proved by the 7 — X\ lemma.
Next, let T" be a stopping time satisfying P(7T' < oo) = 1 and set, for n > 1,

o

1 k—+1
T, = El{OgTSI/n} + Z Tl{k/n<T§(k+1)/n}-
k=1

Note that, for ¢t € [k/n, (k+1)/n),
{T, <t} ={T <k/n} € Fyn CF
and, for B € Fr,
BN{T, <t} =Bn{T, <k/n}y=Bn{T < k/n} € Fy, C Fi.

The implies that T;, is a stopping time and F7 C F7,,. For n > 1 and ¢ > 0, define Z,,; =
Br, ++ — Br,. Since T,, takes values on a countable set, one has, for 0 < ¢; < --- < and
T1,., T € R,

P(Znt, < @1, Znyy, < xg, B) =P(By, — By < @1, ..., By, — By < x,)P(B).

By the continuity of Brownian paths, Z,; — Y; since T,, — T'. As a result, if (z1,..., %) is a
continuous point of the joint distribution of Y;,, ..., ¥;,, which is dense on R¥, then

]P)(}/tl < Ty, a}/tk < .ZEk-,B) = ]P)(Btl - BO < Z1, "'7Btk - BO < ,fl,’k)]P)(B)

The desired conclusion is then given by the 7 — A lemma. O
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