6. LAWS OF LARGE NUMBERS

6.1. Strong law of large numbers. Consider a sequence of random variables with the same
expectation, say u. The strong law of large numbers, or briefly SLLN, means
X1 +Xo+--+ X,
n

Theorem 6.1 (Kolmogorov’s SLLN). If (X,,)%, are independent and > oo, Var(X,)/n? <
o0, then the strong law of large numbers holds.

— U a.s.

Proof. It loses no generality to assume that © =0. For n > 1, set S, = X1+ ---+ X, and let
b, = Var(X,) = EX2. Note that

S S ) .
— =0 as. & P <‘n‘ > € 1.0.) =0, Ve>0 <& P(Ag(e)io)=0, Ve>0
n n

where

Ag(e) = {|Sn| > en for some n € [2"3’ 2k‘+1]}.

By the Borel-Cantelli lemma, it suffices to show that ), P(Ay(€)) < oo for all € > 0. To see
this, observe that

Ap(e) € {|Sn| > €2F for some n < 281} = { max |S,| > e2k}
1<n<2k+1
By Kolmogorov’s inequality, this implies
1 1 X
2
P(Ak(9) < ogpES3in = oz D b
n=1
Thus, we have

oo 2k+1

62 iP(Ak(E)) < Z Z bn2_2k = i ibn2_2k1[1’2k+1](n)
k=1 k=1 n=1 k=1n=1
00 o] 00 —292
= Z bn ZQile[logQ nfl,oo)(k) < Z bn X 1n_ 12/4 < 00
n=1 k=1 n=1

Exercise 6.1. Let X1, Xo,... be independent random variables satisfying
Pn
2 )
Prove that the SLLN holds if and only if >°° | EX2/n? < occ.

P(X, =n)=P(X, = —n) = P(X,=0)=1-p,.

Corollary 6.2. Let X1, Xo,... be independent random variables with pu, = EX,. If the se-

quence X (p +pa+- -+ pn) converges to p and > o0, Vaig(") < o0, then £ 3" | X, converges
to p a.s..

n

Corollary 6.3. Let X1, Xo, ... be independent with the same mean. If Var(X,,) is bounded,
then the SLLN holds.

Theorem 6.4 (Khinchin’s SLLN). If X, X», ... are i.i.d. with E|X1| < oo, then the SLLN
holds.
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Proof. For n > 1, let ), = X;,1¢x,|<n} and set

n n
Sn=>_Xi, Sp=> Y,
=1 i=1

Consider the following two steps.
Step 1: 1(S, —5/) — 0 a.s. To see this, observe that

D P(Xn#Yn) = 3 Elyx,om) = E (Z 1{|X1|>n}> =Bl
n=1

n=1 n=1
By the Borel-Cantelli lemma, P(X,, # Y, i.0.) = 0 and this implies (S, — S},)/n — 0 almost

surely.
Step 2: We will prove in the following that >°°  Var(Y;)/n? < co. Note that

= Va‘r(Yn) < = LE X2 _ = i}E X2 —F X2 - 1{‘X1|§n}
o <D SEIXIx ] = ) SEX L xen] =B (X7 )
n=1 n=1 n=1 n=1

Further, if X (w) # 0, then

1{x,)<n} (W) 1 2
Yo = Yy 5 < :
n? n? ~ 1 X1 (w)|
n=1 n=[|X1(w)I]

This leads to
1
> —Var(Y,) < 2E[X3| < oo,
n=1

Note that EY;, — EX;. By Corollary 6.2, S/, /n converges almost surely to EX;. By Step 1,
Sp/n — EX; as.. O
Exercise 6.2. Let X,, > 0 be i.i.d. random variables with EX; = co. Prove that
X1+ Xo+--+ X,
n

Ezample 6.1. Let Q = [0,1) and P be the Lebesgue measure on €. For w € Q, consider the
binary expression of w, 0.wjws..., with infinitely many 0. For n € N, let X,, : Q@ — {0,1} be
defined by X, (w) = wy,. Note that, for n € N and z1, ..., z, € {0,1},

{X; =24,V1 <i<n}={w|0.x122..2, <w < 0.2129...Ty, + 27" }.

This implies that (X,,)?2; are random variables with P(X; = z;,V1 < i < n) = 27" and,
hence, are i.i.d. Bernoulli random variables with parameter 1/2. By the strong law of large

numbers, we have
1< 1

6.2. Weak law of large numbers. Recall that a sequence of random variables (X))
defined on (2, F,P) is said to converges to X in probability if

lim P(|X, — X|>¢)=0 Ve>0.
n—oo

— OO a.s.

)
n=1

Theorem 6.5 (The weak law of large numbers). Let X1, Xo, ... be a sequence of independent
random variables with EX,, = a,,. Assume that n—IQ Yoy Var(X;) — 0. Then,
X1+ +Xe ar+-+an

n n
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Proof. By setting Y, = Xy —ap and S,, = Y1 +--- 4+ Y}, one has

<n2) ~ ZVar Xp) —

This implies that S,,/n converges to 0 in LQ(}P’) and, hence, in probability. U

Example 6.2. Consider Bernstein’s polynomials.

2) = kzn:_of (f;) (Z) (1 -2 Vo e (0,1).

It is obvious that B, (0) = f(0) and B,(1) = f(1) for n > 1. We shall prove in the following
that By, (x) — f(z) for = € (0,1).

Let X, Xo, ... be independent Bernoulli random variables with parameters p € (0,1). Ob-
serve that EX,, = p and

! nV (Xk) p(l_p)—m —
—E ar = as n — o0o.
n2 k n

Set S, = Xj +---+ X,,. By the WLLN, S,,/n — p in probability. This implies that if f is
continuous on [0, 1], then

f (Sn’) — f(p) in probability.

n

£ (E)rs-o-sl(3)

For e > 0 and n > 1, one has
Bu) - 10 <27 (3) = | <20 (|1 (32) = )] > €) 4

where ¢ = max{|f(z)| : 0 <z < 1}. This implies B, (p) — f(p) for all p € (0,1).
Exercise 6.3. Prove that max,cp1)|Bn(7) — f(z)| = 0 as n — co. (Hint: The chebyshev
inequality.)

Theorem 6.6 (The WLLN for arrays). For each n, let Xk with 1 < k < n be independent
random variables. Let b, > 0 satisfying b, — oo and set Yn,k = Xn,k1{|Xn’k\§bn}- Suppose
that

(1) >kt P(1 Xk > bn) =0
(2) b,2> 0, EX?M — 0 as n — oo.
Set Sy = Xn1+-+ Xnn and s, =Y p_EX, k. Then,
Sy, — Sn
bn
Proof. Let S, = X1+ -+ + Xpn. Note that
S, — Sn

IP’( 2 >e)§IP’(Sn7éSn)+}P’< >€).
The first term of the right side is bounded by

P(S, # Sy) <P (U{Xn,k + ka}) > P( Xl > bn) = 0.

k=1 k=1

Note that

— 0 in probability.

Sy — Sn
bn
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By Chebyshev’s inequality, the second terms is bounded by

Sp—sal” 1 & 1 &
’ nb . = 2b2 Zva’r(Xn,k‘) S 2b2 ZE|X’R,]€‘2 — 0
" “On R

Sy — 5n

P
(s

Corollary 6.7. Let X1, Xo, ... be i.i.d. random variables satisfying

> e) < e 2K

(6.1) 2P(|X1] > z) - 0 asx — occ.
Let S, = X1+ -+ Xy and pn = E(X11qx,<pn})- Then Sy/n — pn — 0 in probability.
In particular, if X1, Xo,... are i.i.d. with E|X;1| < oo, then (X1 + -+ + X,,)/n — EX; in
probability.
Proof. Observe that for x > 1 with z € [n,n + 1],

nP(|X1] >n+1) <zP(|X1| > z) < (n+ DP(|X1]| > n).
By (6.1), one has nP(|X1| > n) — 0. Let X,,;, = X} for 1 <k < n and n > 1. For such an
array, we have

> P(| Xkl > n) =nP(IX1| >n) >0
k=1
and

RN E(X{1x,<n}) 1 n’
k=1

2 n 2 en n
:n/ 2ZP(| X1| > 2)dz = - </ 2P(| X1| > 2)dz —I—/ 2P(1 X1 | > z)dz)
0 0 €

n

<2(ce + nP(|X1| > en)),

where ¢ = sup{zP(|X1| > z) : > 0}. Letting n — oo and then ¢ — 0 implies the desired
property. O
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