6. JOINTLY DISTRIBUTED RANDOM VARIABLES

6.1. Joint distribution functions.

Definition 6.1. Given two real-valued random variables X,Y (defined on the same sample
space), the joint (cumulative) distribution function of X and Y is defined by

F(a,b) =P(X <a,Y <b), Va,beR.
The distribution function of X (or Y) is called the marginal distribution.

Remark 6.1. Let Fx and Fy be the distribution functions of X and Y and let F' be the joint
distribution function of X,Y. Then, for a € R,

Fx(a)=P(X <a)=P(X <a,Y <) :blggOP(X <a,Y <b)= lim F(a,b).

b—o0
For convenience, we write F'(a,00) for the last limit. Similarly, one has
P(X>aY>b=1-P(X <aorY <b)
=1-PX<a)—PY <b+PX<aY<Dh)
=1- Fx(a) — Fy(b) + F(a,b).

Definition 6.2. If X,Y are discrete, the joint probability mass function of X,Y are
defined by

p(xvy) :P(X:$,Y:y)

The probability mass functions of X and Y are called marginal probability mass functions.

Remark 6.2. If XY are discrete with p.m.f. px and py, then
px(@) = P(X =2,V <oxc)= 3 P(X=2Y=y)= 5 pay).
y:py (y)>0 y:p(2,y)>0

Ezample 6.1. Consider the experiment of rolling a fair dice twice independently. Let X be
the point of the first roll and Y be the sum of two rolls. Let p be the joint p.m.f. of X and
Y. Then, for 1 <4,j <6,

1
p(i,i+j) = P(X =1i,Y =i+ j) = P(two rolls result in (7,7)) = %
Definition 6.3. Two random variables X, Y are jointly continuous if there is an integrable
function f : R? — [0, 00) such that

P(x.y)e0) = [ /C f(a, y)dudy,

for any (Borel) set C C R2. Here, f is called a joint probability density function.

Remark 6.3. The above definition is unchanged if C'is restricted to the set (—oo, a] x (—o0, b]
with a,b € R. This means that X, Y are jointly continuous if and only if the joint distribution
function F satisfies

b a
F(a,b) = / / f(z,y)dzdy Va,beR.

In particular, if f is uniformly continuous, then F'(a,b) is differentiable and Fy(a,b) =

f(a,b) = Fpy(a,b).
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Remark 6.4. If X,Y are jointly continuous, then X and Y are continuous. To see the details,
let f be the joint p.d.f. of X, Y. Then, for any (Borel) set A C R,

P(Xe€A)=PXecAYeR)= /</fmydy>d:c

This 1mphes that fx(x) := f f(x,y)dy is the p.d.f. of X. Similarly, one can show that
fry) = f f(z,y)dx is the p.d.f. of Y. Here, fx and fy are also called the marginal
probablhty densfcy functions. Note that f(z,y) # fx(x)fy(y) in general.

Ezxample 6.2. Let R > 0. Suppose that X,Y are jointly continuous with joint p.d.f.
Fa,y) = c ifa?+4y? < R?
i 0 otherwise '

To determine the value of ¢, consider the following equalities,

1= // f(z,y)dzdy = c/ dedy = erR?.

This implies ¢ = 1/(7R?). To see the marglnal density, let |x| < R. Then, one has

R2 _ 12
)dy = =—.
/ fw,y)dy = TR2 /yy 2 R?—32} dy TR?2
For |z| > R, fx(x f f(z,y)dy = 0. Similarly, one may derive fy = fx.

Remark 6.5. For random variables X1, X, ..., X,,, their joint distribution function is defined
by
F(ay,ag,...,an) = P(X; <a;, 1 <i<n), VYai,..a,) €R™
If X;’s are discrete, then their joint p.m.f. is defined by
p(z1, ..., xn) = P(X1 =21, ..., Xp, = Zn).

We say that X7, ..., X,, are jointly continuous if there is a function f : R™ — [0, 00) such that

an ay
F(al,...,an) :/ / f(a:l,...,a:n)dxl---da;n.

Here, f is called the joint p.d.f. of X, ..., X,,.

FEzxample 6.3. Consider the experiment of n independent draws with replacement from a box of
n balls. Suppose those balls are of r different colors, say ¢y, ..., ¢,, and the proportion of balls
with color ¢; is p;. Let X; denote the number of times that balls with color ¢; are selected.
Then, for k1 +--- + k. =n,

. n
PX;=k,1<i<n)= (k‘l,k‘z, -,%)plfl o ‘Pfr.
6.2. Independence of random variables.
Definition 6.4. Two random variables X,Y are independent if, for any (Borel) sets A, B,
P(X €AY eB)=P(X AP €B).
Remark 6.6. In the above definition, X and Y are independent if and only if, for any a,b € R,
P(X <a,Y <b)=P(X <a)P(Y <)D),
which is equivalent to
F(a,b) = Fx(a)Fy(b),

where F' is the joint distribution function of X, Y.
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If X,Y are discrete with joint p.m.f. p and marginal p.m.f.s px and py. Then, X and Y
are independent if and only if

p(z,y) = px(@)py (y) Vz,¥.

If X,Y are jointly continuous with joint p.d.f. f and marginal p.d.f.s fx, fy, then X and Y
are independent if and only if

Theorem 6.1. Let X,Y be random variables.

(1) If X,Y are discrete with joint p.m.f. p, then X,Y are independent if and only if
p(xz,y) = g(z)h(y) for all x,y, where g and h are real-valued functions.

(2) If X,Y are jointly continuous with joint p.d.f., then XY are independent if and only
if f(z,y) = g(x)h(y) for all x,y, where g, h are real-valued functions.

Proof. We show the continuous case, while the discrete case can be proved in a similar way.
If X,Y are independent, then f(x,y) = fx(x)fy(y) and one may set g = fxand h = fy.
Suppose that f(x,y) = g(x)h(y) and, without loss of generality, assume g > 0 and h > 0.
Note that, for any (Borel) subsets A, B of R,

P(X €AY eB)= /AXB f(z,y)dxdy = </Ag(x)d:n) (/B h(y)dy) .
Letting A = B = R gives

| — P(X€R,Y €R) = </_Zg(x)dx) (/_Zh(y)dy),

which implies [*_g(z)dx # 0 and [*_h(y)dy # 0. Thus, we have

P(XGA):P(XGA,YER):/<J%>M
A _so 9\ r)ax

and

h(y)
P(Y€B)=P(X€R,Y € B :/ Mgy
e = = (f_oo h(y)dy)
This means fx =g/ [0 g(x)dz and fy = h/ [ h(y)dy and, for all z,y € R,

g(z)h(y)
[Z0 9(@)da [75 h(y)dy

Ifx(@)fy(y) = = g(x)h(y) = f(z,y).

O

FEzample 6.4. Suppose that the number of customers entering a store on a given day is a
Poisson random variable with parameter A. Assume that, given a customer entering the store,
the condition probability that the customer is male is equal to p and is independent of other
customers. Let X and Y denote the number of males and females entering the store on a
given day. Then, X + Y is of Poisson(\) distribution. Let p be the joint p.m.f. of X and Y.
Then, for nonnegative integers i, j,

p(i,j) =P(X =i,Y =j)=P(X =i, X+Y =i+})
=P(X =il X+Y =i+ j))P(X +Y =i+ 7).
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Clearly, P(X +Y =i+ j) = e *X*7/(i + j)!. Given i + j persons entering the store, the
number of males is exactly a binomial random variable with parameters (i+ j, p). This implies

As a result, we obtain

plin ) = ( B j)ﬂ‘(l LN <6p§<px>i) (e“wl —pw’) .

(1 +7)! i! 4!
By Theorem 6.1, X,Y are independent and X is of Poisson(pA) distribution and Y is of
Poisson((1 — p)A) distribution.

Ezample 6.5. Let (X,Y) be the coordinate of a bullet fired at a target. Suppose that
(1) X and Y are continuous and independent, and have differentiable p.d.f.
(2) The joint p.d.f. f(x,y) is spherically symmetric, that is,
f(xlvyl) :f(5527y2) if .T%-f-y%:fﬁ%"—y%
(3) The marginal p.d.f.s of X and Y, fx and fy, are positive everywhere.

By the second assumption, one may choose a real-value function g such that f(z,y) = g(x? +
y?). Since f(x,y) = fx(z)fy(y), it is easy to see that fy and fy are even functions. Note
that, for x > 0,

9(z) = f(Vz,0) = fx (V) fr(0).
This implies g is differentiable on (0, c0). Taking the partial derivative of f w.r.t. z yields
Fx (@) fy (y) = 224/ (a® + ).
Dividing both sides with 2z f(z,y) gives
fx@) g6 +y?)

2efx(z) g2+ y?)

Observe that if 23 4+ y? = 3 + y3 > 0 with 21 # 0 and z2 # 0, then
filw) _gG@i+y) _ gd@3+y3)  fi(a)
201 fx(z1)  g(xf+yi)  gla3+y3)  2@afx(z2)

This means that the mapping f% (z)/[xfx (x)] is constant on (0, c0), say ¢, and one may solves

fx(x) = ae’/2 for z € R. Since fx is a p.d.f., ¢ < 0. By writing ¢ = —1/02, we have
o0 o0
1= / f(z)dx = a/ e ") 4y = ao\/2m,
—00 —0o0

which leads to a = ﬁ Thus, X is a normal random variable with mean 0 and variance

o2. Similarly, one can show that Y is normal with parameters (0,52). In fact, the spherical

symmetry of f implies 0 = 3.

Definition 6.5. X1, ..., X,, are independent if, for any (Borel) subsets Ay, ..., Ay,) of R,
P(Xl S Al, e, Xy € An) = P(Xl S Al) - P(Xn S An)

Remark 6.7. With a rigorous mathematical proof, one can show that X1, ..., X, are indepen-
dent if and only if, for any ay, ..., an,

P(Xi1<ay,...Xpn<ap)=P(X1 <a1) - P(X, <ap).
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Remark 6.8. Using the identity,

P(X1 S ai, ,Xn S an) = P(Xl S al)P(Xg S CL2|X1 S al) X
X P(Xn < an|X1 <ay, ---aanl < anfl)a

one may conclude X1, ..., X;, are independent if and only if

X5 is independent of X3
X3 is independent of X7, Xo

X, is independent of X1, ..., X,,_1.

Remark 6.9. Similar to Theorem 6.1, if X, ..., X, are jointly continuous (discrete) with joint
p.d.f. (p.m.f.) f, then Xy,..., X,, are independent if and only if f(z1,...,z,) = fi(x1) - fu(zn)
for all x4, ..., z,.

6.3. Sums of independent random variables.

Proposition 6.2. Let X,Y be independent random variables. If X,Y are jointly continuous
with marginal densities fx, fy, then X +Y is continuous and

o0

fxiv(a / fx(a—=y)fy(y)dy, Fxyiy(a)= / Fx(a—y)fy(y)dy

—00

Proof. Let f be the joint density of X,Y. Since X,Y are independent, f(z,y) = fx(x)fy ().
For a € R, one has

Fxiy(a) = P(X +Y < a) = / / L Sy
,y rrysa

/ / z) fy (y dl“dy—/ Fx(a—y)fy(y)dy

To see that X + Y is continuous, observe that the change of variable yields

| taaa= [ e -uya

By Fubini’s theorem, we obtain

Fxiy(a / / (y)dzdy = /aoo </Z fx(@— y)fy(y)d?J) dx

This implies X 4 Y is continuous with p.d.f. [*_ fx(z —y)fy (y)dy. O

Remark 6.10. Let X,Y be discrete random variables and px,py,px+y be respectively the
pm.fis of X, Y, X +Y. Then, for a € R,

pxiv(@) =P(X+Y =a)= > PX=2Y=a-2)
z:px (z)>0
= Z px(z)py(a—x) = Z px(a—y)py(y).

x:px (z)>0 y:py (y)>0
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Ezample 6.6. Let X, Y be independent binomial random variables with parameters (n,p) and
(m,p). Then, for 0 < k <n+m,

n

pxsy () = ng(’i)pY(k =3 ()pa—pri([ )t -

=p*(1—p)tmE ZZn; (?) (;ﬁ Z) = (n Z m>pk(1 —p)"tmh,

This implies that X + Y is a binomial random variable with parameters (n 4+ m, p).

FEzample 6.7. Let X, Y be independent Poisson random variables with parameters A, d. Then,
for k > 0,

k k A sh—i
pxy (k) =Y px(i)py(k—i) =) G_Aﬁe_ém
i=0 i=0 ) )
_ k
e (A+9) k )\25k—z _ e_()\+§) ()\ + 5)k
k! pars i kT

This implies that X 4+ Y is Poisson with parameter A + §.

Ezample 6.8. Let X,Y be independent geometric random variables with parameter p. Then,
for k > 2,

k—1

pxsv(k) = p(l—p)'p(l —p) = (k- 1)p*(1 - p)* 2.
=1

Inductively, if X1, ..., X, are independent geometric random variables with parameter p and
X =X1+ -+ X,, then, for k > r,

_ k—1 _

p = ¥ - = (D ra-ps
i1+ tir=k
1> 1,0 >1

Clearly, one can see that X is a negative binomial random variable with parameters (7, p).

Example 6.9. Let Xi,..., X, be independent geometric random variables with parameters
D1, ..., Pn. Assume that p; # p; if i # j. Set §; = X1 +---+ X; and ¢; = 1 — p;. Then, for
k>n=2,

k—1 k—1
P(Sy=k)=> pidi 'p2ds " =pipadh D (q1/q2) !
i=1 i=1
k—1 k—1 k-1
—2(q1/q —1 Q=4
= plpqug 2—( /) = pipa— 2
/g —1 q— G2
_ P2 — P1
=pgy! + pags ! .
P2 —p1 P1— D2

39



For kK > n = 3, one has

k—1
P(S3=k) =Y P(Sy=1i,X3=k—i)
i=1
i b1
—Z(plqi ! p1+p2q§ 0 >p gt
— k p
k—i—1 k—i—1 1
= p1q pgq 2q pgq —
<Z 3 )pz—pl <Z 2 3 )p1—p2
k—1 D203 1
= P19 + p3 CI
! (p2 —pl)(p3 —q1 ) 3 (pl p3)(p2 —pl)
k—1 p2p1 k—1 p3p1
+ p3q + p2gq
5 (p2—p3)(p1 — @) 2 (ps —p2)(p1 — p2)
k—1 b2p3 k—1 p3p1
= P19 + p2q
U (p2 —p1)(ps — 1) 2 (p3 —p2)(p1 — p2)
p1p2
+ pagh

(p1 — p3)(p2 — p3)
By induction, we obtain the following proposition.

Proposition 6.3. Let X1, ..., X,, be independent geometric variable with parameters p1, ..., pn.
Suppose that p; # p; if i # j. Then, for k > n,

PXi+ -+ X,=k)= szl—pzk 1H pJ
J?él

Proof. We prove this theorem by induction. Suppose that the identity holds for n — 1. Set
Sm = X1+ -+ X,,. By the independence of S,_; and X,,, one has that, for k > n,

P(Xp=k)=P(Sy =k, X, =1)+P(Sy =k, X, >1) =T +1I,

where
I=P(Sp_1=k—1)P( szqu T -2 |»
j#ii<n pj = Pi

and

k—1
IT=P(S, =k X,>1) =Y P(Sp1=k—i)P(X, =X, >1)P(X, >1).

=1

Note that

P(X,=iX,>1)=P(X, >ilX,>1)— P(X,,>i+1|X, > 1)
=PX,>i—1)—P(X,>i)=PX,=i—1).
This implies

k—
:Z Suo1 =k —i)P(X, =i = )P(X, > 1) = P(Sy = k — 1)ga
(Z ’qu P dn-
—1 DPj — DPi

];ﬁz j<n
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Thus,

jFii<n Py —Pi j#£1,7<n Pj —Pi

P

—szq“ =) ] +ZWJ“n I =
j#ig<n P9 jig<n P3P

O

Ezample 6.10. Let X,Y be independent uniform random variables over (0,1). Since X,Y are
independent and continuous, X + Y is continuous with p.d.f.

I[x+y(a / fx(a—y)fy(y)dy

Clearly, fxiy(a) =0 for a € (—00,0) U (2,00). For a € (0,1),

fxiy(a) = /Oa dy =a
and, for a € [1,2),
Ix+v(a) —/11dy—2—a.
Immediately, this implies .
Fxiy(a) = /Oa udu = a?/2 Va € (0,1),

and
1 a a2
Fx.iy(a) :/ udu+/ (2 —u)du = 5 +2a—-1 Vaell,2).
0 1

Ezample 6.11. Let X,Y be independent gamma random variables with parameters («, \) and
(8,\). Then, X +Y is continuous with density function

fX+Y / fX a—y fY()

S L A A e )y
a(\g)ot+B8-1 a=

A 3(1—%) ()

e T e 1B (B, 0)
- /ot =0 = @)




This shows that X +Y is a gamma random variable with parameters (a+ 3, A). In particular, if
X1,..., X, are independent exponential random variables with parameter A, then X;+---+ X,
has the gamma distribution with parameters (n, ).

Proposition 6.4. Let X1, ..., X,, be independent exponential random variables with parameters
ALy oy Ap, where \; # N fori # 5. SetY = X1 +---+ X,,. Then, Y is continuous and

Z)\ e_’\LyH)\ v

JF#i

Proof. The proof is similar to the case of geometric random variables. To get the desired
p.d.f., it suffices to prove

(6.1) 1— Fy(a Z“l;[)\ S Va>o.
V)

We prove the above identity by induction. For ¢ > 1, set S; = X7 + --- + X;. Assume that
(6.1) holds for Y = S,,_;. For a > 0,

1 - Fy,(a) = P(Sn > a) = / / Fsuala)f (y)dady

n—1
_ . —>\i55 —Any
= Z = )\ /AN} 0 AiAne e dxdy.

i=1 ];éz,]<n T+y>a

Note that

. =T ,—Any
/L>0,y>0)\”\”e e dxdy

zty>a
/ / Nidp e Ni® _A"ydxdy—i—/ / Aidne A% e Y dydy
a 0

)\.
—\ia 1 —Ana
)\n—>\ L v
As a result, this implies
Aj (=LY
. ze IT 52 e I3 2o
j#ij<n Y j=1"7

where

1=1 j#i, ]<n
Observe that p(t) is a polynomial of degree at most n—2. Since p(A\;) = 1fori=1,2,....n—1,
p(t) =1 for all ¢t. Particularly, p(\,) = 1. O

Ezample 6.12. Let X,Y be normal with parameters (0,1) and (0,02). Suppose that X,Y are
independent. Then,

T an)?/2,-v?/(20)

1
Txvy(a) = V27V 2102 /—oo

Y.

Note that

n - 1 a 2 n a®
2 202 202/(2+ ) \V T 02+ 1)/02) T 202+ 1)
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This implies

Frav(a) = 202 /(0?2 + 1) o) _ L _aejeaie)

(2m)202 27(1 + o2)

)

which means that X + Y is normal with parameters (0,1 + o2).

For the general case, let X,Y are independent normal random variables with parameters
(u1,01) and (p2,09). By writing X = pu; + 01X’ and Y = pug + o2V’ where X' Y’ are
independent standard normal random variables, one has

X +Y =+ pa +01(X 4 (02/01)Y).

This implies that X + Y is a normal random variable with mean j; + 2 and variance o3[1 +
(02/01)?] = 0% + 03. Inductively, if Xi,..., X,, are independent and X; is a normal random
variable with parameters (u;, 022), then X{ +---+ X,, is a normal random variable with mean

ni1+ -+ pn and variance a%—l—---+a,%.
6.4. Conditional distributions. Recall the definition of the condition probability.
P(EF)
P(E)

P(F|E) = given P(E) > 0.

Definition 6.6. Let X,Y be discrete random variables with probability mass functions px, py
and joint probability mass function p. Suppose P(Y =1y) > 0.

(1) The conditional probability mass function of X given Y = y is defined by

PX=zY=y) plzy)
P zly) = P(X =xz|Y = = .
(2) The conditional probability distribution function of X given Y = y is defined
by

Fxy(aly) = P(X <alY =y) = ZPX|Y($|Z/)~

z<a

Remark 6.11. Note that a conditional p.m.f. is a p.m.f. and a conditional distribution function
is exactly a distribution function. That is, the mapping = ~ px|y(z,y) is nonzero on a
countable set satisfying Zx:pX\Y(l"y)>O px|y(zly) = 1, and = = Fyxy(z|y) is non-decreasing,
right-continuous and satisfies

lim Fxy(zly) =0, lim Fyy(z[y) =1.
T—r00

T——00
Remark 6.12. If X,Y are independent discrete random variables, then
p(z,y) _ px (7)py (v) _
= = px(z).
py (y) py (y)

Ezxzample 6.13. Let X,Y be independent Poisson random variables with parameters A, d. The
conditional p.m.f. of X given X +Y =n is

pX\Y(fU|y) =

PX=kX+Y=n)
P(X +Y =n)

It has been shown before that X +Y is Poisson with parameter A+J. This implies P(X +Y =

n) = e 279\ + 8)"/n!. By the independence of X,Y,

—A)\je—a "k
Kl (n—k)l

P(X=kX+Y=n)=PX=kY=n—k)=PX=kPY =n—k)=e



This implies

Px|x+y (kIn) = p) s N Y0 <k <n.

This implies that, given X +Y = n, X is a binomial random variable with parameters
(n, A\/(A+9)).
Definition 6.7. Let X, Y be jointly continuous with joint p.d.f. f and marginal p.d.f.s fx, fy.

Suppose fy(y) > 0.
(1) The conditional probability density function of X given Y = y is defined by

Py (ely) = *’;S”(’yy)).

(2) The conditional distribution function of X given Y = y is defined by
Fxy(aly) := /_; fxpy (zly)de.
(3) The conditional probability of {X € A} given Y = y is defined by
P(Y € AIY =y) = [ falaly)de.

Remark 6.13. The conditional p.d.f. is a p.d.f.. That is, fx|y(z|y) > 0 and

/_ Fxiy(aly)dz = 1.

Remark 6.14. To see what the conditional p.d.f. means, we assume that f(z,y) and fy (y) are
continuous. Then, for €, > 0,

PX € @ate),Yeyy+d) [flayedltosd) | flay)

eP(Y € (y,y +0)) T AWl to) | frw)

as €,6 — 0.
Remark 6.15. If X, Y are independent, then fxy(z|y) = fx(z).
FEzample 6.14. Let X, Y be jointly continuous with p.d.f.

e e Yy ifx>0y>0
0 0.W. '

fla,y) = {
This implies fy(y) =0 for y < 0 and

o e
fr(y) = / f(y)dz = / y”dx—ey,

for y > 0. Hence, we have

z, ey
Ixy(zly) = fz,y) = Ve >0,y > 0.

fr(y) Yy

This proves that, given Y =y, X is an exponential random variable with parameter y.

Example 6.15. Consider a bag containing infinitely many coins of which probability landing
on heads is uniform over (0,1). Select a coin and then flip it independently for n + m times.
Find the conditional distribution of the probability that a coin lands on heads given that n+m

flips results in n heads.
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First, observe that if X, Y are jointly continuous with density function f, then

Sy fx@) o fay)  Srixle)fx ()
L@l =20y = ) @ — A

We may follow the above definition to define the conditional p.d.f. or p.m.f. given the
observation of a discrete random variable or a continuous random variable respectively. For
instance, let X denote the probability of heads of the selected coin and Y be the number of
heads in the n + m flips. Then, the setting of this example says that, given X = p, Y is a
binomial random variable with parameters (n+ m,p). Then, the conditional p.d.f. of X given
Y =nis

pY\X(”‘p)fX (p) _ (nJrer)
py (n) PY=n

fxy (pIn) = )p"(l -p)™, Vpe(0,1).

Since fx|y(p[n) is a density function, we have

p () Lo mo, ("TMB(n+1,m+1)
1_/0 fxy(pln)dp—P(Y:n)/o p(1—p)"dp = P(Y =n) '

This implies

1
Bn+1,m+1)

Py =)= (") Bk L 1), ol = p(1-p)",

where B(a,b) is the coefficient in the p.d.f. of a beta random variable. As a consequence,
given Y = n, X has is a beta random variable with parameters (n 4+ 1,m + 1).

6.5. Order statistics.

Definition 6.8. Random variables, X1, ..., X,,, are called identically distributed if their
distribution functions are equal and called i.i.d. if they are independent and identically
distributed.

Let X1,..., X5, be i.i.d. random variables. Define X ;) be the jth smallest of X1, ..., X, for
1 < 57 < n. Mathematically, one has

Xy = min max{ Xy, , ..., Xg. }.
0) = o n { Xys ooy Xy }

Here, X (1), ..., X(n) is called the order statistics corresponding to Xy, ..., Xj,.
Suppose that X is continuous and has density function f. Then, Xi,..., X, are jointly
continuous with density function g(x1,...,x,) = f(z1)--- f(x,). This implies

P(X () = X(i1) for some i) = P(X; = X for some i < j)

(g (5) o=

P(X(l) <X << X(n)) = 1.
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This implies



We now turn to determine the joint density of X(;. Assume that f is continuous. Let
r1 < X9 < -++ < xp and choose € > 0 such that x; — x;_1 > € for all 7. Then,

P(X(Z) S (.CEZ - 6/2,:@ + 6/2),Vi)

lim
e—0t en
— lim n!P(X; € (i —€/2,z; +€/2))
e—0t+ en
n 1 Ti+e/2 n
=n!| | lim / f(x)dx =n! || f(z:).
i1 e—0t+ € Ii—6/2 11;11 !

This gives a candidate for the joint density function of the order statistics.

Proposition 6.5. Let Xy,..., X, be i.i.d. and X(y), ..., X(,) be their corresponding order sta-
tistics. Suppose that X; is continuous with common density function f. Then,

nlf(xy) - flag) tfor <<z
0 otherwise '

fX(1)77X(n) (11717 ceey :L'n) = {

Proof. We prove this proposition by induction. The case n = 1 is obvious. Suppose that the
proposition holds for n — 1. Let g be the function at the right side of the above identity and
ai,az, ..., a, € R. Note that

n
P(X(l) S aiVI S ) S n) = ZP(XJ = X(n) S an,X(Z—) S aiV1 S 1< n)
j=1
Let Y{1), ..., ¥(n—1) be the order statistics of X1, ..., Xj—1, Xjt1,..., Xp. Then, one has

P
=P

X X(n)<an,X()<an1<z<n)
Yn 1)<X3§an, (i)§a1V1§2<n)

(
(

can<icn DYy s Yn=1) f(yn)dyr - -~ dyn

Yn—1<Yn

o Aiéahlgign(n — DI (y1) - fyn)dys - - - dyn,
Y1<--<Yn

1
" i1<ai,1<i<n

Note that the last term is independent of j. This implies

FX(I), 7X(n) a’l?“‘? / / y17‘ ’y’n)dyl d
i <ai,1<i<n
This proves that g is the joint density of X(y),..., X(). O
Corollary 6.6. Let X1,...,X,, be i.i.d. continuous random variables with common density

function f. Then,

n!

(7 = DHn —j)!

[F@)P 1= F@)]" 7 f(a).
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Proof. Using the above proposition, one has

Pl =nt [ ([ ] Flan) - Fomddyn - dyg adyg 1y | (3
Y1 < <Y <-<Yn

) /_ a(y;)hy;) £ (y5)dy;,

where
9@) = / ' ‘/yl< <yj-1<z fon) - Flgi-1)dgn - dyj

and

/ / Fien) - Fn)dyson - dyn.
T<Yj+1<-<Yn
Jh(z)

Clearly, fx, (z) = f(z)g(x)h(z). By the continuity of distribution functions, one has

F(y2)f(y2) - flyj—1)dy2 - - - dyj—1

E208) ) gy -y
3 <Y;j—1<T

== [ gy = )

\\

/y2< <yj-—1<xT
/y

oo (G2 (=Dt
Similarly, h(z) = [1 — F(z)]" 7 /(n — j)\. 0
Remark 6.16. One may prove inductively that
n n .
Py (@ =Y (1) IF@l - PP,
k=j

Ezample 6.16. Let X1, ..., X,, be i.i.d. uniform random variables over (0,1). Then,

{n! ifr < - <xy

fX(1>,---,X(n)<‘r1’""‘r”)_ 0 o.w.

and
n!

o= GG =
This implies that X (; is a beta random variable with parameters (n—j4+1,7). In particular, if
X1, ..., Xop41 are i.i.d. uniform over (0, 1), then the median X, ) is a beta random variable
with parameters (n + 1,n + 1).

Y1 —z)" Yz e (0,1).

Remark 6.17. Using the same reasoning as before, one can show that
n!

(=D —i=1in—j)!

(L= F(ap)]" ™ flai) fz) Vi <,

[P ()] F (25) — F(a) P

fX( ($Z7xj)

Example 6.17. The range of i.i.d. random variables X1, ..., X, is defined to be

R = X(n) - X(l)
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By the above remark, if f is the common density of X;, then

nin — — x n—2 T i T
fxa),X(m(x,y):{0< DIFW) - FEP @) /) fr<y

O0.W.

This implies

PRZa) =nn=1) [ [F) = F@P @) )ddy

o [ (w0 [T - @) s

—00

0 y=z+a
—n [ ([F@) P ) f(@)da
= n/oo [F(x+a) — F(z)]" ' f(x)dx.

For the case that X; is uniform over (0, 1) for 1 <1i <mn,

1-a 1
P(R<a)= n/ a"tdx + n/ (1—2)" e =nl—-a)d" 1 4+a* Vae(0,1).
0 1

—a
This implies

d

4 pr<a)= {n(n —Da"*(1-a) ifac(01)

)
0 0.W.

which says that R is a beta random variable with parameters (n — 1, 2).

6.6. Joint probability distribution of functions of random variables. Let X, Xo be
jointly continuous random variables with joint p.d.f. fx, x, and Y; = g;(X1, X2) with i =1, 2.

Let D be the support of fx, x,, i.e. D = {(z,y)|fx, x.(z,y) # 0}, and E = (g1, 92)(D).
Assume that (g1, g2) : D — E is a bijection and write (hy, ha) = (g1, g2) " Then, for a;,as € R
and R = (—oo,a1] X (—OO,CLQ],

P(Y1 <a1,Y2 <ap) = // x1,% (21, x2)dx 1 da,
D/

where D' = D N {(z1,22)|(91,92)(x1,22) € R} = (h1,h2)(E N R). Assume further that gi, g2
have continuously differentiable partial derivatives with

Harvan) = det ({9970 (92 ) — (g1 (02, = (1)a(m)es 20 o0 D.

By the inverse function theorem, one has
— (hl)yl (hl)yz _ -1
A(y1, y2) = det( (h)y (ho)yy )~ J(h1(y1,y2), ha(y1,y2)) ",
and then
[ tsmaaraadndes = [ fosanlonm). b)) A, vld g
D ENR
This implies that

Ix1.5x (1 (y1,92), h2(y1, y2)) T (b1 (y1, y2), ha(y1,y2)) ™1 on E

0 otherwise.
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Example 6.18. Let X1, X9 be independent exponential random variables with parameters
A, A2, Set Y7 = Xi + Xs and Yo = X7 — Xs5. Then, Y, = gl(Xl,Xg) for i = 1,2, where
g1(z1, 22) = z1+x2 and go(x1,x2) = x1—x9. Clearly, (g1, 9g2) is a bijection from (0, 00) x (0, 00)
onto R = {(y1,y2)|y1 > |y2|} and the inverse function of (g1, g2), denoted by (h1, ha) satisfies
hi(yi,y2) = (y1 + y2)/2 and ha(y1,y2) = (Y1 — ¥2)/2. As fx, x, (21, 22) = AAge MT17A222,

one has
A2 A1+Xo Al—A2
GXP{—< )yl_( )yz} for y1 > |y
My (Y1, y2) = {0 2 2 2

otherwise.

It’s worthwhile to note that Y7, Y are not independent.
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