
8. Limit theorems

Proposition 8.1 (Markov inequality). Let X be a nonnegative random variable. Then, for
a > 0,

P (X > a) ≤ E(X)

a
.

Proof. Let A = {X > a} and set

I(s) =

{
1 if s ∈ A

0 if x /∈ A
.

Clearly, X/a ≥ I. This implies

P (X > a) = P (A) = E(I) ≤ E(X/a) = E(X)/a.

�

Proposition 8.2 (Chebyshev inequality). Let X be a random variable with mean µ ∈ R and
variance σ2 ∈ (0,∞). Then, for any a > 0,

P (|X − µ| > a) ≤ σ2

a2
.

Proof. Since (X − µ)2 is nonnegative, one may apply the Markov inequality to derive

P (|X − µ| > a) = P ((X − µ)2 > a) ≤ E(X − µ)2

a2
=

Var(X)

a2
.

�

Proposition 8.3 (One-sided Chebyshev inequality). Let X be a random variable with mean
µ and variance σ2. Then, for any a > 0,

P (X − µ > a) ≤ σ2

σ2 + a2
, P (X − µ < −aσ) ≤ σ2

σ2 + a2
.

Proof. Note that the second inequality is exactly the first one when X is replaced by −X. To
prove the first inequality, it suffices to consider the specific case of µ = 0 and σ2 = 1. Let
a > 0 and b > 0. By the Markov inequality, one has

P (X > a) = P (X + b > a+ b) ≤ P ((X + b)2 > (a+ b)2) ≤ E(X + b)2

(a+ b)2
=

1 + b2

(a+ b)2
.

Observe that the last term, as a function of b, has its minimum at b = 1/a. Consequently,
this implies

P (X > a) ≤ 1 + (1/a)2

(a+ 1/a)2
=

1

1 + a2
.

�

Example 8.1. Let X be a binomial random variable with parameters (n, p). By the Markov
inequality, one has

P (X > a) ≤ E(X)

a
=

np

a
,

while the Chebyshev inequality yields

P (|X − np| > a) ≤ np(1− p)

a2
.
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Theorem 8.4 (The weak law of large numbers). Let X1, X2, ... be i.i.d. random variables
with finite mean µ. Then, for any ϵ > 0,

lim
n→∞

P

(∣∣∣∣X1 + · · ·+Xn

n
− µ

∣∣∣∣ ≤ ϵ

)
= 1.

Proof. We consider the case Var(X) = σ2 < ∞ here. By the Chebyshev inequality, one has

P

(∣∣∣∣X1 + · · ·+Xn

n
− µ

∣∣∣∣ > ϵ

)
≤ Var((X1 + · · ·+Xn)/n)

ϵ2
=

σ2

nϵ
.

Letting n tend to infinity gives the desired limit. �
Theorem 8.5 (The strong law of large numbers). Let X1, X2, ... be i.i.d. random variables
with finite mean µ. Then,

P

(
lim
n→∞

X1 + · · ·+Xn

n
= µ

)
= 1.

Theorem 8.6 (The central limit theorem). Let X1, X2, ... be i.i.d. random variables with
mean µ and variance σ2 ∈ (0,∞). Then, for any c ∈ R,

lim
n→∞

P

(
X1 + · · ·+Xn − nµ√

nσ
≤ c

)
=

1√
2π

∫ c

−∞
e−t2/2dt.

Remark 8.1. From the viewpoint of measure theory, the weak law of large number says that
(X1 + · · · +Xn)/n converges to µ in probability. The strong law of large numbers says that
(X1 + · · ·+Xn)/n converge to µ with probability 1 or almost surely (a.s.). The central limit
theorem says that (X1 + · · · + Xn − nµ)/(

√
nσ) converges in distribution to the standard

normal random variable.

60


