3. MARKOV CHAINS

3.1. Definitions and examples.

Definition 3.1. Let (S,C) be a measurable space, (F;,)52, be a filtration and (X,)72, be
a stochastic process taking valued on S. X, is called a Markov chain w.r.t. F, if X, is
Fn-measurable and

P(X,41 € B|F,) =P(Xp41 € B|X,), VBeC,n>0.
The distribution of Xy is called the initial distribution.

Lemma 3.1. A sequence of random elements X,, taking values in (S,C) is a Markov chain
w.r.t. a filtration Fy, if and only if

(3'1) ]E(f(Xn-i-l)’fn) = E(f(Xn-i-l)‘Xn)v

where f: S — R is any bounded C-measurable function.

Proof. The sufficient condition for Markov chains is clear. For the necessary condition, let H
be the class of all bounded C-measurable function f such that (3.1) holds. Obviously, H is a
linear space containing the constant function 1 and the multiplicative system {15 : B € C}.
Also, H is closed under the bounded convergence. By the multiplicative system theorem, H
contains all bounded C-measurable functions. O

Ezample 3.1 (Random walks). Let Xo, &1, &2, ... be independent random elements taking values
inRY. Let X,, = Xo+& +--+&, and Fp, = F(Xo, &1, ..., &n). Then X, is a Markov chain w.r.t.
Fn- To see this fact, let u, be the distribution of &,. Note that, for any random elements X, Y
taking values on (R, B) and (S5,C), if Y is F-measurable, F(X) is independent of F and ¢ is
a random variable defined on (R x S, B x C) satisfying E|¢(X,Y)| < oo, then E(p(X,Y)|F) =
oY), where ¢(y) = E¢o(X,y). Replacing X,Y, F, p(z,y) with &, 11, Xy, Fn, 1a(x + y) yields

P(Xyt1 € Bl Fn) = pint1(B — Xn),

where E1p (541, 2n) = P(zp+&nt1 € B) = ppt1(B—1y,) is used. Similarly, one has P(X,, 41 €
B|Xy) = pnt1(B — Xn).

Remark 3.1. Tt follows immediately from (3.1) that, for bounded C-measurable functions
f(), 7fk with k Z 1,
fn)

k
E (H Ji(Xnti)
i=0
where Hi_:lo =1 and g(z) = fr—1(®)E(fx(Xnak)|Xnsk—1 = x), which is bounded and C-
measurable. By induction, one has

k—1
fn) =E (H fi(Xn+z‘)E(fk(Xn+k)|]:n+k71)
=0

k-2
=E (H fi(Xn+i)g(Xn+k—1)’fn> ;
i=0

k=2 k=2
E (H fi(Xn+i)9(Xn+k1)!fn> =E (]I fz‘(Xn+i)9(Xn+k1)!Xn>
i=0 :

)

k—

=E ( Ji( X)) E(fe(Xngr) | Frrr—1)

k

=E (H FiXnts) Xn> .
=0
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As a result, we obtain

k k
(3-2) E (H fi<Xn+i) Fn) =E (H fi(Xn+i>
=0 i=0

Xn) , Vk=0,

where the case of k = 0 is obvious.

Thereafter, we need the following notations. For n > 0, let C,41 = C® --- ® C be the
product o-field over S"*! and C.o =C®C ® --- be the product o-field over S*°.

Lemma 3.2. Let X,, be a Markov chain on (S,C) w.r.t. F, and Co. For any bounded
Coo-measurable function f, one has

E(f(Xn, Xnt1,--)|Fn) = E(f(Xn, Xnt1,...)| Xn)-
Proof. By the Lebesgue dominated convergence theorem, it suffices to prove that
P((Xn, Xnt1,-.-) € B|F,) = P((Xn, Xnt1,-.) € B|Xy).

By the m-\ lemma, it remains to consider the case B = By X - - X By x5, where By, ..., By, € C,
S =9 x%x8x--- and k > 0, and this is given by (3.2) with f; = 1p,, as desired. O

Remark 3.2. Tt follows immediately from Lemma 3.2 that, for n € N and any bounded C, 4 1-
measurable and Co-measurable functions f, g,

E(f(Xo, - Xn)9(Xny Xnt1, )| Xn) = E(f(Xo, -y X)) | Xn)E(9( Xy Xnit1, -0)| Xn)-
In particular, for A € F(Xo, X1,...,Xy) and B € F(X,, Xpy1,...),

Definition 3.2. Let (5,C) be a measurable space. A function p: S x C — R is said to be a
transition probability or transition function if:

(1) For each z € S, p(z,-) is a probability on (5,C);
(2) For each A € C, p(-, A) is a C-measurable function.

A process X, is said to be a Markov chain w.r.t. F,, with transition probabilities p, if
P(Xp+1 € B|F,) =pn(Xn,B) VBeC, n>1

Remark 3.3. Note that if p : § x C — R is a transition probability and f is a bounded
C-measurable function, then the following map

(3.3) mH/Sf(y)p(z,dy)

is C-measurable. To see the details, let H be the class of all bounded C-measurable functions
satisfying (3.3). It is obvious that H is a linear space containing 1g and is closed under
bounded convergence. Since 1p € H for all B € C, the multiplicative system theorem implies
that H is the class of all bounded C-measurable functions.

Theorem 3.3. Let X, be a Markov chain on (S,C) with transition probabilities p, and initial
distribution p. Fix m > 1 and let f be a bounded Cy,41-measurable function. Set

o(x) :/Spn(l‘,dm)"'/Spn+m—1(ym—1,dym)f(w7y1,---,ym)-

Then, ¢ is well-defined, C-measurable and

E(f(Xn, s Xpam)|Fn) = 0(Xn), ¥n > 0.
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In particular,

(34)  Ef(Xp, ., Xo) = /S (o) /S pol0, dar) - - /S Dot (Tt d) F (@03 ooy )
and, for By, ..., B, € C,

(3.5) P(Xm € By, 0<m <n)= /
B

,u(da:o)/ po(ﬂfo,dm)'“/ Pr—1(zn—1,dzy).
0 Bl n

Proof. The second and third identities are special cases of the first one. For the first identity,
it suffices to consider f(vo,...,ym) = [[i~y fi(yi), where fo,.., f, are bounded C-measurable
functions, by the multiplicative system theorem. The well-definedness and C-measurability of
© can be proved by induction and the details are skipped. For the identity, the case of m =1
is immediate from Proposition 1.10. For m > 1, note that E( fu,(Xntm)|Frnirm-1) = 9(Xn+m),
where g(z) = fs Prntm—1(T, AYm) frm(Ym ). By induction, we may write

E(f(Xna ) Xn+m)|~’rn) = E[E(f(Xnv '-‘vXn+m)|]:n+m—1)|~7:n]
:E[fO(Xn) e fm—Q(Xn—l—m—Q)(fm—lg)(Xn—&-m—l)‘Fn] = (Z(Xn)a

where
3a) = / pal@, dy1) - / Prsma(tm2s A1) Fo (@) F1 (1) - Frnet W) 9 (Gmt) = 0(a),
S S
as desired. 0O

Note that (3.1) can be rewritten as

P(X,, € B, OSmSn)—/

M(dw‘o)/po(%,dﬂé’l)“'/ 1Byx-xByPn—1(Tn—1,dxy).
S S s

Based on this observation, it is natural to consider the following function

(3.6) P (A) :/Sﬂ(dﬂfo)/spo(ﬂfo,dfl?l)"'/SlApn—l(xn—Ldmn)y

for all A € C,y1 and n > 0. By (3.4), (3.6) defines a probability on (S"*!,C,,1) and
P (A x S) =PV (A), VA ECpir, n>0.

Lemma 3.4. Let Pl(ln) be the probability in (5.6). For n > 0, set Xp(w) = wy for w =
(wn)pZp € S and F,, = Cpy1. Assume that there is a probability P, on (5°°,Cs) satisfying

Pu(A x 8%) = Pfln) (A) for all A € Cpyq and n > 0. Then, X,, is a Markov chain w.r.t. F,
with initial distribution p and transition probability py, .

Proof. 1t is clear that X, is adapted to F,,. Note that, for A = {X; € B;, 0 < ¢ < n} and
Bn+1 S C,

/Al{Xn+1€Bn+1}dPM = P#(A,Xn+1 S Bn+1) = Pu(BO X e X Bn+1 X SOO)

u(dzo) / po(o, dar) - - / Dot (et i) (s Bus)-
Bo B1

n

By the multiplicative system theorem, one can show that

/Bo p(do) /B1 po(xojdxl)"'/npn—1(xn_1,dxn)f(xn) :/Af(Xn)dPuv
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for any bounded C-measurable function f. As py(:, Bp+1) is C-measurable, this implies

/Al{XnHEBnH}dP# :/Apn(Xn,Bn+1)dP“.

As a consequence of the w-A lemma, the above identity holds for all A € F,, or equivalently

Pu(Xni1 € Bl Fy) = pn(Xy, B). Since p,(X,, B) is F(X,,)-measurable, we obtain

Pu(Xn+1 € BlFn) = Eu (L, e Fn) = B (B (Lx,, emyFn) [Xn) = Pu(Xnt1 € BIXy),

where E,, denotes the expectation under P,,. O
Note that the transition probability is closely related to the regular condition probability

and distribution. Recall that (5,C) is a Borel space if there is R € B(R) and a bijection
¢ :(S,C) = (R,B(R)), where B(R) = {RNE|E € B(R)}, such that ¢ and ¢! are measurable.

Lemma 3.5. Let X,, be a Markov chain on (S,C) w.r.t. F,. If (S,C) is a Borel space, then
there exist transition probabilities for X,,.

Proof. Since (S,C) is a Borel space, there exists a regular conditional distribution for X, 11
given X,, = x and we write it as p,, which means that, for any « € S, p,(z,-) is a probability
and, for any B € C, p,(z, B) is a version for P(X,,; € B|X,, = ). This implies that p,, is a
transition probability and
P(Xp+1 € B|F,) =P(Xp41 € B|X,) = pu(Xn,B) VYBeC,n>0.
O

Theorem 3.6. Let p be a probability measure and p, be a sequence of transition functions
on S x C. If (S,C) is a Borel space, then there exists a Markov chains X,, on (S,C) with
transition probability p, and initial distribution p.

Proof. For n > 0, let IP’,(LH) be the probability defined by (3.6). Note that IP’,@ possesses the
consistency property and (5, C) is a Borel space. By the Kolmogorov extension theorem, there

is an extension probability on (5°°,Cs), say P, such that P, (Ax S*) = ]P’l(f) (A) for A € Cpy1
and n > 0. The remaining proof is then given by Lemma 3.4. (]
Ezample 3.2 (Markov chains with discrete state spaces). Assume that S is a countable set
and C = 2°. It is clear that (S,C) is a Borel space. Suppose p,(i,j) > 0 and >.ipn(ig) =1
for all i € S and n > 0. Then, p,(i, A) = ZJEA pn(i, ) defines a transition probability. By
Theorem 3.6, there is a Markov chain on S with transition probabilities p, and this implies
pn(i,j) = P(Xn41 = jlXn =1).

Exercise 3.1. Let P, and X = (X, X1,...) be the probability and the stochastic process
created in the proofs of Theorem 3.6 and Lemma 3.4. If u = §,, the Dirac measure at x, we
simply write P, for Ps_ . Prove that, for B € C, the map = — P,(B) is C-measurable and

P.(B) = / wu(dz)Py(B), VB € Coo.
S
Use the above equality to conclude that, for B € Cy,
P,(X € B|Xg=z) =P, (X € B).
Hint: The w-)\ lemma.

Remark 3.4. It follows immediately from Exercise 3.1 that, for any bounded Cy-measurable
function f,

E, (f(X)|Xo = &) = E.f(X), E,f(X)= /S w(da)Eq f(X).
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Example 3.3 (Branching processes). Let S = {0,1,...} and &, ¢,n > 1, be i.i.d. nonnegative
integer-valued random variables. Set

pli,j) =P (Zs;’: =j> .
k=1

Let Z, be the number of the population at time n. Then, Z, forms a (time homogeneous)
Markov chain w.r.t. F, = F(&", i > 0,m < n) with common transition probability p. In
details, one has

IP>(Zn+1 = ]|Zl =11,y Ln—1 = lin-1,4n = Z)
i
=P (Z Gt = j> =p(i,§) = P(Zns1 = j| Zn = i)
k=1

Ezample 3.4 (Renewal chains). Let a; be a sequence of nonnegative real numbers summing
up to 1. A renewal chain is a (time homogeneous) Markov chain with common transition
probability p given by

aps1 if (i,5) = (0,k), k> 0
0 0.W.

Concerning the meaning of a renewal chain, let’s consider the following setting. Let &1, &, ...
be ii.d. random variables with P(§, = j) = a; and Ty = ip. For k > 0, set T}, = Tj—1 + &.
T}, should be viewed as a sequence of renewal times. It is worthwhile to note that T}, forms a
Markov chain. Let

0 o.w.

v _ {1 if m e {Ty, Ty, ...}

and set X,, = inf{m —n:Y,, =1, m > n}. X, is the amount of time until the first renewal
after time n. We shall prove in the following that X, is a (time homogeneous) Markov chain
w.r.t. Fp, = F(&1, ..., &) with common transition probability p.
Note that T} is adapted to Fi. Let N, = inf{k : T, > n}. Clearly, N, is a stopping time
on the filtration F,, = F (&1, ..., & ). 1t is easy to see that T, = X,, + n and this implies
F(Tny, - In,) = F(X1, ..., Xn).
Since N, is nondecreasing in n, for i1 < --- <i, 1 <i, and k > 0,
{In; =ij,1<j<n,N,=k}= U {1y, =ij,Nj = 45,1 < j <n} € F.
0<ly <<l 1 <Un=k
This yields
]:(TNU 7TNn) C —FNn = ]:(5175% agNn)
If X, =4 >0, then X,,1 1 =4 — 1. This implies
P(Xpi1 =i — 1| Xn =i, Xpo1 = in_1,0s X1 =i1) = 1 = P(Xpy1 =i — 1| Xy, = i).
If X,, =0, then X,,11 =&, 4+1 — 1. Since P(N,, < c0) = 1, Fu;, is independent of F(&n, 11)
and ¢y, +1 has the same distribution as &;. (Why?) Hence, we have
P(Xn—H = k’Xn = O;Xn—l = Z.n—lv ...,Xl = ’Ll) = Qk4+1 = ]P’(Xn+1 = k’Xn = 0)

This proves that X, is a Markov chain with transition probability p.
37



Ezample 3.5 (Ehrenfest chain). An Ehrenfest chain is a (time homogeneous) Markov chain on
{0,1,...,r} with the following common transition probability.

pi,i+1)=1—i/r for0<i<r

p(i,i—1)=1i/r for0<i<r

p(i,7) =0 otherwise
Paul Ehrenfest uses this chain to model the diffusion of air molecules between two chambers
connected by a small hole and explain the second law of thermodynamics.

Proposition 3.7. Let S be a countable set and X, is a Markov chain on S with transition
probability p, and initial distribution p. Then, forn > 1, P(X,, = j) = (upop1 - - - pn—1)(J) for
j €S, where
(Pop1 -+ pm)(i,5) = > _(pop1 -+ Pm—1) (i, k)pm (K, 5)
keS
and pp™ is the multiplication of the row vector p and p".

Proof. Immediate from the following fact.
n—1
P(Xy =ix, 0 < k <n) = p(xo) Hp(xk,xk+1).
k=0
O

Exercise 3.2. Let S = {0,1} and X,, be a (time homogeneous) Markov chain on S with
common transition probability p given by

[ 1—-a a
P={ v 1-0 )

b

P(ano):a+b+(1—a—b)”<u(0)—a:}_b>.

Show that for n > 0,

Exercise 3.3. Let &1, &a, ... be i.i.d. random variables taking values on {1,2, ..., N} satisfying
P& =1id) = 1/N for 1 < i < N. Set X,, = {§,...,&}| where |A| denotes the number
of different elements in A. Prove that X,, is a Markov chain and describe the transition
probability.

Exercise 3.4. Let &1, &, ... be i.i.d. random variables satisfying P(§; = 1) = P(§ = —1) =
1/2. Let Sp =0, S, =& + -+ &, and set X, = max{S,, : 0 < m < n}. Show that X, is
not a Markov chain.

3.2. Markov property and strong Markov property. A naive way to define a time
homogeneous Markov chain X, is to consider the following identity

(3.7) P(Xn41 € B|X, =2) =P(X, € B|Xo=12), VBeC,n>0,

where the equality means that there is a common version for P(X,+; € B|X,, = z) and
P(X; € B|Xp = z). Note that such a definition of homogeneity for Markov chains can’t be
easily fulfilled and any theorem like Lemmas 3.1 and 3.2 may be generated with complicated
priori assumptions. However, if X,, possesses a common transition probability, then (3.7)
turns out an obvious request. Thus, it is reasonable to consider the following definition.

Definition 3.3. A Markov chain X,, on (5,C) with transition probability p,, is time homoge-
neous if p, = pg for all n > 0.
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Throughout the remaining of this section, all Markov chains taking values on (S,C) are

restricted to stochastic processes (X,)02,, where X,(w) = w, for all w = (wy)22, € S™

and n > 0 and F,, = F(Xo,...,X,). When we say that (X,)72, is a Markov chain with
transition probability p, and initial distribution p, it means that (5°°,C) is equipped with
the probability P, generated in the proof of Theorem 3.6. We will use E, to denote the
expectation under P,. If 1 = 0,, we simply write P, E,, for short. Remember that if (S,C)
is a Borel space, then P, always exists for any probability p on (5,C).

Theorem 3.8 (Markov property). Let X, be a time homogeneous Markov chain on (S,C) with
respect to F, with transition probability p. Then, for any bounded Coo-measurable function f,

E.(f(Xn, Xnt1, )| Fn) = o(Xn) Pu-a.s.,
for alln >0, where p(z) = E; f(Xo, X1, ...).

Proof. By the multiplicative system theorem, it suffices to prove the above identity with
f(zo,x1,...) = g(x0, ..., Tm), where g is a bounded C,,ti-measurable function, and m > 0. By
Theorem 3.3, one has

]E,u[g(Xna ) 7Xn+m)|fn] = ¢(Xn)7

where

o(x) = /S p(x, dzy) /S p(a1, das) - - /S (ot dem) (2, 21, s ) = (),
as desired. 0

Corollary 3.9 (Chapman-Kolmogorov equation). Let X,, be a time homogeneous Markov
chain on (S,C). Then, for B € C,

B (Xmin € B) = [ Py(X, € BIEL(X,, € dy).
S

Proof. By the Markov property, one has
Py(Xm+n € B) = Eg(Py(Ximtn € B|Fn)) = Ezp(Xm),
where ¢(y) = Py (X,, € B). This implies

Py(Xmin € B) = /

o(Y)P( Xy, € dy) = / Py (Xy € B)Po(Xm € dy).
S S

O

Corollary 3.10. Let X,, be a time homogeneous Markov chain on (S,C) and Ay, B, € C be
events satisfying

PM( fj {XZEBZ}

Xn> >6>0 on{X,eA,}.
i=n+1

Then, P,({X, € Ap i.0.}\ {X, € B, i.0.}) = 0.
Proof. Let A = {X,, € A, i.0.}, B = {X, € B,io} and B, = {J,,-,{X, € B,}. Then,

13 — 1pasn — oo. By the Markov property and Theorem 2.26, we have
EM(1§n|Xn) = Eu(lénu—n) = Eu(lB|~7'—OO) =1p,

where Foo = o(lJ,, Fn). Note that, almost surely on A, 1p, > § for infinitely many n . This

implies A C B almost surely. O
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Exercise 3.5. Let X,, be a time homogeneous Markov chains. A state a € S is called an
absorbing state if Po(X; = a) = 1. Let D = {X,, = a for some n} and h(z) = P,(D). Show
that h(X,) — 0 P,-a.s. on D¢ for any initial distribution p.

Recall the concept of stopped o-fileds as follows. Let F be a o-field over 2 and F,, be a
filtration contained in F. For any stopping time N for F,,, Fn is the smallest o-field containing
events A € F satisfying AN{N =n} € F, for all n < co. Clearly, if X,, is adapted to F,,
then Xn1iyco) is Fy-measurable.

Theorem 3.11 (Strong Markov property). Let X,, be a time homogeneous Markov chain
on (S,C) and N be a stopping time for F,. Then, for any sequence of uniformly bounded
Coo-measurable functions, (fn)olos

Eu(fn (XN, Xng1, )l FN) = (XN, N) - on {N < oo},
where p(xz,n) = E, fr(Xo, X1, ...).
Remark 3.5. If f,, = f for all n > 0, then the strong Markov property becomes
Eu(f(Xn, Xn1, - )[FN) = 9(Xn)  on {N < oo},
where p(z) = E, f(Xo, X1, ...).
Proof. Note that, for A € Fy,

Ep(fn (XN, Xnp1, s AN < 00}) =Y " Bu(fo(Xn, Xng1,-.); AN {N =n}).

n=0
Since (XN, N)1{y<oo} is Fy-measurable (why?), it remains to show that
Ep(fn(Xn, Xni1, ) AD{N = n}) = Eu(o(Xn, n); AD{N = n}),
which is, in fact, given by the Markov property. O
Ezample 3.6 (Reflection principle). Let Sp, &, &2, ... be independent random variables and

&1, &2, ... are identically distributed with distributions symmetric about 0. Set S,, = So + &1 +
-+« 4+ &,. Then, for a > 0,

P < max Sy, > a> < 2P(S, > a).
1<m<n

o
n=0>

We prove the inequality by the strong Markov property. Set, for m < n and w = (wy,)

Fon(w) = {1 if wp_m >a

0 o.w.

and N = inf{l <m <n:S,, > a} with inf ) = co. Then,
= < == .
{N < o0} ={N <n} {Ognn%gn S, > a}

Note that, on {N < n}, fn(wn,wN+1,...) = 1 if w, > a and 0 otherwise. Since S, is a Markov
chain, by the strong Markov property,

E(fN(SNn, SN+1, - )|FN) = ¢(Sn, N) on {N < n},
where ¢(y, m) = Ey f (S0, 51, ...). Observe that, for y > a and m < n,
@(y,m) ::Eyfm(s[)a S17 ) = Py(sn—m > a) > IPJy(Sn—m > y)
=P,(Sn—m — S0 >0)>1/2,
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where the last inequality uses the symmetry of Py(S,—m — So € ). Thus, on {N < oo} =
{N <n}, ¢(Sn,N) > 1/2. As a consequence, we obtain

IP(N <n) <E(p(Xn,N); N <n) =EE(fn(Sn, Sn41, )| Fn); N < n)
=P(S, >a,N <n)=P(S, > a).
In the following two exercises, we consider Markov chians X, on countable state spaces S
with transition probability p and set
TAa=inf{n >0: X, € A}, Ta=inf{n>1:X, € A}
Briefly, we write 7, = 74,y and T, = T}y.

Exercise 3.6. [First entrance decomposition| Show that, for n > 1 and z,y € S,
n
Po(Xn=y) = Y Pul(Ty = m)Py(Xp-m =)
m=1

and, for k£ > 0,
n+k

> Pe(Xm=2)> Y Po(Xpy = ).
m=0 m=k

Exercise 3.7. Suppose that S\ C is a finite set and, for each z € S\ C, P,(7¢ < o) > 0.
Show that there exist N > 0 and € > 0 such that

(3.8) P.(tc >kN) < (1—e)* VE>1,2€85\C.
Use this to conclude that P, (7¢ < o0) =1 for all z ¢ C.

Example 3.7. Let S be a countable set and X,, be a time homogeneous Markov chain on S
with transition probability p. A function h defined on S is called harmonic on £ C S if

h(z) = h(y)p(z,y) Vae€E.
yes

Let A, B be disjoint subsets of S such that (A U B)¢ is finite. By Exercise 3.7, P, (Taup <
o0) =1 for all z € (AU B)¢. We claim that if P, (74up < 00) > 0 for all x € (AU B)¢, then
P.(T4 < 7p) is the unique function h on S, which is harmonic on (AU B)¢ and satisfies h = 1
on A and h = 0 on B. First, we shall prove the following statements in order.

(1) The mapping = — P,(74 < 7p) is harmonic on (AU B)°.
(2) Let h be a bounded function on S. If h is harmonic on (AU B)¢, then h(X,ar, ) Is
a martingale under P, for z € (AU B)°.

Proof. Set f(x) = Py(t4 < 7). Obviously, f = 1 on A and f = 0 on B. Note that, for
x¢ AUB, Py(14>0)=Py(7p >0)=1. For E C S, set

fe(xo,x1,...) = inf{k > 0|z}, € E}, V(zo,x1,...) € S™.
Clearly, fg is Coo-measurable and 75 = fr(Xo, X1,...). Note that if fg(zo,z1,...) > 0, then
fe(xo,z1,...) = fE(21,29,...) + 1.
By the Markov property, we have that, for x ¢ AU B,
f(x) =Py(ra < 7B) = Ex(Py(fa(X1, Xo,...) < fB(X1, X2, ...)| X1))
=E.f(X1) = >_ fy)p(x,y).

yeS

This proves (1).
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For (2), let z € (AU B)°. Note that T4up is a stopping time for F;, and, for D € Fpnr, p»
DN {raup =k} € Fi, Vk<n, Dn{raup >n} € F,.
This implies D € F,, and, thus, D N {7aup = n} and D N {raup > n} are in F,,. Write

n

/ WX (s )rranp ) APz = / h(X})dP, + / WX py1)dP,.
D k=0 Dm{TAUB k} Dﬂ{TAU3>n}

Observe that, by the Markov property, E, (h(Xn+1)|]-"n) = ¢(X,), where

o(y) = Byh(X1) = > h(z)p =h(y), Vye (AUB)".
z€S

Sice D N {Taup > n} € Fy, this yields

/ h(Xni1)dPy = By (B (h(Xns1)|Fn): D O {7acs > 1))
D{TauB>n}

= E.(h(X,); DN {raup > n})

As a consequence, we obtain

/ h(X (n+1) /\TAUB )Py = Z/

= / h(Xn/\TAUB)dP$7
D

which proves (2). O

h(Xi)dP, + / h(X,)dP,

Dn{raup=k} Dn{raup>n}

Back to our example. Let h be a function which is harmonic on (AU B)¢ and satisfies h = 1
on A and h = 0 on B. By (2), we have that h(z) = E;h(Xo) = Ezh(Xnar,, ) for all n > 0.
Since Py (74np < o0) =1 for all x € S and h is bounded, the martingale convergence theorem
implies

h(%) = lim Exh(Xn/\TAUB) = ]Exh(XTAUB) = Px(TA < TB).

n—oo

3.3. Asymptotic stationarity. In this subsection, all Markov chains are assumed to be time
homogeneous. As before, let X,, be the coordinate representation process defined on (S, Co)
and p be a transition probability on (S,C). Assume that, for any probability p on (S, C), there
is a probability P, on (S*°,Cs) such that X, is a Markov chain on (S5,C) with transition
probability p and initial distribution pu.

If there is a probability u on (S,C) such that

li_>m P.(X, € B) =n(B), VBeC,

then one can show that 7 is a finitely additive probability on (5,C) and, for any C-measurable
simple function f,

lim E,/(X,) = [ @

n—oo

Fix B € C. Assume in addition that m is a probability. Then, for any bounded C-measurable
function g and € > 0, we may choose a C-measurable simple function f such that sup, |g(z) —

f(z)] < e. This implies
E,g(Xa) — B f(X)| < /S o) (dz) - /S f(2)m(de
42




Letting n — oo and then ¢ — 0 yields

(3.9) Jim 5,0(0%,) = [ g(@ye(ao).

In particular, for g = p(-, B), the above limit turns out

lim E,p(X,,B) = /Sp(x, B)m(dx).

n—o0

Note that, by the Markov property, one has

Pu(Xn41 € B) = /p(:n,B)]P’H(Xn € dr) = E, p(Xn, B).
S

As a result, we obtain
(3.10) ~(B) = / p(w, B)r(dz), VB eC.
S
Definition 3.4. Let X, be a Markov chain on (S,C) with transition probability p. A proba-
bility 7 on (.S,C) is said to be a stationary distribution if (3.10) holds.

Remark 3.6. If 7 is a stationary distribution of a Markov chain with transition probability p,
then P (X, =) = m(-) for all n.

Lemma 3.12. Suppose there is a probability pn on (S,C) such that
TLIEEOP"(Xn € B)=n(B), VBeC.
If  is a probability on (S,C), then it’s a stationary distribution.
Definition 3.5. A process X,, taking values on (S,C) is said to be stationary if
P((Xo, X1,...) € B) =P((Xpn, Xy41,...) € B), VB €Cx, n>0.

Proposition 3.13. Let X, be a Markov chain with transition probability p. If w is a stationary
distribution for X,, then (Xo, X1,...) is a stationary process under Py.

Proof. By the Markov property, we have
P.((Xn, Xnt1,-) € B| Xy, =) =P, ((Xo, X1,...) € B), VB E€Cyx,n>0.

Since 7 is a stationary distribution, Pr(X,, € -) = w(:) for all n > 0. Integrating both sides of
the above equation w.r.t. 7 leads to the desired identity. O

Proposition 3.14. Let X,, be a Markov chain on (S,C) with transition probability p. Assume
that there are probabilities j,m on (S,C) such that

lim P,(X, € B) =n(B), VBeC.
n—oo
Then, for any bounded Cos-measurable function f,
nh—>ngo E,u(f(Xna XnJrl, )) = Eﬂ-f(Xo, Xl, )
In particular, for B € Coo,
lim P,((Xn, Xn+t1,...) € B) =Pr((Xo, X1,...) € B).

n—oo
Remark 3.7. The above proposition says that under P,, the process X, is asymptotically
stationary.
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Proof of Proposition 3.14. In a similar reasoning for (3.10), it suffices to consider the case that
f = 1p with B € Cx. Fix B € Cx and set p(z) = P5((Xo, X1,...) € B). By the Markov
property, P, ((Xn, Xnt1,...) € B|Fy) = ¢(Xy). This implies

P ((Xn, Xni1,...) € B) = Eu(Pu((Xp, Xni1,...) € BIF))

=Eup(Xn) = /Ssa(y)Pu(Xn € dy).

As a result of (3.9), we obtain

lim | oy)Pu(X, € dy) = /S]P’y((Xo,Xl, ...) € B)r(dy) = Px((Xo, X1,...) € B).

n—oo S

0

One natural question arises. How many stationary distributions a Markov chain may pos-
?
sess’

Lemma 3.15. Let II be the set of all stationary distributions for a Markov chain on (S,C).
If 11 is nonempty, then 11 forms a convex set in the space of all probability measures on (S,C).

Proof. Suppose p is the transition probability of the Markov chain. Let u,v € II and set, for
a € (0,1), 7y = ap+ (1 — a)v. Then, for B € C,
| e Bymatdn) =a [ pla, Byu(de) + (1= a) [ (o, Bplda)
S S S
=an(B)+ (1 —a)n(B) = w(B).
O

3.4. Recurrence and transience. In this section, all Markov chains are assumed to have
countable state spaces. Let Ty(o) =0 and set, for k£ > 1,

T?Sk) — mln{n > Ték_l) : Xn = y}

Tf is the time of the k-th return to state y. Briefly, we let T}, = Ty(l). Set pgy = Py(Ty < 00)
for z,y € S.

Definition 3.6. A state y is said to be recurrent if py, = 1 and transient if p,, < 1.
Theorem 3.16. For allz,y € S and k > 1, IP’x(TZSk) <o) = pxypg;_l), where 00 := 1.

Proof. The case k =1 is clear. Let kK > 1 and set N = Ték_l),

flw) =

1 ifw, =y for somen >1
0 o.w.

Note that, on {N < oo}, f(Xn, XN41,...) =1 if and only if T;k) < 00. Since N is a stopping
time for X,, by the strong Markov property, one has Xy =y and

Eo(f(Xns Xn1 - )WFN) = 9(Xn) = 9(y) = pyy on {NV < oo},
where ¢(z) = E.(f(Xo, X1,...)). Putting all above together, we have
Po(TF) < 00) = Eo(f(XN, Xn41,-.); N < 00) = pyy Py (TFY < 00).
The desired identity is then proved by induction. U

Corollary 3.17. y is recurrent if and only if Py(X,, =y i.0.) = 1; y is transient if and only
if Py(X,, =y i.0.) =0.
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Proof. Note that {X,, =y i.0.} = {T@Sk) < 00, Yk > 0}. By Theorem 3.16, one has IP’y(T?fk) <
o0) = p’y“y for all £k > 0. The desired property is obvious from these observations. U
Theorem 3.18. y is recurrent if and only if Y .- p"(y,y) = 00
Proof. Let N, = > >, 1x,—y)- By definition, Ny is the number of visits to y at positive
times and

{N, >k} ={T{M < oo}
As a result of this equation and Theorem 3.16, one has

oo o0
E.Ny =Y Po(N, > k) ZIP TR < 00) = payply .
k=1

k=1
Note that E,Ny, = > > p"(y,y). If y is tran51ent, that is, pyy < 1, then E; Ny = pgy /(1
pyy) < oo for all € S. If y is recurrent, then E, N, = oo. O

Remark 3.8. If y is transient, then

E,N, = % vVzeSs
L= pyy

Remark 3.9. We summarize the above discussion as follows. The following are equivalences
of recurrence,

(1) y is recurrent;
(2) P,(T < o0) =P, (X,, = y for some n > 0) = 1;
(3) Py(X, =y i.0.) =P (T < 00, VE > 0) = 1;
(4) Z Py(Xn =y) = EyNy = o0

and the following are equivalences of transience,
(5) y is transient;
(6) P, (T < o0) =P, (X,, =y for some n > 0) < 1;
(7) Py(X, =y i.0.) =P (T < 00, VE > 0) = 0;
(8) Z Py (X, =y) = E,N, < o0.

From the view point of generating functions, let

- Zp"(ac,gn)s”7 fz(s) = ZPLB(Tx —
n=0 =]

Exercise 3.8. Show that u,(s) = 1/(1 — f.(s)) for all s € [0,1] and = € S, where 1/0 := 0.

Exercise 3.9. Prove that if x is transient, then

Py (T, = 00) = <Zp"(m,x)) .
n=0

Exercise 3.10. Let X, be a simple random walk on Z with transition probability
p(i,i+1)=p, p@,i—1)=qgq=1—-p VieZ.
Use Taylor’s expansion for (1 — z)~'/2 to show that, for all i € Z,
ui(s) = (1 —4pgs®) V2, fi(s) =1 — (1 —4pgs®)Y?, Vs e[0,1],
and determine pgg.

Assume that y is recurrent and set Ry = Ték) for k > 0 and r, = R — Rip_1. Here, the
sequence Ry, is called the renewal time of state y.
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Theorem 3.19. If y is recurrent, then, under Py, the sequence (14, Xpr, ..., XR,—1) with
k>1 areii.d. and, forn>1, zg,...,x, € S,

]P’y((rk, XRk—17 "‘7XRk—1) = (n,xo, ...,xn_l))
n—2
= dy(o) (H (i zi1) (1 — 5y(33z'+1))> p(Tn-1,y).
1=0

Proof. Let fi(x) = d,(z) and, for n > 1, let f,, be a function on S™ defined by
n—2

fn(Yo, Y1, s Yn—1) = dy(¥0) <H p(Yi, yiv1)(1 — 5y(yi+1))> P(Yn-1,9)s VY0, Yn—1 € S™.
=0

Since the range of (1, Xg, ,,...,XRg,—1) is countable, it suffices to show that for m > 1,
ai,...,am € Nand z;; € S with 0 < j <a; and 1 <7 <m,

m
Py (Xp,4j = xij,ri = a;, V0 < j < a;, V1 <i <m) = Hfai(xi,O; s Tig;—1)
=1

where by = 0 and b; = a1 + --- + a;—1. It is clear that the above identity holds if z; g # y for
some 1 <i < mor x;; =y for some 1 <7 <m and some 0 < j < a;. Assuming z;¢ =y for
all 1 <i<mandx;; #yforalll <i<mandall 0<j < a;, one has

{XbiJrj = T4j5,Ti = a;, V0 < j <a;, V1 <1< m}
={Xp4j =25, V0<j <a;, V1< i <m, Xy, =y}
By the Markov property, we obtain
Py(Xp4j =2, V0 < j < a;,V1<i<m, Xy, ., =)
:]Py(Xbm—i-j = xm,javo < ] < aiaXbm+1 = Z/|Xb1+] = :L"i,javo S ] < aiv\v/]- S 1< maXbm = y)
X Py(Xbi-l-j = mm,VO <j<a,vVl<i< m,Xbm = y)

:fam(fm,(]a -~-a$m,amfl)Py(Xbi+j = xi’j,vo < j < ai,V1 <1< m, Xbm = y)

The desired identity is then given by induction. O

3.5. Group property of states.
Theorem 3.20. If x is recurrent and pyy > 0, then y is recurrent and pgy = pyz = 1.

Proof. Define K = inf{k : p*(z,y) > 0}. Since py, > 0, K < co. Let y1,...,yx—1 be states in
S such that

K
Hp(yi—la yl) > 07
i=1

where yop = x and yx = y. It is easy to see from the definition of K that y; ¢ {z,y} for all
1 <i < K. By the Markov property, we obtain
K
Po(Ty = 00) > Py(X; = 43, V1 < i < K, X; # 2,¥i > K) = [ [ p(Wi-1, 9:) (1 = pya)-
i=1
Thus, the recurrence of x implies py, = 1. Since py, > 0, one may choose L > 0 such that
pY(y,z) > 0. Putting all above together and then applying Theorem 3.18 gives

(o) o0 o0
Sy y) =Y Py y) > ph(y,2)p" (@, 2)p" (2,y) = co.
n=1 n=1 n=1
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This means that y is recurrent. The fact p;, = 1 is immediate from this theorem with the
exchange of z and y. O

Remark 3.10. If pgyy > 0 but py, = 0, then  must be transient.
Exercise 3.11. Prove by using the strong Markov property that p,. > prypy-.
Corollary 3.21. If x is transient and py; > 0, then y is transient.

Definition 3.7. A set C' C S is said to be closed if x € C' and py > 0 implies y € C. A set
D is said to be irreducible if pg,, > 0 for all z,y € D.

Remark 3.11. pgy > 0 if and only if there exists K > 0 such that pX(x,y) > 0.
Remark 3.12. C'is closed if and only if P, (X, € C) =1foralln>1and x € C.

Corollary 3.22. Let R be the set of all recurrent states. Then, R is closed. Moreover,
R = UZ R;, where R;’s are closed and irreducible.

Proof. The closedness of R is obvious from Theorem 3.20. To see a decomposition of R, let
R, be a subset of R defined by

R, ={y € R: pyy > 0}.

As a result of Theorem 3.20 and Exercise 3.11, R, is closed and it remains to show that
R, = R, for all y € R;. Let z € R,. Then, p,, = 1. By Exercise 3.11, this implies
Pz > PaypPy- = 1. Hence, we have R, C R,. Note that {z,y} C R, N R,. Since z € R, we
have R, C R,. O

Proposition 3.23. Let C be finite and closed. Then, C must contain a recurrent state.
Moreover, if C is irreducible, then all states in C' are recurrent.

Proof. For the first part, recall the notation N, = Y >, 1¢x,—y}- By Fubini’s theorem, we
have, for x € C,

D BN, =D pMry) =D > piay) =) 1=c.

yeC yeCn=1 n=1yeC n=1

Since C'is finite, E; N, = oo for some y € C' and x € C'. This implies that y must be recurrent,
otherwise, by Remark 3.8,

E,N, = 2% <,
L= pyy
which is a contradiction. The second part is clear from the irreducibility. O

Definition 3.8. A recurrent state x is called positive recurrent if E, T, < oo and null recurrent
if E,T, = cc.

Theorem 3.24. If x is positive recurrent and pg, > 0, then y is positive recurrent and
E, T, < co.

Proof. The case y = x is obvious and we assume in the following that y # z. Recall that, in
Theorem 3.19, if = is recurrent with recurrent time Ry and r, = Ry — Rj_1, then, under P,
(Tk, XRk—17 ey XRk—l) with & > 1 are i.i.d.

For k > 1, set

V. — 1 if X,,, =y for some Rp_1 <m < Ry
b 0 o.w.
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and
k

Up=> Vi, V=inf{k>1:U;,=2}
=1

Note that P,(V < c0) =1 and, on {V = k}, Ty(g) < Ry,. This implies

o o
BT =) BTV =k) <Y E(RV =

k=1 k=1

oo k 00

= E(r;; V = k Z T’l, V> l

k=1 1=1 =1
By Theorem 3.19, since {V > I} ={V <1 —1}° € Fg, ,—1, {V >} and r; are independent.
This implies

BT <Y EeriPo(V > 1) = B, TR, V.
l

(e.¢]
=1
As V1, V5, ... are ii.d., we have, for [ > 1

!
Po(V>1)=> Pe(Vi=1V; =0,V #i,j <) +Pp(Vi=0,V1<i <)

=P, (Vi = DP,(V1 = 0) "t + P, (Vi = 0)},

which yields
2
P.(V1=1)
By Theorem 3.18, as y is recurrent, one may choose K > 0 such that

P (X; £ a,V1<i<K,Xg=y)>0.

E,V <

A a consequence, P, (V3 = 1) > 0 and then E,V < co. Since x is positive recurrent, ExTy(Q) <

0o, which leads to E, T, < oo and
00 > Eo(T(Y — T)) = Eo(Eo(T®) — T, | Fr,)) = E, Ty
O

Corollary 3.25. Let R be the set of recurrent states. Then, for any closed and irreducible
subset of R, either all states are positive recurrent or all states are null recurrent.

Remark 3.13. We will prove in the next subsection that all states in a finite and closed set
C C S are positive recurrent.

3.6. Stationary distributions.

Definition 3.9. A measure 7 on S is said to be a stationary measure if
> w(y)ply,x) =n(z), Vres.
yes

If 7 is a probability, then we call it a stationary distribution.
Ezample 3.8 (Random walks on Z). Let p be a transition probability on S = Z given by

p(i,i+1)=p, pl,i—1)=q=1-p, Vi€Z,
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with p € (0,1). Set 7(i) = (p/q)’. Then, 7 is a stationary distribution since
Y m(ip(i.f) = (i — Vp( = 1,5) + 7 + Dp(j + 1,5)
1€EZ
= /ey "o+ (p/a)*'a = (p/a)’ (a +p) = (p/a)’.
Ezample 3.9. Consider the Ehrenfest chain on {0,1,...,7}, that is, the transition probability
p is defined by
pli it ) =1-2 Yo<i<r plii—1)=2, Y0<i<r
r r
Set m(i) = (})27". Then, 7 is a stationary distribution.
Ezample 3.10 (Birth and Death chains). A birth and death chain is a Markov chain on S =
{0,1,2,...} with transition probability
where p; + ¢; +r; = 1 and gy = 0. Assume that ¢; > 0 for all ¢ > 0 and set
i
. Pji-1
(i) =[] ==
=1 U
Then, 7 is a stationary measure.

Exercise 3.12. Let m be a positive stationary distribution for a Markov chain X, with
transition probability p and set

m(y)p(y, )

) Vr,y € S.

q(z,y) =

Let Y,, = X,,_m. Show that, if X has distribution m, then Y, ...,Y,, forms a Markov chain
with transition probability q. Here, Y,, is called the reverse or dual Markov chain for X,, and
q is called the dual transition probability.

Exercise 3.13. Let m and ¢ be as in Exercise 3.12. If ¢ = p, then 7 is called a reversible
distribution for p. Show that if 7 is reversible for p, then « is stationary.

Theorem 3.26. Let x be a recurrent state. Then, the following map

Te—1 00
y = m(y) =E, (Z 1{X¢=y}> = ZP:{:(Xi =y, T, > 1)
1=0 1=0

defines a stationary measure for p.

Remark 3.14. Note that 7, (z) = 1 and 7,(y) < co. Let y € S and assume that p,, > 0. By
Theorem 3.26, we have

1=mp(z) =Y m(2)p"(z,7) > ma(y)p"(y,2), Vn > 0.
z€S
By Theorem 3.20, since z is recurrent and p,, > 0, one has py, = 1. This implies 7, (y) < oco.
As a result, if p is irreducible, then 7, (y) < oo for all y € S.

Proof of Theorem 3.26. We prove this theorem using cycle trick. Note that, for y # x,

Tp—1 T, Ty—1
Z 1{X¢:y} = Z l{Xi:y} = Z 1{Xi=y}'
=0 i=1 =1

49



By Fubini’s theorem, it is easy to see that

Zﬂm(y)p(y, z) = ZZPI(Xi =y, T > 1)p(y, 2).

yeSs =0 yes

By the Markov property, if z # x, then

Y Pu(Xi=y,Te > i)p(y,2) = Y Pu(Xi =y, Tp > i, Xig1 = 2)
yeS yes

=N Pu(Xi =y, Xis1 = 2,To > i+ 1) = Po(Xip1 = 2, T, > i +1).
yeS

This implies

o0
Zﬂx(y)P(yvz) = pr(Xi—H =2,Ty >i+1) =m(2).
yes =0

If z = x, we have

Y Pu(Xi =y, Te > i)p(y,2) = > Pu(Xi =y, T > i, X;41 = 1)
yeSs yes

=Y Pu(Xi=yTe=i+1)=Pu(To =i+1).

yes

Since x is recurrent, this implies

> ma(y)ply ZIP’ (Ty =i+1) =1=m,(z).

yeS

Remark 3.15. If x is transient, then

D mp(y,2) = mal2), Vz#w

yes

wa(y)p(y,x) < 1=my(x).

yeS

But, for z = x, we have

Exercise 3.14. Recall the renewal chain with transition probability
p(0,J) = fi+1, pG+1j)=1 Vj=0.
Use Theorem 3.26 to show that 7(j) =~ > fk+1 is a stationary measure for p.

Theorem 3.27. If p is irreducible and all states are recurrent, then the stationary measure
18 unique up to a multiple constant.

Proof. Let 7 be a stationary measure. Since p is irreducible, it is clear that 7(y) < oo for all
y € S. Fix a € S. Note that

w(z) =Y _7w(Y)p(y, 2) = m(a)p(a,z) + Y w(y)p(y, 2
yes y#a
Applying the second equation to the last summation yields
m(z) = m(a)p( (@) pla,ypy,2)+ Y, = (Y, 2).

y#a yF#a,x#a
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Inductively, one has

m(z) = )  m(a) > pla, 21)p(x1, ©2) -+ - p(Tm—1, Tm)

m=1 Z1yee T —170,Tm=2

+ > m(xo)p(xo, 21) - - - P(Tn—1, Tn)

L0,y Tn— 1A, T =2

27r(a)ZPG(Xi#a,1§i<m,Xm:z), Vn > 1.
m=1

Since z is recurrent, this implies

m(z) > m(a) i Po(X; #a,1<i<m, X, =2)

m=1
=m(a) Y Po(Ta > m, Xp = 2) = m(a)ma(2),

m=1

where 7, is the measure in Theorem 3.26. As a result, we obtain
w(a) =) w(2)p"(z,a) = w(a) Y ma(2)p"(2,a) = w(a)7a(a) = w(a).
z€S zeS

This implies that if p™(z,a) > 0, then 7(z) = m(a)m,(2). Since p is irreducible, this must be
true for all z € S. O

As a consequence of Theorem 3.26 and 3.27, we have

Theorem 3.28. If p has a stationary distribution m, then all states y € S satisfying 7(y) > 0
are positive recurrent. In particular, if p is assumed further irreducible, then w(z) = 1/E,T,
forallz € S.

Proof. Note that if m(y) > 0, then

D w(@)d pt(w,y) =D 7(y) = 0.
€S n=1 n=1

This implies y has to be recurrent otherwise,

o) Y p"wy) = Yo L < <o
n=1

zeS z€eS Pyy ~ Pyy

Next, we turn to prove the second part and assume that p is irreducible. By the irreducibility
of p, m(z) > 0 for all x € S. By Theorems 3.26 and 3.27, = is recurrent and one may select a
constant ¢, such that m = ¢, 7. This implies

1=c¢c, wa(y) =y Ziﬂ”x(){i =y, Ty >1)=cg i]P’x(Tw > 1) = ¢ E, Ty,

yes yeS i=0 i=0

which leads to 7(x) = ¢, (x) = ¢, = 1/E, T, for all x € S. Hence, E, T, < oo or equivalently
x is positive recurrent.

Back to the first part, let w(y) > 0 and let C' be the closed and irreducible set containing
y. Let po be the submatrix of p indexed by C. It is an easily exercise to show that po is
an irreducible transition probability on C' and has 7|c/7(C) as a (in fact, the) stationary
distribution. Note that if X,,Y, be the Markov chain on S, C with transition probabilities
p,pc and Tx,ngj be the first return times of = in X,,Y,, then, given Xy = Yy = z with
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z € C, T, and T¢ share the same distribution and, thus, E,T, = ECT¢ for all z € C. As an
immediate result of the second part, x is positive recurrent for all x € C. O

Corollary 3.29. Assume that p is irreducible and all states are recurrent. Then, all states
are positive recurrent if and only if there is a stationary distribution w. In particular, m > 0.

Corollary 3.30. If S is finite and p is irreducible, then all states are positive recurrent and
p has exactly one stationary distribution. Conversely, if p has null recurrent states, then

|S| = oo.
Remark 3.16. If p is irreducible, then

1 p(y,x)
- vy € S
BT~ 2 E,T, 7€

and
Ty (y) _ 1
E,T, E,T, ’

Ve,y € S.

3.7. Asymptotic behavior. In this section, we will consider the long-term behavior of
Markov chains on countable state spaces. Note that if y is transient, then

o
> pMzy) = Py <o, Vaes,
n=1 1- pyy

This implies p™(z,y) — 0 as n — co. When y is recurrent, we set

n
Nnay = Z 1{Xn:y}'
m=1

Clearly, Npy — Ny := 3% 1ix,,—y} @S 1 — 00.

Theorem 3.31. Assume that y is recurrent. Then, for any x € S,

Npy 1

T — ml{Ty<oo}7 ]P)x—a.s.

Proof. Recall the following notations: Let Ry = 0 and
Ry =T", ry=Ry—Re1, Vk>1.

By Theorem 3.19, 71,72, .. are i.i.d. under P,. By the strong law of large numbers, one has
&_ rT+Tre+ g

ko k
Since y is recurrent, P, (N, = oo) = 1. This implies N, , — oo Py-a.s.. Note that Ry, , <
n < Ry, ,+1 and write

— E, ), Py-as.

Ry, < RN, ,+1 o Moy +1
Npy Npy Npy+1 Npy
Passing n to the infinity yields that N, ,/n — 1/E,T, Py-a.s..
Next, assume x # y. Clearly, Ny, = 0 on {Ty = oo} for all n > 1. This implies N,, ,/n —
0. On {T, < oo}, one may use the strong Markov property to conclude that rq,7,... are

independent and rg, 73, ... are identically distributed. As a result, one has

Ry, 1 ro+ -+ 7 k—1
?:?4— 1 X — — E, Ty, on {T, < oo},
P,-a.s.. O
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Note that N, ,/n is uniform bounded by 1. By the Lebesgue dominated convergence theo-
rem, if y is recurrent, then

n
(3.11) E Z p"(z,y) = Bo Ny = P asn - .
n ’ n E,T,
m=1
The above convergence also holds for transient states. It is worthwhile to note that such a
convergence does not implies the convergence of p™(z,y). For a counterexample, let S = {0, 1}
and p is a transition probability defined by

p(07 1) = p(l,O) =1, p(0,0) = p(17 1) =0.

In this case, pa, = I and p?"*! = p and, thus, p"(z,y) never converges. The reason here is

due to the periodicity of the appearance of states.

Definition 3.10. The period d of a state x is defined to be the greatest common divisor of
{n>1:p"(xz,x) >0}. Iif d =1, z is also called aperiodic.

Lemma 3.32. If x,y are states satisfying pyypys > 0, then the periods of x and y are the
same.

Proof. Let K > 0 and L > 0 be such that pK(x,y)pL(y,a:) > 0 and d,,d, be the periods of
z,y. Clearly, d.|(K + L). Note that if p"(y,y) > 0, then pX+"+L (2, ) > 0. This implies d,|n
and, hence, d,|d,. Exchanging x and y in the above discussion yields d, = d,,. U

Lemma 3.33. If x is of period 1, then there is ng > 0 such that p™(x,2z) > 0 for all n > nyg.

Proof. Set I = {n >1:p"(x,z) > 0} and M = min{n — m|m,n € I,m < n}. Our first step
is to show that M = 1 or equivalently there exists N such that N, N + 1 € I. Assume the
inverse, that is M > 1. Let n; € I be such that ny + M € I. Since the greatest common
divisor of I is 1, we may choose ny € I such that M t ny. Write ng = mM + r with m > 0
and 0 < r < M. Since [ is closed under addition, and thus closed under multiplication,

(m+1)(ni+M)el, (m+1)n;+ngel.
Clearly, these two terms are not equal and subtracting one from the other yields
M<(m+1)M—-—ng=M—7r<M,
a contradiction. Thus, M = 1.

Now assume that N € I be such that N +1 € I and let ng = N2. Obviously, ng € I and
for n > ng, we may write n — ng = mN + r with 0 < r < N. This implies

n=ng+mN+r=N>4+mN+r=NN+m-r)+(N+1)rcl.
O

Theorem 3.34. Suppose p is irreducible with stationary distribution w. If all states are
aperiodic, then p™(z,y) — w(y) as n — oo for all x,y € S.

Proof. We prove this theorem by the method of coupling. Let g be a transition probability on
S? defined by

q((z1,91), (22, y2)) = p(@1, 22)P(Y1, Y2).
Step 1: ¢ is irreducible and aperiodic. By the irreducibility of p, let K, L be such that
p& (1, 22)p"(y1,2) > 0. Since p is aperiodic, by Lemma 3.33, one may choose ng such that
pM (29, 2)p™ (y2,y2) > 0 for all M > ng. This implies

K+L+M(( L+M )pK+M(

q 21,91), (22,92)) > p (w1, 22)p" ™ (22, 22)p" (y1, y2 Y2, 92) > 0.,

for M > ng. This finishes the first step.
53



Step 2: Let X,,Y, are independent Markov chains on S with transition probability p and
initial distributions px, gy. Then, (X,,Y,) is a Markov chain on S? with transition probability
q and initial distribution ux x py. Clearly, (x,y) € S? + 7(z)7(y) defines a stationary
distribution for ¢. This means that all states in S? are positive recurrent. Set 7| (z,0) = inf{n >
(X, Ys) = (z,2)} and

T= ;relg Tipz) = inf{n > 1|X,, = Yy, }.

Since ¢ is irreducible and all states in S are recurrent, P, (7, ) < 0o) = 1 for any initial
distribution p and x € S, which implies P,(T < o0) = 1.
Step 3: By the Markov property, one has

n
PuXn=y,T<n)=Y Y Pl =mXp=1X,=y)

m=1zeS
n
=3 ) Pu(T =m, Xpm = 2)Pu(Xy = y|T = m, X, = )
m=1z€eS
n
=Y BT =m, YV = 2)Pu(Yy = y|T = m, Yy = )
m=1zeS

=P,(Y,=y,T <n)
This implies
Pu(Xn=y) —=Pu(Yn =y) SPu(Xn=y.T >n).
Exchanging X,,,Y,, and summing up y gives

Z Pu(Xpn =y) —Pu(Yn =y)| < 2Pu(T > n).
yeS

Let u(s,t) = 0,(s)m(t) for (s,t) € S2. This implies

> [p"(@,y) = w(y)| < 2Pu(T >n) =0
yes

as n — o0. U
In the following, we consider the periodic cases.

Lemma 3.35. Let p be irreducible and recurrent with period d > 1. Fix x € S and set, for
eachy € S, K, ={n>1:p"(z,y) > 0}.

(1) There is a unique ry € {0,1,...,d — 1} such that K, C ry + dZ.

(2) Forre{0,1,....d =1}, let S, ={y € S:ry=r}. Then, for any y; € S; and y; € S;,

{n>1:p"(yi,y5) >0} C (j —1i) + dZ.

Such a partition Sy, ..., Sq—1 of S is independent of the choice of x € S.
(3) For0<i<d, p? is an irreducible and aperiodic transition probability on S;.

Proof. For (1), let m be such that p™(y,z) > 0. Then, for n € K,, p"™"(z,x2) > 0. This
implies that d|(n + m). By letting r, = (d — m) mod d, we have K, C ry + dZ. To see
the uniqueness, let rj, be another integer in {0,1,...,d — 1} such that K, C r;, + dZ. Then,
d|(ry —r,) and this can be true only if r, = ry.

For (2), let n,m > 0 be such that p™(y;, y;)p™ (x,y;) > 0. Then, d|(m —1i) and d|(m+n—j).
This implies d|(n — (j —4)). For (3), it follows immediately from (2) that (p?)|s,xs, is an
irreducible transition probability on .5; for all 0 < i < d. Note that, for x € .S;, if « has period
¢ under p?, then x has period e¢d under p. Hence, p? is aperiodic. O
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Remark 3.17. The sets Sy, S1, ..., Sq—1 are called the cyclic decomposition of S.

Theorem 3.36. Let p be irreducible with stationary distribution w. Assume that all states
i S are of period d and Sy, S1,...,S4-1 be the cyclic decomposition of S in Lemma 3.35
corresponding to x. Then, for y € S,,

lim " (e, y) = dr(y).

n—oo

Proof. Set p = p?|s,x So- By Lemma 3.35, p is irreducible and aperiodic on Sy. Note that, for
z e S(),

> w1y, 2) = > w(y)p(y, 2) = 7(2).
y€So y€S
This implies that 7|g, is a stationary measure for p. By Theorem 3.34, as = € Sy,

(3.12) T}L)II;O P (z,y) = 7:_T((go)), Yy € Sp.

Let (X,,)22, be a Markov chain on S with transition probability p and set Y, = X,,4. Clearly,
(Yn)o2, is a Markov chain on Sy. Set T}, = inf{n > 1|Y;, = y} and T, = inf{n > 1|X,, = y}.
It is easy to check that, under P,, dT,, = T}, and, by (3.11), we have

1< 1 d
— Z, — ——= = = d7T y V S S .
sOILACH) £7, ET, W WeS

In addition with (3.12), this implies 7(Sp) = 1/d. As a result, it follows that, for 0 < r < d
and y € Sy,

P, y) = S p 2" = > dr(2)p (z,y) =d > _w(z y) = dr(y).

2€S0 2€S0 zeS

For null recurrent states, we have the following observation.
Theorem 3.37. Suppose p is irreducible and all states are null recurrent. Then,

lim p"(z,y) =0, Vz,y€S.
n—oo

Proof. We first consider the case that p is aperiodic. Let x,y € S. Since y is null recurrent,
Py(Ty < o0) =1 and E,T,, = co. Let € > 0 and choose N > 0 such that

N
> Py(T, > m) > 2/e
m=1

Note that, for n > N,
1> Py (X, =y, for somen — N <m <n)

n

= Z ]P):B(Xk' = ank-‘rl 7& Y, aXn 7& y)

k=n—N
n N
= Z pk(:c,y)]P’y(Ty >n—k)= Z P "z, y)Py (T, > m).
k=n—N m=0

This implies that there is 0 < m < N such that p"~"(z,y) < €¢/2 or equivalently

ntm <€/2, ¥Yn>0.
oy P ) S /% 2
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Recall the coupling in the proof of Theorem 3.34 and let ¢ be the corresponding transition
probability. As before, ¢ is irreducible and aperiodic. Note that if ¢ is transient, then

0= lim ¢"((z,2)(y,y)) = lim p"(x,y)*, Yn>N.
n—o0 n—o0
If ¢ is recurrent, then the coupling time 7" satisfies P,», (7" < 00) = 1 for any probabilities
w,v on S. By setting u = 6, and v = p"™(z,-) with m = 1,2, ..., N, we have
Ip™(z,y) — p" T (z,y)| < Puxy (T >mn) =0, asn — oo.
As a consequence, we may select M > 0 such that

n _ pntm <e€e/2, Yn>M
pmax [p"(z,y) —p" (@, y)l S €/2, Vnz M,

which leads to

n < n . ntm : n+m< Yn > M.
pi(ey) < max [p"(z,y) —p" (@, y)| + min ptT <6, Vn 2

The proof for periodic p is similar to that in Theorem 3.34 and is omitted. U
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