14.5. The chain rules.

Theorem 14.7. Let z = f(x,y) be differentiable in x,y and x = g(t),y = h(t) be differentiable
int. Then, z= f(g(t),h(t)) is differentiable in t and
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Proof. Since f is differentiable, we have
Az = foAx + fuAy + et Az + e2Ay

where (e1,€2) — (0,0) as (Ax, Ay) — (0 0). Dividing both sides with At gives

Az Ax Ay
AL fz fy ‘i‘ elft + €2—— At
Letting At — 0 implies (A:c, Ay) (0, 0), Wthh leads to
dz . Az
dt T aiso At f"’U +fydt
O
Remark 14.14. In Leibnitz’s notation, the chain rule can be expressed as dt = g; Ccll‘f + g; flj]{

Example 14.20. Let z = 2%y + xy?, = ¢ and y = cost. Then,

dz  Ozdx L9 0z dy
dt oz dt dy dt

= [2¢? cost + cos? t]2e? 4 [e* 4 2% cost](—sint)

= 22y + ?)(26%) + (2 + 2ey) (- sint)

Theorem 14.8. Let z = f(z,y), v = g(s,t) and y = h(s,t) be differentiable functions. Then,
f(g(s,t), h(s,t)) is differentiable in s,t and
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Proof. Since f, g and h are differentiable, we have

Az = fpAz + f,Ay + e1Az + e2Ay,
where €1 — 0, e2 — 0 as (Az, Ay) — (0,0), and
Ax = gsAs + g At + e3As + e4At, Ay = hsAs + hi At + e5As + egAt,
where (€3, €4, €5,€6) — (0,0,0,0) as (As, At) — (0,0). This implies
Az = (fa:gs + fth)AS + (fzgt + fyht)At + 67A3 + €8At7
where
e7 = €1(gs + €3) + e2(hs +€5), €8 =e€1(gr + €a) + e2(he + €6)-

It is easy to see that, as (As, At) — (0,0), (Az, Ay) — (0,0) and then (e7,es) — (0,0). This
proves that z is differentiable in s, and % = f29s + fyhs, % = fegt + fyhs. O

Ezample 14.21. Let z = 2%y 4+ 2y?, + = rcosd and y = rsinf. Then,
0: _0:00  0z0y _
or OxOr 0Oyor

= (2r%sinfcos @ + r*sin? 0) cos @ + (r? cos® 6 + 2r* sin § cos ) sin 0
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(2xy + y*) cos O + (22 + 22y) sin 6



and
0z 0z0x 0z0y

90 900 oy
= (2r?sin 6 cos 0 + 2 sin? )7 (— sin ) + (1% cos® 6 4 2r? sin @ cos A)r cos 6

(2zy + y*)r(—sin 6) + (22 + 22y)r cos 6

Remark 14.15. In the chain rule, s,¢ are called independent variables and z is called the
dependent variable, whereas x,y are called the indeterminate variables.

Theorem 14.9. Let z be differentiable in y1,y2, ..., yn and y; be differentiable in x4, ..., xy, for
all1 <i<mn. Then, z is diﬁerentiable WM T,y eeey Ty aNA

0z 0y;
8JJZ Z ayj ox;

Example 14.22. Let w = 2?yz +xy?z+2yz?, x = rcosfcos ¢, y = rcosfsin ¢ and z = rsin 6.
Then,

ow Ox 9 y 0z
2 2 — 2
9 = (2zyz + o> z+yz)6¢ (x°z 4+ :L‘yz+xz)a¢+(:n Y+ zy’ + ﬂcyz)8¢

= (2zyz + y22 + y2?)(—rcosOsin @) + (222 + 2zyz + x2%)r cos f cos ¢
To see partial derivatives of implicit functions, let F' be a function of variables z,y, 2.

Assume that the solution of F(z,y,z) = 0 has the implicit function z = f(z,y), that is,
F(x,y, f(z,y)) = 0. Differentiating both sides partially with respect to x yields

OF (x, ?gj(ff ,Y)) = Fy(z,y, f(2,9) + Fo(z,y, f(2,9) fulz, y),

0=

which implies
0z Fx(x,y,f(ﬂﬂ,y))
a. = fa: r,y)=— .
ox ( ) Fz(x,y,f(x,y))
Similarly, one can show that
82 :_Fy(xvyaf(xuy»

F(z,y, f(z,y))
The theorem supporting the above computations is the implicit function theorem.

Theorem 14.10 (The implicit function theorem). Let F(x,y,z) be a function defined on
an open set D C R3 and (x0,v0,20) € D. Assume that F.,F,, F, are continuous on D
and F,(x0,Y0,20) # 0. Then, in a neighborhood of (xo,yo,20), the solution of the equation,
F(z,y,z) = F(x0,y0,20), can be expressed as a function z = f(x,y). Moreover, the function
f is continuously differentiable at (xg,yo) and

Fx($07y07'20)
faliro, yo) = — e 0202
o(@0,40) F.(z0, Y0, 20)

Fy(x0, %0, 20)

) f Zo,Yo) = — .
y( 0 0) Fz(x'O?yO)ZO)

Example 14.23. For equation 3+ 1>+ 23+ 6xyz = 1, one may use the above formula to derive
0z F, 2 +2yz Oz k0 y? 4 2z

dr F,  2242zy oy F,  22+2xy
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