3.3. Derivatives of trigonometric functions. (Sec. 3.3 in the textbook)
First, recall the following formulas.

sin(z + h) = sinx cosh + cosxsinh, cos(x + h) = cosz cos h — sin z sin h.

This implies

. sin(z+h) —sinz L . cosh—1 . sinh
(3.1) }Lli% . = (sinx) }lng%) — + (cosx) }lgr(l)
and

. cos(x+h)—cosx . cosh—1 ) . sinh
(3.2) }lll_% N = (cos x) }llli% — (sinz) }lg% o

provided that the derivatives of sine and cosine functions at 0 exists.
Lemma 3.6. For any 6 € (0,7/2), sinf < 6 < tané.
Proof. A geometric proof of this lemma is given in the textbook and omitted. O

By Lemma 3.6, cosf < sin€/6 < 1 for § € (0,7/2). Since the limit of cosz at 0 equals 1,
the squeeze theorem implies

I sin h ) . sinh . sin(—k) . sin k )
im = im = lim = lim =1.
h—0t h " hs0-  h k=0t  —k k=0t k
Hence, sinh/h — 1 as h — 0. For the cosine function, note that
291 —sin’0
cos— 1= - o Vo € (—m/2,7/2).

cosf+1  cosf+1’
By the limit laws, this implies

| cosh—1 . sinh>< —sinh
im ——— = lim =
h—0 h h—0 h cosh+1
As a consequence, we obtain
i -1
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The derivatives of sine and cosine functions are given by (3.1) and (3.2), while the derivatives
of other trigonometric functions can be derived using the product and quotient rules.

—sinx =cosx, —cosx = —sinx, —tanx:seczm,
dx dx dx
and
—cotw:—CSCQx, —secx =tanxsecx, ——cscx = —cotxcscax.
dx dz dz
_ secx / _ (tanz—1)secz
Ezample 3.5. For f(z) = 350, f'(z) = ramn?

.. sin(3x)
Ezample 3.6. To compute the limit, say L, of Z5=

only if x — 0. This implies

at 0, let y = 3z. Clearly, y — 0 if and

. siny 3 . siny 3
L = lim = — lim = —,
y—0 (2y)/3 2y—0 y 2
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