5.3. The fundamental theorem of calculus. (Sec. 5.3 in the textbook)

Theorem 5.3 (The first part of the fundamental theorem of calculus). Let f be continuous
on [a,b] and set

- / f(®)dt Vz € [a,b].
Then, g is continuous on [a,b], differentiable on (a,b) and ¢'(x) = f(x) for x € (a,b).
Proof. Let x € (a,b) and h > 0 such that  + h € [a,b]. Write

g(ac—i—h)—g(x):/ dt—/ F(t)dt = / ™ e,

Since f is continuous on [z,

x + h], we may choose (by the extremum value theorem) u,v €
[z, 4+ h| such that f(u) < f(t)

< f(v) for t € [x,z + h]. This implies

fluy < SN2 o g,

Note that u,v — x, when h — 0. By the continuity of f and the Squeeze theorem, we obtain

tim SEEN IO oy e (o), lim oot h) = (o)

A similar statement as before yields

L gzt h) = g(a)
h—0— h

= f(x), V€ (a,b], lim g(b+h)=g(b).
h—0~
As a consequence, ¢'(x) = f(z) for x € (a,b) and g is continuous on [a, b]. O

Remark 5.5. If f is continuous on [a, b], then

x/a f(t)dt /f f(z), Va<uz<b.

E:mmple 5.7. To differentiate [ sint?d¢ and fo‘r sint?dt, we set f(t) = sint? and g(z) =

fo t)dt. By the fundamental theorem of calculus, this implies
d x
d(x) = dx/o sint?dt = f(x) = sin2?
and
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d
. sin t?dt = %g(xz) = ¢'(2°) x 2z = 2zsinz?.
Theorem 5.4 (The second part of the fundamental theorem of calculus). Suppose f is con-
tinuous on [a,b] and let F' be an antiderivative of f on (a,b), which is continuous on [a,b].

Then,
b b
|ttt = Fa)

Proof. Set g(x f f(t)dt. By the first part of the fundamental theorem of calculus, ¢’ = f
on (a,b). Slnce F’ f on (a,b), there is C' € R such that g = F 4+ C on (a,b). As g and F
are continuous on [a, b], one has g = F'+ C on [a, b]. Consequently, this implies

o_/ £(t) a)+ C, /f = F(b) +C.
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Exzample 5.8. Consider the integrals of [ e"dzx, [ mdl‘ and [ %2, Note that the an-
\/11_7 and i are %, sin"! 2 and Inz. By the second part of the funda-
mental theorem of calculus, we have f12 efdr = e? — e, ff ﬁdw = sin"!b —sin"la for

—1<a<b<1andffd?m:ln2—ln1:1n2.

tiderivatives of eZ,

Both parts of the fundamental theorem of calculus can be summarized as follows.

Theorem 5.5 (The fundamental theorem of calculus). Let f be a continuous function on
[a,b] and F be an antiderivative of f on (a,b) which is continuous on [a,b]. Then,

T b )

Remark 5.6. It is remarkable that if f is continuous on [a,b], then there is always an anti-
derivative of f on (a,b) that is continuous on [a, b].
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