7.2. Trigonometric integrals. (Sec. 7.2 in the textbook)
Consider the following integral.
/ sin® zdz.

Obviously, the substitution u = sinz is not helpful because du = cosxdx will generate a
term of cosx. By using the identity of sin?z 4 cos?z = 1, one may rewrite the integrand as
sin®z = (1 — cos? z) sin z. Thereafter, the substitution of u = cosz yields du = — sin zdz and
then

3 3
/sin3xdx:/(1—u2)(—du) = % —u+C= COZ T _cosa+C.

This method applies for integrands sin™ x cos™ x, where m or n is odd. For integrals of the
following type,

/ sin* z cos® xdz,
one may use the following formulas
. . .9 1 — cos2zx 9 1+ cos2x
sinx cosx = 581112.%‘, sin’g = ————, cosTwr=—7 —.

to write
sin* 2z 1+ cos 2z 1

16 > 3l
Clearly, the second term can be integrated by the previous method, while the first term should
be rewritten as
.4 1 — cosdz\? 1 — 2cos 4z + cos? 4x 1—2cosd4xr 1+ cos8x
sin” 2x = 5 = 1 = 1 4 2 )

sin? 2z + sin? 22 cos 2.

sin? z cos® z =

Strategy to compute [ sin™ z cos” zdz | Assume that n > 0 and m > 0.

(1) When m is odd, say m = 2k + 1 with k > 0, we use the identity sin?z = 1 — cos®x
and the substitution v = cosx to get

(7.1) /sin%Jr1 xcos" xdx = — /(1 —u?) " du

U=COsS T

(2) When n is odd, say n = 2¢ + 1 with £ > 0, we use the identity cos? z = 1 — sin? x and
the substitution v = sinx to get

(7.2) /Sinm z cos? T dx = /um(l —u?)’du
u=sinzx
(3) When m and n are both even, we use the following identities
. 1 . . 9 1 —cos2zx 9 1+ cos2x
sinx cosx = 5511123:, sin“g =——7——, cosx=——"]—,

to rewrite the integrand iteratively until (1) or (2) is applicable.
Remark 7.1. By the binomial theorem, (7.1) and (7.2) become

k .
k . (COS l.)n-‘rQH—l
s 2k+1 _ +1
/Sln x cos" xdx = i_go (Z.)(_l)z erC

¢ . ;
. / ) (Slnx)m-f—ZH-l
20+1
/smmxcos xdx = ZEO <z> (1) 9 ] +C.
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and



Strategy to compute [ tan™ xsec” zdx | Assume that n > 0 and m > 0.

(1) When m is odd, say m = 2k + 1 with k > 0, and n > 1, we use the identity tan?x =
sec? —1 and the substitution u = secz to get

/taunzk’drl xsec” xdx = /(u2 — Dk ldu

u=secx
(2) When n is even, say n = 2¢ with £ > 1, we use the identity sec? z = 1+ tan®z and the
substitution u = tanx to get

/tanmxsec% xdx = /um(l + 1) tdu

u=tanx

(3) When n = 2k 4+ 1 and m = 2¢, we use the substitution u = sinz to get

;20 20
2 2k+1 _ S — Y
0 _ - %
/ta x sec xdz / (1= sin? 2 FFi cos xdx a _u2)k+£+1du

where we refer the reader to Section 7.4 for the last integration.

)
u=sin x

Remark 7.2. For the integration of tan x and sec z, we have
/tanxdw =In|secz|+ C, /seca:da: = In|tanx + sec z|dz + C.

The first one is given by the identity tanz = —(cosx)’/ cos x, while the second one uses the
following ingenuity,
secz(tanx +secx) sec’z +tanxsecr  (tanz + secz)’

tanx + secx tanx + secx tanz +secx

secx =
Remark 7.3. For the integral of sin ma cos na, sin ma sinnz and cos mx cos nx, one needs
sin Acos B = %[sin(A + B) +sin(A — B)]
sin Asin B = —%[COS(A + B) — cos(A — B)]

cos Acos B = %[COS(A + B) + cos(A — B)]
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