7.6. Improper integrals. (Sec. 7.8 in the textbook)

In this section, we extend the definition of integrals to functions either of which domain is
an infinite interval or with infinite discontinuity in [a,b]. In either case, the integral is called
an improper integral.

Definition 7.1 (Continuous integrands on unbounded domains). Let f be a function and
a,beR.

(1) When fat f(z)dz exists for all ¢ > a and has a limit as t — oo, define
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t—o00

(2) When fsb f(z)dz exists for all s <b and has a limit as s — —o0, define
b b
/ flx)dx = EIP f(x)dx.

(3) When [ f(z)dz and [ f(x)dz exist for some a € R, define
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Remark 7.6. [7° f(x)dx and f_boo f(z)dz are called convergent if the corresponding limits exist
and called divergent otherwise. If lim; o fjf(:n)d:v = +oo, we write [ f(x)dz = too; if
limg oo fsb f(z)dr = +o0, we write ffoo f(z)dr = +oo.

Remark 7.7. If f > 0 on [a,00), then the area of the region S = {(z,y)|x > a, 0 <y < f(z)}
is defined to be [ f(z)dx.

Ezample 7.17. To compute fEOO ze*dz, note that [ ze*dr = (z — 1)e” + C. Then,
0

lim re¥dr = lim [(1 —t)e! —1] = —1.

t——o0 ¢ t——o0

Example 7.18. Consider the integral ffo L _dz. Note that

oo 1+x2

0 1 0 1
/ dr = lim ——dzr = lim (ftan_1 t) = g

—oo 1+ x2 t——oo J; 14 x? t——00
and .
> 1 1
/ sdr = lim —° _dr= limtan~lt="_.
o l+z t—oo Jo 1+ 22 t—00 2
This implies ffooo 1+%dax =T.

Example 7.19. Consider the integral floo xPdz. Note that

/:cpdx: +C forp#£—1, /x_ dr=Inz+C.
p+1

This implies

lim 2Pdr = lim
t—oo Jq t—o0 00 for p > —1.

t #(tpﬂ—l) forp# -1, J-1/(1+p) forp< -1,
Int for p = —1. B

Definition 7.2 (Discontinuous integrands). Let f be a function.
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(1) If f is continuous on [a,b) but discontinuous at b, define

/f o = lim tf()

(2) If f is continuous on (a, b] but dlscontlnuous at a, define

/f o = tim [ f(x)da.

t—at t
In (1) and (2), the improper integral is called convergent if the limit exists and divergent
otherwise. Write ff f(z)dzr = £oo if the limit diverges to £oo.

(3) If f has discontinuity at ¢ € (a,b) and [ f(z)dz and fcb f(x)dx are convergent, define

/abf(x)dx:/:f(x)der/cbf(x)d:p

FEzxzample 7.20. To evaluate f25 ﬁdw, since \/% is continuous on (2,5] and [ \/—d:r: =

2
2v/x — 24 C, we have
5

1
——dz = li =2l Vit —2)=2V3.
/2 Vo —2 o t—lgl+ \/m— de t—1>m (\f ) V3
Example 7.21. To compute fol In zdz, note that Inz is continuous on (0,1] and [Inzdzr =
z(Inz — 1) + C. This implies

1 1
/ Inzdx = lim Inzdr = lim (-1 —tlnt+t) = —1.
0 t—07t J¢ t—0+

Example 7.22. Consider fo -4 Clearly, = has a discontinuous at 1. Note that

3 dx
/ = lim (In2 —In(t — 1)) = oo, / = lim Injt — 1| = —oc0.
1 x—1 =1t r—1 t=1-

This implies that f03 % does not exist.

Theorem 7.3 (Comparison test). Let f and g be functions continuous on [a,c0). Assume
mm0<f<g

(1) If f x)dz is convergent, then f f x)dz is convergent.
(2) Iff f )dx is divergent, then f x)dzx is divergent.
a

FEzample 7.23. Consider the integrals fo e~%"dz and fooo re®dx. Note that
e <e® Vx>1, ze*>x Vz.

By the comparison test, fooo e dz is convergent, while fooo xe®dx is divergent.
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