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Abstract

We propose a physics-informed consistency modeling framework
for solving partial differential equations (PDEs) via fast, few-step
generative inference. We identify a key stability challenge in physics-
constrained consistency training, where PDE residuals can drive
the model toward trivial or degenerate solutions, degrading the
learned data distribution. To address this, we introduce a structure-
preserving two-stage training strategy that decouples distribution
learning from physics enforcement by freezing the coefficient de-
coder during physics-informed fine-tuning. We further propose
a two-step residual objective that enforces physical consistency
on refined, structurally valid generative trajectories rather than
noisy single-step predictions. The resulting framework enables sta-
ble, high-fidelity inference for both unconditional generation and
forward problems. We demonstrate that forward solutions can be
obtained via a projection-based zero-shot inpainting procedure,
achieving consistent accuracy of diffusion baselines with orders of
magnitude reduction in computational cost.
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1 Introduction

Diffusion Models [5, 10, 20, 22, 23] have achieved remarkable suc-
cess in high-fidelity generation of images and audio. Motivated
by their ability to model complex, high-dimensional distributions,
recent works have adapted diffusion models to the domain of scien-
tific machine learning [7, 19]. Unlike traditional numerical solvers
or Physics-Informed Neural Networks (PINNs) [18], which deter-
mine a single solution to a given PDE, these generative models
learn the full distribution of possible solutions. This capability is
crucial for ill-posed inverse problems, such as reconstructing com-
plex physical fields from sparse observations [6], where a single
deterministic prediction fails to capture the multiplicity of valid
states.

However, despite their expressive power, diffusion models suf-
fer from iterative sampling procedures that require hundreds or
even thousands of neural network evaluations to generate a single
sample. This limits their practicality for scientific applications that
demand real-time or large-scale simulations. To overcome this bot-
tleneck, Consistency Models (CMs) [21] have been proposed as a
fast alternative, enabling one- or few-step generation from noise to
data.

While Consistency Models offer a promising path toward real-
time scientific simulation, adapting them to strictly enforce physical
laws introduces additional optimization challenges. Unlike stan-
dard image generation, where perceptual quality is the primary
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metric, scientific solutions must adhere to rigorous governing equa-
tions. Empirically, we observe that directly incorporating Partial
Differential Equation (PDE) residuals into the consistency objective
often leads to unstable training dynamics and suboptimal conver-
gence. One common difficulty in this setting is that physics losses
may admit low-complexity or degenerate solutions, such as near-
zero or overly smooth fields, that yield small residual values but
fail to represent meaningful physical states. In practice, this often
manifests as severe mode collapse, where consistency training con-
verges to a narrow subset of admissible solutions despite satisfying
the imposed physical constraints. This mismatch between phys-
ical constraints and the self-consistency objective motivates the
need for specialized training and inference strategies to obtain both
distributional fidelity and physical correctness.

In this work, we propose sCM-PINN, a physics-informed con-
sistency modeling framework for efficient inference in forward
and conditional PDE problems. Our approach introduces a two-
stage training strategy that decouples distribution learning from
physics-constrained fine-tuning, thereby stabilizing optimization
in the presence of sensitive residual losses. To prevent the physical
constraints from degrading the learned data manifold, we partition
the model output into coefficient and solution channels, freezing
the coeflicient decoder during the physics-informed phase. Further-
more, to bridge the gap between consistency training and physical
validity, we introduce a two-step residual-based constraint that
enforces PDE consistency across refined trajectories rather than
noisy, single-step predictions. Together, these design choices enable
fast, reliable inference for both unconditional sampling and forward
problem solving.

Our main contributions are:

o Two-Stage Training Framework: A stabilized optimization
pipeline for physics-informed consistency models that pre-
vents gradient interference between data and physics objec-
tives.

Channel-Partitioned Architecture: A strategy to preserve
the integrity of the learned data distribution by isolating and
freezing the coefficient manifold.

Two-Step PDE Residual Constraint: A robust physical su-
pervision mechanism that aligns the consistency sampling
trajectory with the underlying PDE operator.
Projection-Based Inference: A zero-shot inpainting formula-
tion for forward PDE problems that bypasses the need for
expensive test-time gradient descent.

Physical Evaluation Metric: The introduction of the relative
H! error metric to rigorously quantify the alignment of gen-
erated samples with the PDE, ensuring consistency in both
solution values and their spatial derivatives.

Finally, for reproducibility and future research, we release our
complete codebase at: https://github.com/twMisc/sCM-PINN.

2 Preliminaries and Related Work

2.1 Generative Modeling of PDE Solutions

Conventional learning-based approaches for scientific computing,
such as Neural Operators [12, 16], typically formulate PDE solv-
ing as learning a deterministic mapping from coefficient fields to
solution fields. This formulation is highly effective for well-posed
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forward problems, but becomes fundamentally limited in inverse
or ill-posed settings, where solutions may be non-unique, and ob-
servations are sparse or incomplete.

To address these limitations, recent work has reformulated PDE
solving as a generative modeling problem. Methods such as Diffu-
sionPDE [6] aim to learn the joint distribution p(a, u) over phys-
ical coefficients a and state variables u. Let x = [a,u] € RP de-
note the concatenated system state. By learning the score func-
tion Vy log p(x), these models unify forward and inverse problems
within a single conditional sampling framework: forward predic-
tion corresponds to sampling from p(u | a), while inverse inference
corresponds to sampling from p(a | u). However, such score-based
approaches typically rely on iterative sampling procedures, leading
to high inference costs in high-dimensional PDE settings.

2.2 Consistency Models for Fast Sampling

Consistency Models [21] are a class of generative models designed
to overcome the inference inefficiency of diffusion-based sampling.
Instead of iteratively integrating a reverse-time Stochastic differen-
tial equation or Probability Flow ODE (PF-ODE) [23], CMs learn a
continuous consistency function fp(x;, t) that maps any point x,
along the PF-ODE trajectory directly to its corresponding data sam-
ple x¢. The training objective enforces a self-consistency condition,

fo(xi,t) = fo(xp,t'), Vit €[0,T],

1)
ensuring that predictions remain invariant across the trajectory.
By distilling the iterative integration process into a single map-
ping, CMs enable one-step or few-step generative inference. In this
work, we adopt the continuous-time formulation (sCM) [15], which
eliminates discretization error present in discrete-time consistency
training and improves training stability.

2.3 Physics-Informed Generative Models

While consistency models (CMs) provide an efficient framework
for few-step generative inference, they lack the inherent inductive
biases required to satisfy the underlying governing equations of
physical systems. Bridging this gap necessitates the integration
of PDE constraints directly into the CM training and sampling
trajectories. Within the broader literature of generative modeling
for PDEs, this integration typically follows two distinct paradigms:
inference-time guidance, which steers the sampling process toward
physical validity, and training-time supervision, which embeds
physical laws into the model’s learned parameters via residual-
based loss functions.

Inference-Time Guidance. Inference-time guidance methods, such
as Diffusion Posterior Sampling (DPS) [4], enforce physical con-
straints during the sampling process by modifying the score func-
tion with gradients derived from the PDE residual operator R(-). A
typical formulation is

Yy, log p(x; | R = 0) ~ Vy, log p(x:) = ¥y, |R (R0 x0))|* . ()

While flexible and model-agnostic, this approach incurs substantial
computational overhead, as it requires backpropagation through
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both the neural network and the differential operator at each sam-
pling step. Moreover, gradients of PDE residuals can be poorly con-
ditioned, often necessitating careful tuning of guidance strengths
across different problem settings.

Training-Time Supervision. An alternative paradigm incorpo-
rates physics constraints directly into the training objective. Physics-
Informed Diffusion Models (PIDMs) [2] optimize a composite loss
that combines the denoising objective with a PDE residual penalty:

2

-CPIDM(Q) = Et,xg [fdenoise(g) +A ”R(&g)H ] . (3)
By amortizing physics enforcement into training, this strategy en-
ables fast, physics-consistent generation at inference time. However,
extending this paradigm to consistency models presents additional
challenges. As discussed in Section 3, the consistency objective can
be sensitive to gradient variance introduced by PDE residual terms,
motivating the stabilized training strategy proposed in this work.

3 Methodology

We present a physics-informed consistency training framework
designed to bridge the gap between fast generative inference and
rigorous physical validity for forward PDE problems. Our approach
builds upon the sCM framework [15]. In incorporating physics-
based constraints, we identify a common optimization failure mode
in which the model collapses toward degenerate solutions that
minimize the PDE residual but fail to preserve the target data dis-
tribution. To address this issue, we propose a training strategy
that combines a two-stage optimization protocol with a structure-
preserving channel partition.

3.1 Continuous-Time Consistency
Parameterization

We adopt the TrigFlow parameterization introduced in the sCM
framework [15]. This formulation learns a consistency function
Jo(x;,t) that maps points along the probability flow trajectory
directly to the corresponding clean data sample x,.

Let the state x = [a, u] represent the concatenation of the co-
efficient field a and the solution field u. For a state x; at time
t € [0, /2], the model is defined as:

. Xt
fo(x¢,t) = cos(t)x; — sm(t)ang(o_—d, t) , 4)
where Fp is a neural network parameterizing the normalized veloc-
ity field and o4 denotes the data standard deviation. This parame-
terization smoothly interpolates between the data distribution (at
t = 0) and a Gaussian prior (at t = 7/2), and serves as a numerically
stable backbone for incorporating physical constraints.

3.2 Stabilizing Physics-Constrained Consistency
Training

Integrating PDE constraints into consistency models introduces

significant optimization challenges. In particular, directly optimiz-

ing a composite objective from random initialization often leads to

mode collapse or convergence to trivial solutions. As illustrated in

Figure 1 (Left), a model trained directly on the physics objective
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(w/o Warm-up)

Stage 1
(Consistency)
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(Physics-Informed)

D

Figure 1: Necessity of Two-Stage Training. We visualize sam-
ples generated by physics-constrained consistency training
on 2D toy manifolds (Circle, Ellipse, Double Ellipse). (Left)
Directly enforcing constraints during consistency training
leads to unstable dynamics and severe mode collapse, cover-
ing only a small fraction of the target manifold. (Right) Our
two-stage protocol first learns a stable, high-coverage distri-
bution (Stage 1), then refines samples to satisfy geometric
constraints (Stage 2), achieving both diversity and physical
validity.

fails to capture the global topology of the manifold, learning only a
partial segment of the solution space.

To address this instability, we adopt a two-stage training protocol,

validated in preliminary studies [3]:

(1) Stage 1 (Distribution Learning): The model is first trained
to approximate the data distribution p(a, u) without explicit
physical constraints. We utilize the standard adaptive sCM
objective [15], which minimizes the variance of the consis-
tency update. The loss is defined as:

o (2) -

where wy (t) is a learnable weighting function and y, is the
target estimate computed using the stop-gradient parameters
0~. Crucially, y; includes a first-order correction based on
the analytic tangent %, = cos(t)z — sin(#)xo:

eV (1)
D

X,
Lot
ad

LSCM(es ¢) = Exo,z,t

2
z—qu(t)}, )

vyt = Fo- (;—;, t) + cos(t) [% + Vx fo- ')'(t] . (6)
This stage acts as a "warm-up," establishing a robust mapping
for the joint distribution of coefficients and solutions before
physical constraints are applied.

Stage 2 (Physics-Informed Fine-tuning): Once the gener-
ative backbone is established, the model is fine-tuned using
the composite physics loss. In this stage, we freeze the co-
efficient decoder (as detailed in Sec. 3.3) and simplify the
consistency term to focus on projecting generated samples
onto the valid physical manifold.

~

Optimization Bias and Mode Collapse. While Stage 1 establishes a
valid data distribution, the introduction of the physics loss in Stage 2
creates a new optimization landscape that often favors degenerate
solutions. The PDE residual R(u, a) is distribution-agnostic; it is
minimized by any valid pair, including low-complexity states (e.g.,
constant coefficient fields) that are topologically simpler than the
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Figure 2: Architecture of the Structure-Preserving Consis-
tency Model. To mitigate coefficient mode collapse during
physics-informed fine-tuning, we employ a split-decoder ar-
chitecture. The Frozen Backbone (blue, dashed) consists of
the shared encoder and the Stage 1 decoder, whose parame-
ters are fixed to preserve the learned coefficient distribution
a. The Active Branch (red, solid) is a trainable decoder that
generates the solution field u conditioned on the fixed latent
representation. The final output is the joint state x = (a, u).

ground truth data. Consequently, unconstrained gradient descent
tends to shift the coefficient field a toward these homogeneous
configurations to minimize the loss rapidly, effectively disregarding
the distribution learned in the warm-up phase. This collapse, which
leads to the generation of trivial solutions (as demonstrated in our
ablation study in Section 4.7), necessitates the structural constraints
introduced below.

3.3 Structure-Preserving Channel Partitioning

To enforce the coefficient distribution learned in Stage 1, we intro-
duce a split-decoder architecture that aligns the network’s capacity
with the causal structure of the forward problem. As illustrated
in Figure 2, our model modifies the standard U-Net backbone by
duplicating the decoder branch while sharing a single encoder.

Architecture Design. The network processes the input x, through
a shared encoder and bifurcates into two parallel decoding paths:

e The Frozen Backbone (Blue): This path comprises the
shared encoder and the Original Decoder. These modules are
initialized with pre-trained weights from Stage 1 and are
strictly frozen. This branch is responsible solely for recon-
structing the coefficient field a. By locking these weights, we
ensure that the consistency mapping for the problem defini-
tion remains immutable, effectively preventing the optimizer
from deviating from the valid coefficient distribution.

The Active Branch (Red): We introduce a Copy Decoder
that duplicates the architecture of the Stage 1 decoder. This
branch is fully trainable and focuses exclusively on gener-
ating the solution field u. It receives the fixed latent embed-
dings from the frozen encoder and minimizes the physics
residuals to generate a solution u that is physically consistent
with the coefficients.
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Forward Pass. During the forward pass, the network output is
partitioned into coefficient channels F, éa) and solution channels

Féu). We discard the solution channels from the frozen branch and
the coeflicient channels from the active branch. The final generated
state is constructed by concatenating the valid problem parameters
from the frozen path with the optimized solution from the active
path:

@)

Fy(x;,t) = Concat Fg(f“) (%4, ), Fé’uzv (x4, 1) |-

—_——— — ,  —

Frozen Trainable

This structural constraint guarantees that the generated pair (a, u)
is physically aligned, as the solution u is optimized specifically for
the fixed coefficient topology defined by a.

3.4 Two-Step Consistency Sampling Operator

A naive approach to physics-informed consistency training ap-
plies the PDE residual directly to single-step predictions generated
from pure noise. Empirically, however, we observe that these raw
one-step samples lack spatial smoothness and exhibit significantly
higher PDE residuals compared to refined solutions. Because dif-
ferential operators are highly sensitive to high-frequency artifacts,
minimizing physics losses on these rough approximations produces
noisy gradients that destabilize physics-informed consistency train-
ing.

To mitigate this, we introduce the Two-Step Consistency Sampling
Operator, which evaluates physics constraints after a single refine-
ment step rather than on raw one-step samples. By performing
a single re-noising and denoising step, this operator projects the
sample closer to the smooth solution manifold before evaluating
the physics loss. This ensures that the PDE constraints are enforced
on structurally valid candidates rather than noisy artifacts.

Definition 3.1 (Two-Step Consistency Sampling Operator). Let
fo(x,t) be the consistency model. For initial noise z and auxiliary
noise z’, we define the two-step operator fj as:

fg(z, 2T, t') £ fo|sin(t')z’ + cos(t') fo(z, T), t’ (8)

renoised state X,/

This operator first produces a coarse estimate using fy(z, T),
then re-injects noise and applies the consistency model again at an
intermediate time ¢’. Compared to one-step sampling, this proce-
dure yields intermediate states that are empirically closer to the
data manifold while remaining stochastic. As a result, PDE residuals
evaluated on fg exhibit reduced gradient variance, which in practice
leads to more stable and effective physics-informed training.

We next incorporate this operator into a physics-informed Stage-
2 objective that balances consistency preservation with robust en-
forcement of PDE constraints.

In contrast to approaches such as PBFM [1] that require memory-
intensive multi-step ODE unrolling to mitigate discretization errors,
our model natively maps to the solution manifold, bounding evalu-
ations without unrolling bottlenecks.
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3.5 Physics-Informed Stage 2 Objective

Our Stage 2 training objective fine-tunes the model to satisfy physi-
cal constraints while preserving the generative consistency learned
in Stage 1. Unlike the adaptive variance minimization used in
Stage 1, we employ an unweighted consistency loss to serve as
a stable reference during physics optimization, avoiding the risk
that adaptive weights suppress consistency precisely when physics
gradients are strongest.

Unweighted Consistency Term (fsca-12). We define the Stage 2
consistency loss as the squared Euclidean error between the model
prediction and the consistency target. Consistent with our split-
architecture, this loss is applied exclusively to the solution channels

u:
(u)

where y,"’ corresponds to the solution channels of the target esti-
mate defined in Eq. (5). By removing the adaptive weighting terms,
we enforce a uniform consistency constraint, preventing the weight-
ing function from diminishing the loss contribution at time steps
where physical constraints are most active.

2
_ yiu)

xt

tem12(03 %, ) = HFg(u)(ad,

; ©)

2

Total Objective and Self-Adaptive Balancing. We integrate this
consistency regularization with the physics constraints. To manage
the gradient conflict between the consistency loss and the PDE
residuals, we employ the Self-Adaptive weighting strategy (SA-
PINN) [17] to automatically balance competing objectives.

We introduce learnable mask parameters A = {Ao, A1, A2} and
formulate the training as a Min-Max game. Importantly, for com-
putational efficiency and tighter gradient coupling, the consistency
term and the single-step PDE term share the same sampling trajec-
tory:

|

Liotat(0,4) = Exyt | 0(A0) sz (61, 1) + 0 (A1) [|R (fo (xe, t))Hi
Consistency Loss Single-Step PDE Residual
A P
+ By | o) [R( (23 T.0)|] } (10)

Two-Step Robustness

where o(1) = Hﬁ is the sigmoid gating function, and || - |,
denotes the L? norm. The single-step term preserves local physical
fidelity along the consistency trajectory, while the two-step term
enforces robustness on denoised, structurally valid samples.

Optimization Dynamics. The training follows an adversarial up-
date rule:

0 —0- UQVGLtotals (11)

This mechanism allows the loss weights to dynamically adapt to
the training dynamics. For instance, if the model begins to drift
from the consistency manifold (increasing fscm-12) to satisfy the
physics, the gradient ascent step increases (), forcing the model
to re-prioritize consistency in subsequent updates.

Because the scalars A; update at the end of the computational
graph, SA-PINN requires zero extra backward passes. This struc-
tural resolution bypasses the massive computational overhead of

Ai — /11' + UAVA,-Ltotal-

10559

KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

gradient-conflict methods like ConFIG [13], which can triple mem-
ory usage and training time.

Theoretical Motivation for the Two-Step Residual. Our motivation
for the two-step residual is structural, not only empirical. Let x be
the first-step prediction, and define the refined second-step sample

2z~ N(0,1). (12)

where a, and by are the scalar coefficients defined by the TrigFlow
schedule. If we consider the L? penalty (p = 2), the conditional
two-step physics loss is

Yyr = folarx + bz, t’),

Lo(xt') =B [IR (V) |]- (13)
It admits the exact decomposition
2
Loxt) = [ER (Vx| +(Cov, (RO (1)

Thus, unlike the one-step loss ||R(x)||%, the two-step objective
penalizes both the mean PDE violation after refinement and its
variability under the model’s own renoise—denoise kernel. The
second term is important: a sample may have small residual at a
single point yet become non-physical after a small self-consistency
perturbation, which the one-step loss cannot detect.

Moreover, if fy and R are differentiable and b, is small, then

U (fo(arx. 1) Dxfolarx. ) [p+o(8]).

(15)
So the two-step loss adds a first-order stability penalty on refine-
ment directions that amplify PDE violation. Geometrically, near a
regular physical pointy € S := {u : R(u) = 0}, the tangent space
is TS = kerJg (y); hence this term measures how much the local
renoise—denoise dynamics moves away from the tangent space of
the physical solution manifold. In this sense, the two-step residual
favors not only low PDE error, but also local physical stability of
the refinement trajectory, which is especially desirable for few-step
consistency sampling.

In principle, one could impose analogous penalties at more inter-
mediate steps, but this would substantially increase training cost.
Empirically, we found that the 2-step loss gives a good tradeoff
between efficiency and performance.

tr (COVZ(R(Yx,z'))) =b},

3.6 Inference and Forward Problem Solving

At inference time, our framework supports two distinct modes
of operation. When sampling random solution-coefficient pairs
from the learned joint distribution, we directly apply the standard
consistency model sampling procedure, enabling fast generation
via single-step denoising updates.

In contrast, solving the forward problem—where the coefficient
field a is given and the solution u is sought—requires a conditional
generation mechanism. In this setting, naively applying uncon-
ditional sampling is insufficient, as the model must respect the
prescribed coefficients while satisfying the governing PDE. We
therefore reformulate the forward problem as a zero-shot inpainting
task.

We introduce an iterative inference procedure that treats the
consistency model as a learned solver. Leveraging the zero-shot
inpainting strategy proposed in the original Consistency Models
framework [21], we strictly enforce the known coefficient channels
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a,pbs via a hard projection operator P at each denoising step. This
guides the generative trajectory to evolve on the manifold defined
by the specific physical instance. Formally, for a generated state x
and a binary mask M (where M = 1 for coefficient channels and 0
otherwise), the projection is defined as:
P (X, Xobs) =M O Xops + (1 - M) O . (16)

Importantly, this procedure does not involve explicit numerical op-
timization or gradient-based PDE residual evaluation at inference
time. Instead, the trained model implicitly encodes the coupling
between a and u. The iterative "predict-project-renoise” updates act
to align the generated solution with the imposed coefficients, lever-
aging the robustness induced by our two-step training objective to
correct approximation errors.

Algorithmic details of this projection-based forward solver are
summarized in Appendix A.

4 Experiments

We evaluate the efficacy of our framework on several canonical
steady-state PDE benchmarks (Darcy flow, Poisson, and Helmholtz
equations), as well as the time-dependent Navier-Stokes equations.
We adopt the pre-computed datasets released by the DiffusionPDE
authors [6]. These datasets were generated using high-fidelity finite
element method (FEM) solvers on a 128 x 128 spatial grids, providing
50, 000 paired samples for each equation family. Unless otherwise
specified, we utilize the L2 norm (p = 2) for the PDE residual penalty
across all evaluations.

4.1 PDE Problem Settings

We consider a suite of standard elliptic PDEs alongside the time-
dependent Navier-Stokes equations. Full mathematical definitions
are provided in Appendix B.

4.2 Evaluation Metric: Relative H! Error

For forward solution prediction in elliptic PDE benchmarks, prior
work often relies solely on the relative L? error to quantify solu-
tion accuracy. However, this metric can be insufficient for physics-
informed assessment, as it measures pointwise proximity but is
insensitive to high-frequency oscillations or gradient mismatches.
As a result, a candidate solution may achieve a low L? error while
exhibiting non-physical roughness that violates the governing dif-
ferential equation.

To more rigorously assess physical validity in forward solution
prediction, we adopt the relative H! error. This metric accounts for
both solution values and their spatial derivatives, ensuring that pre-
dicted fields are not only accurate but also smooth and consistent
with the underlying physics. Different metrics are employed for con-
ditional inference and unconditional sampling, and are introduced
in the corresponding experimental sections.

Definition. For a predicted solution @ and ground-truth solution
u defined on a domain Q, the squared H' norm is defined as

Il ) = el g +IVl ) = [ TP e [ 9 ax. 1)
Q Q
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The relative H! error is then given by

12— ull g (o)

8H1 = (18)

el g1 (o)

Implementation. Since the solutions are defined on a discrete
grid with spacing h, spatial derivatives are approximated using
second-order central differences at interior points and first-order
differences at the boundaries. The discrete H! norm used in our
evaluation is

lellZ ~ > (leas1? + 16ces 12 + 16e:517) 1,

ij

(19)

where e = i — u denotes the error field, and dy, §, are discrete
ei+l,jfei—l,j)
2h :

central difference operators (e.g., dxe; ;

4.3 Implementation and Baselines

To assess the impact of our physics-informed fine-tuning, we com-
pare the proposed method against its pre-trained base model and
established diffusion-based solvers.

Network Architecture. To ensure a fair comparison with the base-
line, we adopt the U-Net backbone used in DiffusionPDE [6], which
is based on the DDPM++ architecture [23]. We modify only the
parameterization and normalization components relevant to consis-
tency training. Specifically, while DiffusionPDE employs the EDM
formulation [9] with diffusion-specific pre-conditioning, we remove
these scaling factors and operate directly on the underlying U-Net
trunk. We then apply the TrigFlow parameterization described in
Sec. 3.1.

To improve training stability, we further adjust the normalization
layers. As observed in the sCM framework [15], the standard AdaGN
layer can lead to divergence in consistency models; accordingly,
we replace it with a modified Adaptive Double Normalization that
incorporates pixel normalization [8].

Training Protocol. Training is conducted in three sequential phases.
We employ the AdamW optimizer [14] throughout all stages, with
hyperparameters summarized in Appendix C.

(1) Diffusion Pre-training: We first train a score-based diffu-
sion model to approximate the data distribution pgata(a, u).

(2) Stage 1 (Consistency Training): We initialize the consis-
tency model from the pre-trained diffusion weights and op-
timize it using the standard sCM objective (Eq. 5) to enforce
self-consistency.

(3) Stage 2 (Physics Fine-Tuning): Starting from the Stage 1
checkpoint, we fine-tune the model using the physics-informed
joint Min—Max objective (Eq. 10), with the coefficient decoder
frozen. The balancing parameters A are initialized to Ainit
(Table 4) and optimized jointly with the model weights.

Metric: Number of Function Evaluations (NFE).. To quantify in-
ference efficiency, we report the Number of Function Evaluations
(NFE) rather than raw sampling steps. This metric directly reflects
the number of neural network forward passes and is independent
of the specific numerical solver. DiffusionPDE employs Heun’s
second-order solver [9] together with Diffusion Posterior Sampling
(DPS) [4]. This predictor—corrector scheme requires two network
evaluations per sampling step, leading to an NFE of 2T — 1 for T
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sampling steps. In contrast, our sSCM-PINN supports single-pass gen-
eration, requiring only one network evaluation per step (NFE = T).

4.4 Forward Problem Results

Table 1 summarizes the quantitative results for forward PDE solv-
ing. All reported metrics are computed as averages over 256 ran-
domly selected test samples. We evaluate the models under varying
computational budgets to examine the trade-off between inference
efficiency and physical accuracy.

Accuracy and Stability. Our physics-informed model (sCM-PINN)
consistently outperforms the Stage 1 data-only baseline (sCM)
across all three physical systems. For the Darcy Flow benchmark,
physics-informed fine-tuning reduces the relative H! error by ap-
proximately 42% at 65 steps (1.05x 107! vs. 1.81x 10™1), demonstrat-
ing that the frozen-decoder strategy successfully injects physical
constraints without degrading the learned data distribution. Impor-
tantly, SCM-PINN also achieves accuracy comparable to or better
than the DiffusionPDE baseline while operating at substantially
fewer function evaluations.

Computational Efficiency. Thanks to the consistency formulation,
sCM-PINN converges rapidly to physically accurate solutions. On
the Darcy Flow benchmark, sCM-PINN reaches a relative error of
1.10 x 107! in only 17 evaluations, whereas DiffusionPDE exhibits
a substantially higher error (3.49 x 10™!) even after 127 evaluations.
This corresponds to an effective inference speedup of nearly 7.5 in
terms of network evaluations. On the Poisson equation, sCM-PINN
attains a relative error of 1.81 X 10~ ! with 65 evaluations, slightly
improving upon DiffusionPDE with 127 evaluations (1.85 x 1071).

Table 1: Comparison of relative H! error for the forward
problem averaged over 256 test samples. The best results
are highlighted in bold. NFE denotes Number of Function
Evaluations.

Method NFE Darcy Flow Poisson Helmholtz ~ Navier-Stokes
DiffusionPDE 31 637x1071 9.99x 107! 1.38x 10° 1.13 x 10°
63 4.18x107' 534x107!  1.20x 10° 8.65x 107!
127 349%x107! 1.85x 107! 9.37x107!  3.85%x 107!
sCM 17 2.00%x107!  4.17x107' 431x107!  2.79x 107!
33 1.92x107' 333x107! 3.34x107'  2.40x 107!
65 1.81x107! 2.78x107! 282x107!  2.12x107!
sCM-PINN (Ours) 17 1.10x107' 3.20x107' 376 x107'  2.06 x 107!
33 1.08x 107! 228x107! 2.87x107'  1.62x 107!
65 1.05x107! 1.81x107! 233x107! 1.43x107!

Wall-Clock Efficiency. While the number of function evaluations
(NFE) provides a hardware-agnostic measure of sampling complex-
ity, it does not fully capture the computational cost of diffusion-
based solvers that rely on gradient-based guidance. In particular, Dif-
fusionPDE employs diffusion posterior sampling (DPS) [4], where
each sampling step incurs the additional overhead of backpropa-
gating through the PDE residual operator.

To account for this discrepancy, we additionally report wall-clock
inference time (See Appendix D for details), comparing sCM-PINN
with DiffusionPDE for generating a single sample (batch size =
1). Despite using a similar number of steps (65 vs. 63), SCM-PINN

10561

KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

achieves substantially lower inference time (1.56s vs. 3.86s), as
each step consists solely of a forward network evaluation, whereas
DPS requires repeated gradient computations. Furthermore, we
benchmarked sCM-PINN against a traditional CPU Immersed In-
terface Method (IIM) solver [11] for Darcy flow. Averaged over 100
samples, the IIM solver takes 1.40s per sample, demonstrating that
sCM-PINN reaches comparable practical clock time to a traditional
numerical solver, while additionally supporting joint generative
modeling.

4.5 Conditional Source Reconstruction Results

We evaluate the framework’s ability to perform conditional gen-
erative inference, in which the source term a(x) is inferred from
partial or complete observations of the solution field u(x). This
task corresponds to an ill-posed inverse setting, in which multiple
source configurations may be consistent with the same observed so-
lution. We consider Poisson and Helmholtz benchmarks and report
quantitative results in Table 2.

Metric Selection (Relative L? vs. H!). Unlike the forward problem,
we adopt the relative L? error as the primary metric for conditional
inference. This choice reflects the ill-posed nature of inverse PDE
settings, which are inherently sensitive to high-frequency pertur-
bations and may admit multiple valid reconstructions. Moreover,
while the solution field u is typically smooth due to elliptic regu-
larity, the source term a is not necessarily differentiable and may
contain sharp transitions or discontinuities.

Formally, the H' norm requires a function and its first weak
derivative to be both square-integrable (i.e., both u € L? and Vu €
L?). Specifically, for the solution u of the Poisson and Helmholtz
equations to exist in H?, the source term a only needs to belong
to the dual space H™!. Even if a € L2 (which implies u € H?), the
source term a might not belong to H'.

As a result, an H'-based metric would disproportionately pe-
nalize high-frequency components and overemphasize small-scale
artifacts, leading to a misleading assessment of reconstruction qual-
ity. We emphasize that our goal is not to recover a unique ground-
truth source, but rather to generate physically consistent source
realizations conditioned on the observed solution.

Table 2: Comparison of relative L? error for conditional
source inference averaged over 256 test samples. The best
results are highlighted in bold. NFE denotes the Number of
Function Evaluations.

Method NFE Poisson Helmholtz
DiffusionPDE 31 1.21 % 10° 1.34 x 10°
63 891x107'  1.20x 10°
127 4.56%x 107! 9.74x 1071
sCM-PINN (Ours) 17 5.92x107! 572x107!
33 485x1071  4.58x 107!
65 3.99%10°! 3.81x107"
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4.6 Unconditional Sampling

Beyond forward problem solving and conditional inference, we
evaluate the quality of unconditional samples generated by each
model. In this setting, samples are drawn directly from the learned
joint distribution p(a,u) without conditioning on observations.
This experiment assesses whether the generative prior learned by
each method captures both the data distribution and the governing
physical constraints in a free-form generation regime.

For unconditional sampling, the exact solution is not available, so
evaluation must rely on PDE residuals rather than solution errors.
In this setting, an H!-type error is not well-defined, and it is more
appropriate to measure the L? norm of the residual to assess physical
consistency.

To quantify physical fidelity, we compute the normalized PDE
residual ||R||, - k2, where R denotes the residual operator and h is
the grid spacing. Lower values indicate closer adherence to the gov-
erning equations. Since unconditional samples are not constrained
by observations, this metric evaluates physical plausibility rather
than exact solution accuracy, reflecting the quality of the learned
generative prior.

Table 3 presents the quantitative comparison. Notably, sCM-
PINN achieves the lowest residual errors across all three bench-
marks while requiring only 2 function evaluations (NFE). This
suggests that physics-informed fine-tuning improves not only con-
ditional accuracy but also aligns the learned generative prior more
closely with the underlying physical laws. In contrast, the standard
sCM baseline exhibits substantially higher residuals (up to 20x
higher on Darcy Flow), indicating that data-driven training alone
struggles to enforce physical consistency in unconditional genera-
tion. While DiffusionPDE performs robustly, sCM-PINN matches or
exceeds its physical fidelity with a 30X reduction in computational
cost.

We visualize unconditional samples for Darcy Flow in Figure 3.
Qualitatively, sSCM-PINN produces sharp, coherent coefficient inter-
faces and smooth solution fields that closely resemble the reference
data. The residual maps further reveal that DiffusionPDE tends to
produce localized high-error regions in high-permeability zones
(a = 12), whereas sCM-PINN maintains more uniform physical
consistency across the domain.

Table 3: Comparison of unconditional sampling quality. We
report the normalized PDE residual (||R]|, - h%), where lower
values indicate better physical fidelity.

Method NFE Darcy Flow Poisson Helmholtz ~ Navier-Stokes
DiffusionPDE 63  3.22x107% 1.18x1072 1.99x 1072  1.92x 1072
sCM 2 444x1071  4.05%x1072  467x1072  2.12x1072
SCM-PINN (Ours) 2 2.00x1072 1.13x107% 1.11x10"2 7.52x1073

4.7 Ablation Study: Effect of Freezing the
Coefficient Decoder

In this section, we investigate the role of freezing the coefficient

decoder during Stage 2 physics-informed fine-tuning. We com-

pare our proposed approach against a baseline where the entire
model is trained jointly without freezing any components. For this
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Figure 3: Unconditional Sampling Quality (Darcy Flow). Vi-
sual comparison of generated coefficient fields a (left), solu-
tion fields u (middle), and absolute PDE residuals |R]| (right).
The baseline sCM (middle row) exhibits visible artifacts,
whereas sCM-PINN (bottom row) produces sharper coeffi-
cient interfaces and solution fields with lower and more uni-
form residuals, comparable to those obtained by the 63-step
DiffusionPDE baseline (top row) while requiring only 2 func-
tion evaluations. Note the reduced residual variance in the
sCM-PINN samples relative to the diffusion baseline.

joint training baseline, we modify the Simplified Consistency Term
(Eq. 9) in the total loss to explicitly supervise the coefficient channel.
Specifically, we replace the component-wise masked loss with a
full-state L, loss over both coefficient and solution channels:

-

Coefficient Mode Collapse. In the Darcy Flow problem, the perme-
ability field a(x) takes discrete values in {3, 12} with approximately
equal probability. When we allow the coefficient decoder to up-
date during physics fine-tuning, the model rapidly collapses to a
unimodal distribution concentrated at a ~ 12. We attribute this
behavior to the observation that higher permeability values yield
smoother pressure fields u for a fixed forcing term. Consequently,
the optimizer minimizes the PDE residual by shifting the coeffi-
cient distribution toward these simpler configurations, effectively
ignoring the target data distribution learned in Stage 1.

X 2
Xt
O'd’t

fseM-L2-joint (05 %, 1) = ”Fe( .

Quantitative Analysis. Figure 4 compares the pixel-wise his-
tograms and spatial coefficient maps of the generated fields. We
generate 128 samples from each model using two-step sampling,
visualizing both pixel-wise value distributions and representative
spatial coefficient maps. The joint training baseline (red) exhibits
severe mode collapse, failing to capture the low-permeability mode
properly. In contrast, our frozen decoder approach (blue) preserves
the ground-truth statistics (gray) while still minimizing the PDE
residual. These results indicate that disentangling input generation
(Stage 1, fixed) from solution optimization (Stage 2, active) is critical



Stabilizing Physics-Informed Consistency Models via Structure-Preserving Training

for preserving the learned coefficient distribution while enforcing
physical consistency.

Coefficient Distribution Analysis
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Figure 4: Analysis of Coefficient Mode Collapse. (Top) Pixel-
wise histogram showing the bimodal ground-truth distri-
bution (gray). Joint training (red) collapses the distribution
to a single mode at a ~ 12. (Bottom) Representative spatial
samples. The joint-training baseline (middle row) produces
only high-permeability features, whereas the frozen decoder
strategy (bottom row) recovers the full coefficient structure.

4.8 Extended Experimental Results

To broaden the scope of our evaluation, we conducted extended
experiments (Appendix E).

Deterministic Operators: We compare against FNO [12] and
DeepONet [16] for forward problems. While FNO excels on Poisson
and Helmholtz, it is a strictly supervised model. Conversely, sCM-
PINN natively supports stochastic modeling and outperforms FNO
on Darcy Flow (Table 6).

Distributional Fidelity: We benchmark against concurrent
physics-informed models (PBFEM, PIDM) on their specific Darcy
Flow dataset. Evaluated via Wasserstein distance (WD) and Jensen-
Shannon divergence (JS), sCM-PINN maintains distributional qual-
ity orders of magnitude better than these baselines at just 2 NFE
(Table 7).

Navier-Stokes System: Building upon the forward and uncon-
ditional results presented earlier, we provide extended evaluations
for this time-dependent system in Appendix E.3. For the inverse
problem (Table 8), sCM-PINN achieves a lower H! error than Diffu-
sionPDE in fewer steps. For unconditional generation (Table 9), we
analyze the computational trade-off, showing sCM-PINN achieves
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the lowest PDE residual at just 2 NFE, and recovers highly compet-
itive distributional fidelity (WD and JS) when scaled to 17 NFE.

Sensitivity and Training Cost: Our method transfers robustly
without exhaustive tuning. Transitioning to Stage 2 at varying
checkpoints yields stable metrics, proving precise scheduling is
unnecessary (Table 10). Total training requires ~17 hours on an
RTX 4090.

5 Conclusion

In this work, we introduced sCM-PINN, a physics-informed con-
sistency modeling framework for efficient PDE solving and phys-
ically grounded generative modeling. We identified key stability
challenges that arise when enforcing physical constraints in con-
sistency training, where naive joint optimization can lead to de-
generate solutions and coefficient mode collapse. To address this
issue, we proposed a structure-preserving training strategy based
on a two-stage protocol that couples a frozen coeflicient decoder
with a physics-informed residual objective. This design stabilizes
optimization, enabling the model to respect physical laws while
preserving the learned generative prior.

Across Darcy Flow, Poisson, and Helmholtz benchmarks, sCM-
PINN consistently achieves strong physical accuracy with substan-
tially fewer function evaluations than diffusion-based PDE solvers.
In particular, sCM-PINN attains the lowest relative H' error among
the evaluated methods while requiring only a small number of
model evaluations at inference. Ablation studies further demon-
strate that freezing the coefficient decoder during physics fine-
tuning is critical for preventing mode collapse and maintaining
the diversity of the learned coefficient distribution. Moreover, un-
conditional sampling experiments show that sSCM-PINN produces
physically plausible samples with only two function evaluations,
whereas diffusion-based baselines require orders of magnitude more
computational effort. By bridging the efficiency of consistency mod-
els with the rigor of physics-informed learning, sSCM-PINN offers
a promising direction toward real-time scientific simulation and
generative modeling of physical systems. Future work will explore
extensions to more complex PDEs, time-dependent dynamics, and
higher-dimensional settings.

6 Limitations and Ethical Considerations

Our multi-phase training pipeline introduces additional implemen-
tation overhead, and the continuous-time formulation requires
Jacobian-Vector Products (JVPs), increasing memory cost. As our
experiments use only synthetic open-source PDE data, we foresee
no ethical concerns.
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Algorithm 1 Measurement-Constrained Consistency Sampling
(TrigFlow)

Require: Consistency Model fy(x,t), Observation X,ps, Mask M.
Require: Time schedule o > t; > -+ > ty (Where ty = 7/2,ty =
0).
Require: Data deviation o.
1: Initialize: Sample noise z ~ N (0,1).
. Set initial noisy state x;, < 04z (assuming ty ~ 7/2).
: Initial Estimation:
X — fo(x4, to) {Predict x( using Eq. 4}
% — M O Xops + (1 — M) O X {Apply measurement constraint}
: forn=1to N do
Sample fresh noise z ~ N (0,1).
Re-noising (TrigFlow):
Xy, < cos(t,)X + sin(t,)oqz {Back-project to manifold at ¢,}

10:
11:
12:
13:
14:
5:

Consistency Update:

%X — fo(x4,, tn) {Jump to data origin}

Projection:

X «— M O Xgps + (1 — M) © % {Enforce measurements}
end for
return x

—_

B PDE Problem Details

Darcy Flow. Darcy flow describes fluid transport through porous
media and serves as a standard benchmark in hydrogeology and
reservoir modeling. We consider the steady-state 2D Darcy flow
equation on the unit square Q = (0,1)%

-V (a(x)Vu(x)) = f(),
where u(x) denotes the fluid pressure and a(x) is the permeability
field. We evaluate on two commonly used Darcy-flow benchmarks

that differ in their coefficient fields, forcing terms, and boundary
conditions.

x€eQ, (20)

DiffusionPDE Benchmark. The DiffusionPDE benchmark is dis-
cretized on a 128 x 128 spatial grid over the unit square domain
Q = (0,1)?, with homogeneous Dirichlet boundary conditions,

u(x) =0, x € 9Q. (21)

The source term is fixed as f(x) = 1. The permeability field is a
piecewise-constant medium taking values in {3, 12}, representing
a composite material with distinct permeability regions.

PBFM/PIDM Benchmark. We also consider a second Darcy flow
benchmark adopted in recent studies on physics-informed gener-
ative modeling [1, 2]. This benchmark is discretized on a 64 x 64
spatial grid and imposes homogeneous Neumann boundary condi-
tions together with a mean-zero pressure constraint:

Vu(x) - n(x) =0, X € 99,

/(; u(x)dx = 0.

The permeability field is modeled as a continuous log-normal Gauss-
ian random field, a(x) = exp(G(x)), where G(x) is a Gaussian

(22)
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random field. The source term is given by

r, lf |.‘X‘i vy < %,
f)=3-r if |x-1+% <2, (23)
0, otherwise,

with r =10 and w = 0.125.

Poisson Equation. As a fundamental elliptic operator, the Poisson
equation models potential fields arising in electrostatics, gravitation,
and steady-state heat conduction. We solve

Viu(x) = a(x),
u(x) =0,

X € Q,

24
X € Q. (24)

In this setting, a(x) acts as a spatially varying source term, while
u(x) represents the resulting potential field. The source terms are
synthesized using Gaussian random fields (GRFs), yielding a diverse
collection of smooth input structures.

Inhomogeneous Helmholtz Equation. To assess the model’s ability
to handle wave-like phenomena, we consider the inhomogeneous
Helmholtz equation, which augments the Poisson operator with a
reaction term:

Viu(x) + kK*u(x) = a(x),
u(x) =0,

X € Q,

25
x € Q. (25)

We fix the wavenumber at k = 1. As in the Poisson case, a(x)
denotes the source distribution. The addition of the linear reac-
tion term k?u(x) introduces oscillatory behavior in the solution
manifold, posing a qualitatively different challenge from the purely
diffusive Darcy and Poisson systems.

Non-bounded Navier-Stokes Equation. We consider the incom-
pressible Navier-Stokes equation for the vorticity.

aw(x,t) +o(xt) - Vw(x, t) = vAw(x, 1) + (%), x € Q,t e (0,
V-o(xt) =0, x e Q,te]0,
(26)

Here w = V X v is the vorticity, v(x, t) is the velocity at x at time ¢,
and q(x) is a force field. The viscosity coefficient is set to v = 1073,
which corresponds to the Reynolds number Re = lv = 1000.

C Training Hyperparameter Settings

We provide the training hyperparameters for our training protocol,
which is summarized in Table 4.

Table 4: Training hyperparameters. LR: Learning Rate, BS:
Batch Size. Epochs are listed for (Darcy / Poisson / Helmholtz
/ Navier-Stokes). Aj,ir denotes the initialization of the learn-
able loss masks {1y, A1, A;} in Stage 2.

Stage LR BS Ainit Epochs (D/P/H/N)
Pre-train 1le-3 16 - 10/10/10/10
Stage1 1le-3 2 - 8/8/8/8
Stage2 le-4 2 {10,-10,-10} 1/2/2/2

T]
T]
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D Hardware and Runtime Analysis

All inference experiments were conducted on a workstation equipped
with an Intel i7-13700 CPU and an NVIDIA RTX 4090 GPU with
24GB of VRAM.

Table 5 compares the wall-clock time required to generate a
single Darcy flow solution. First, we compare against the generative
baseline. sSCM-PINN significantly outperforms DiffusionPDE (1.56s
vs. 3.86s) by eliminating the computational overhead of the iterative
gradient-based guidance used in DiffusionPDE.

Furthermore, to demonstrate practical utility, we benchmarked
our sSCM-PINN against a traditional CPU Immersed Interface Method
(IIM) solver [11] for Darcy flow. Averaged over 100 samples, the IIM
solver takes 1.40 seconds per sample. At our maximum forward-
problem setting (65 steps, batch size 1), sSCM-PINN achieves com-
parable wall-clock time at 1.56 seconds. We note that since the
IIM runs on the CPU and sCM-PINN runs on the GPU, the precise
timing ratio will vary with different hardware configurations.

Table 5: Wall-clock sampling time (in seconds) for generating
a single Darcy flow sample.

Method Hardware NFE Time (s)
IIM (Traditional Solver) CPU (i7-13700) - 1.40
sCM-PINN (Ours) GPU (RTX 4090) 65 1.56
DiffusionPDE GPU (RTX 4090) 63 3.86

E Extended Experimental Results

This section provides the comprehensive quantitative tables sup-
porting the additional evaluations discussed in Sec. 4.8.

E.1 Comparison to Deterministic Neural
Operators

To show that our generative approach is competitive in accuracy
for forward problems, we compared sCM-PINN against determinis-
tic neural operator baselines, specifically FNO and DeepONet. As
shown in Table 6, SCM-PINN (at NFE=65) achieves competitive
forward-solving relative L? errors against deterministic baselines
and DiffusionPDE, outperforming FNO on the Darcy Flow bench-
mark.

While FNO excels on Poisson/Helmbholtz, it is a strictly super-
vised, deterministic solver tailored solely for forward tasks. This
deterministic nature makes FNO more restrictive for uncertainty
quantification, inverse problems, and learning from partial or scarce
observations. Conversely, sSCM-PINN is a unified generative model
that natively supports stochastic modeling, unconditional sampling,
forward solving, and source reconstruction.

Table 6: Relative L? error comparison against deterministic
neural operators.

Method Darcy Flow Poisson Helmholtz
DeepONet 1.23x 107" 143x107! 1.78x 107!
FNO 530x 1072 820x1072 1.11x107!
DiffusionPDE  7.31x 107! 244x107!'  1.02x 10°
sCM-PINN 2.80x107%2 891x1072 1.36x107!




KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

Table 8: Inverse problem results (reconstructing initial state
wo) on the Navier-Stokes system. We report the relative H!
error.

Method NFE Inverse H'

DiffusionPDE 31 1.33 x 10°
63 1.17 % 10°
127 9.17x 107!

sCM-PINN (Ours) 17 8.17x 107}
33 7.24x107!
65 6.68x1071

Table 9: Distributional metrics and PDE residuals (uncondi-
tional sampling) on the Navier-Stokes system across varying
computational budgets.

Method NFE  ||Rll, - h? WD JS
DiffusionPDE 63 1.92x107%2 4.45x1073 3.45x107*
sCM 2 2.12%x1072  2.40%x107% 297x1073
17 1.93x107%2 208x1073 1.23x107*
sCM-PINN (Ours) 2  7.52x107% 1.24x107! 1.24x107!
17 1.87x1072 281x107% 142x107*

E.2 Distributional Fidelity and Concurrent
Baselines

To demonstrate that sSCM-PINN ensures distributional fidelity along-
side physical accuracy, we benchmark against concurrent physics-
informed generative models (PBFM and PIDM). For this evaluation,
we utilize the specific Darcy Flow dataset introduced by PBFM and
PIDM, which is distinct from the primary Darcy Flow dataset ana-
lyzed in the main paper. To ensure a strictly fair comparison and to
address reporting discrepancies regarding generative quality, we
evaluated all models using PBFM’s exact residual implementation
alongside our distributional metrics.

We evaluate distributional fidelity using the Wasserstein distance
(WD) and Jensen-Shannon divergence (JS), while physical fidelity
is measured via the normalized PDE residual ||R||, - h%. During
training, sSCM-PINN utilized the exact same network hyperparam-
eters from our Helmholtz and Poisson setups, demonstrating its
out-of-the-box robustness. Additionally, for the physics-informed
fine-tuning on this specific dataset, we set the residual loss norm
to p =1 (as defined in Eq. 10).

As shown in Table 7, sSCM-PINN drastically reduces PDE residu-
als while maintaining WD (1.93 x 1072) and JS (7.23 X 10~°) orders
of magnitude better than PBFM and PIDM at just 2 NFE (vs. 20-100
NFE).
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Table 7: Distributional metrics and physical fidelity on the
Darcy Flow dataset.

Model NFE  ||R|l, - h? WD ]S

sCM 2 426%107% 1.85%x107% 7.56%x107°
sCM-PINN 2 239x107%® 1.93x1072 7.23x107°
PBFM 20 211x107% 270x 107! 1.72x 1072
PIDM 100 2.98x107% 9.83x 1072 1.33x1072

E.3 Extended Evaluation on the Navier-Stokes
System

To adapt our generative formulation to the Navier-Stokes system,
we map the initial vorticity state wy to the coefficient channel
(a = wp) and the final state wr to the solution channel (u = wr). By
jointly modeling the distribution of (wy, wr), the frozen-decoder
strategy generalizes effectively, yielding a unified inference frame-
work capable of solving both the forward problem (predicting wr
given wy) and the inverse problem (reconstructing wy from wr).
Tables 8 and 9! summarize our findings. For the inverse problem,
sCM-PINN outperforms DiffusionPDE’s H! error in fewer steps. In
the unconditional generative setting, sSCM-PINN achieves the lowest
overall PDE residual at just 2 NFE. Furthermore, when scaled to 17
NFE, our model surpasses the 63-step DiffusionPDE baseline across
all evaluated metrics (PDE residual, WD, and ]S), while achieving
distributional fidelity (WD/JS) highly comparable to the base sCM.

! Distributional metrics differ from our OpenReview rebuttal due to a corrected evaluation
implementation.

E.4 Sensitivity and Training Cost

As shown in Table 10 for the Darcy Flow benchmark, transition-
ing to Stage 2 at varying Stage 1 checkpoints (epochs 4, 6, and
8) yields stable metrics within the same order of magnitude. This
demonstrates that our pipeline is robust to transition timing with-
out requiring precise scheduling. Total training takes approximately
17 hours on a single NVIDIA RTX 4090 GPU. Finally, for all evalua-
tions, we standardized our inference budget to 65 NFE for forward
problems and 2 NFE for unconditional sampling.

Table 10: Sensitivity to Stage 1 to Stage 2 transition epoch
(Darcy Flow).

Stage 1 epoch Relative H! (forward) ||R||2 - h* (unconditional)

4 1.08 x 1071 2.35 %1072
6 1.09 x 1071 2.43 %1072
8 1.05x 107! 2.00 X 1072
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