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1 Introduction

1.1 Motivation and model formulation

Fluid—structure interaction problems in which thin elastic structures interact with the
surrounding fluid find many applications throughout the natural sciences and engineering
[8,12,13,25,32,39]. One of the simplest of such problems is the 2D Peskin problem,
in which a 1D closed elastic structure is immersed in a 2D Stokes fluid. There have
been extensive computational studies of this and related problems [3,17,26,27,35]. More
recently, the 2D Peskin problem has been studied analytically in [4,9,23,31,36]. In an
important variant of this problem, the elastic structure is assumed to be inextensible,
motivated in particular by the properties of lipid bilayer membranes. This and related
problems have been studied computationally by many authors as models for red blood
cells and artificial membrane vesicles [24,25,30,34,38,39]. A distinguishing feature of
such inextensible interface problems is that the unknown tension o must be found as part
of the problem. The tension o plays a role analogous to the pressure in incompressible
flow problems. In this paper, we consider the static problem of determining the tension o
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of a 1D inextensible interface immersed in a 2D Stokes fluid given a prescribed interfacial
force density F.

Before we state our problem, let us first consider the following dynamic problem. Let
I'; denote a sufficiently smooth simple curve that depends on time ¢ which partitions R?
into the interior region €1 and its complement 2y = Rz\{Ql U T} The velocity field u
and p satisfy the Stokes equations in R?\I';

—Au+Vp=0 inR2\ T} (1)
V.-u=0 inR>\T, ()

We have assumed that the viscosity of the interior and exterior fluids are the same and
normalized to 1. We let I'; be inextensible. Parametrize I'; as X(s, ) where s is both an
arclength and Lagrangian parametrization of the curve. For definiteness, we assume that
the parametrization is in the counter-clockwise direction along the curve I';. Since s is the
arclength parameter, we have

T =1, T = 3:X, (3)

where s is the partial derivative with respect to s and 7 is the unit tangent vector on
I't. We assume, without loss of generality, that the length of the string is 27 so that
s € S! = R/(2wZ). We impose the following interface conditions on I'; to the Stokes
equations (1) and (2)

[u] =0 onTy, (4)
[[(Vu + (vl — p]I) n] = F[X] +dsot), onT, )

where [Lis the 2 x 2 identity matrix and # is the unit normal vector on I'; pointing outward
(from 21 to 27)

01
n= as)(L = Rn/2f = Rn/ZasX: Rn/2 = (_1 0) .

In the above, [-] denotes the jump in the enclosed value across I'y

If1:=fla, — fla,-

Thus, Eq. (4) enforces continuity of the velocity field and (5) specifies the jump in stress
across the interface I';. Note that the interfacial force given in the right hand side of
(5) consists of two terms. The first term F is a mechanical force determined by the
configuration of X. A typical choice is to let the string generate a bending force

FX] = —d!X. (6)

The second term in the right hand side of (5) is a tension force that ensures where the
tension o (s, £) is to be determined as part of the problem to enforce the inextensibility
constraint. The string position moves with the local fluid velocity

0 X(s t) =ulX(s ), t), (7)

where 9; is the partial derivative with respect to ¢, so the inextensibility constraint can be

written as

9 10X % = 20,X - 9;0,X = 27 - dsu = 0. (8)
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—Au+Vp=0
I'( [Zn]=F +08(c0,X)
Q) [u] =0
X(s) T-0u=0

Fig. 1 Schematic diagram for the tension determination problem

The above condition is equivalent to (3) assuming that the initial parametrization is with
respect to arclength. To specify the problem completely, we finally impose the condition
that # — 0 and that p be bounded as |x| — oo.

The above dynamic problem has been considered, from modeling and computational
points of view, by different authors primarily as a 2D mechanical model for red blood
cells in flow [5,11,29,32]. We also point out that the problem of finding the steady states
of the above dynamic problem, taking F as in (6), reduces to the problem of finding the
minimizers of the Willmore energy under a perimeter and interior area constraint. This
constrained minimization problem and its 3D counterpart have been studied by many
authors [6,33,38].

In this paper, we consider the following static problem of determining the tension o (s)
given a force density F(s) defined on the interface (Fig. 1). This may be considered as a
subproblem of the above dynamic problem. Let I be a fixed simple curve, parameterized
by arclength as X(s), s € S! = R/27Z as above. The Stokes equations are satisfied in
R2\T as in (1)—(2)

—Au+Vp=0 inR>\T, 9)
V.-u=0 inR>\T. (10)

Given an interfacial force density F(s), we impose the following interfacial conditions as

in (4)-(5)
[#]) =0 onT, (11)
[[(Vu + (V)T —p]I) n| =F+d(ct), onT. (12)
We then have the inextensibility condition as in (8), which allows for the determination
of o
0s (u(X(s)))-T=0 onT. (13)

We again impose the condition that # — 0 and that p be bounded as |x| — oo. In order

for u — 0 as [x| — 00, we must impose the condition

/Fds:O,
r

Our problem is thus to solve for the unknown tension o, together with u# and p, given a
force density F that satisfies the mean zero condition given above.

In addition to its intrinsic interest, an understanding of the above static problem should
pave the way toward an analysis of the dynamic problem. Furthermore, an analysis of the
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above problem should give insight into the numerical algorithms for this problem. Indeed,
all numerical algorithms to date for dynamic inextensible interface problems solves for o
at each time step [18,25,39].

The paper that is directly relevant to our paper is [18], where the authors provide an
analysis of the above tension determination problem motivated by the need to develop
numerical algorithms for the Navier—Stokes version of the dynamic problem. There, the
authors consider the problem in which a term az, @ > 0is added to (9), and Q2 is bounded
domain. The authors define a notion of weak solution by formulating the problem as a
saddle point problem, and prove an inf-sup inequality to establish existence and unique-
ness in an L? based Sobolev space. We shall comment on the relationship between this
and our results where appropriate.

1.2 Well-posedness

Let CK(A), k = 0,1,2, ... be the space of functions with continuous k-derivatives on the
set A, where A = S!, R?, or R2\T". We shall mostly work with CK(SY). Define the norms
on CK (Sl) as

Hf“ck = Z [f]ck, [f]ck = sup

i=0 seSt

ok .
Next, a function f in C° (Sl) is in the Holder space C%” (Sl), 0 < y < 1iff satisfies

f(s) = f(s)] o

su
S =S

5,8'eSt

For the definition of the norm of C%7 (S!), we may restrict the range of s and s'. For
example, set the range as |s — 5’| < 1. Then, define the norm as

f(s) = f ()]

s —s'”

I llcor = lco + Ulcor» [Fleor =

|s—s'|<1
since

sup [f(s) —f(s)]

Is —s'|”

<2flco+[Fcor -

s5,5'eSt

Next, we define the Holder space CK7 (S!). The function f is in Ck7 (S!) if f € C* (S!)
and Bsk f is in cor (Sl), where the norm is defined as

|[f||ck,y = “f”Ck + [aff]co,y'

We will frequently write f = f(s) and /' = f(s’) and use the notation

Af = f(s) = f(s)  Duf =F(s+h) —f(s).

To estimate expressions which feature denominators of the form |AX|, we will need the
following quantity
X(s) — X(s)

/

|X|, := inf
s#s' s§—3S§




P.-C. Kuo et al. Res Math Sci (2023)10:46 Page50f55 46

This condition allows us to estimate AX from below
|AX] = X[, |s = ']

It is easily seen that X(s) is a simple curve if and only if |[X|, > 0. Indeed, |X|, = 0 if
and only if |3;X| = 0 at some s or if there are points s # s" such that X(s) # X(s').
Given our arclength parametrization, [3;X| = 1 # 0; thus, |X|, > 0 is equivalent to the
condition that X has no self-intersections. We shall also make use of the Lebesgue spaces
IP(SH,1 < p < oo.

Before we state our result, we give a precise definition of what we mean by a solution to
the tension determination problem. Let the stress tensor be

() = Vau) + (Vu@)T — p@)], (14)
and define limits

Fq,(s) = lim X(X(s) — tn(s))n(s), Fq,(s) = lim X(X(s) + tn(s))n(s), (15)
t—0+ t—0+

where n(s) = X(s)* is the outward normal on I".

Definition 1.1 (Solution of Tension Determination Problem) Assume F € C%(S!), X €
C%*(SY and X[, > 0. Let u, p, o belong to the following function spaces

ue CPRN\IMNNC'R?Y, peC'®RN\NNL (R?), oecClSh, (16)

where LIIOC(RZ) denotes the space of locally integrable functions in R2. Suppose # and p
satisfy the following conditions in the far field
lim sup |u(x)| =0, lim sup |p(x)| < 00, (17)
R—)Ole‘:R R—>00|x|2R
We say that u, p, o are a solution to the tension determination problem if the following
conditions hold.

1. u and p satisfy the Stokes equations (9) and (10) in RZ\T".

2. u, p, osatisfy the condition (12) in the following sense. The limits in (15) exist, this
convergence is uniform, and Fo, — Fq, = F + (0 7).

3. The inextensibility condition (13) is satisfied in the following weak sense. For any
w e CL(S!), we have

/ u(X(s)) - os(wt)ds = 0.
St

The above represents the weakest possible condition on F, X and o if we are to make
pointwise sense of the interface condition (12). It turns out that, when X is merely C(S!),
the inextensibility condition (13) cannot be satisfied pointwise. We hence impose this
condition in a weak sense.

Before we state our well-posedness result, let us consider the case when X is a circle.
Given F, assume uy, pg, 0p are a solution satisfying (9)—(12). Let

1 ifxeQy
xo (&) = , (18)
0 otherwise.
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We claim that u = uo, p = po + cxq,, 0 = 0o + ¢ for any constant c is also a solution.
The functions #, p clearly satisfy (9)—(11), so we only need to check (12).

[[(Vu + (Vu)T —p]I) n) = [[(Vuo + (V)T _l’OH) n] — c[xe,n]

=F + 95(007) —cn=F + 9(o 7).
The above argument is essentially just the Laplace-Young law applied to a circle. We thus
see that when X is a circle, the tension o is not uniquely determined. In fact, this turns
out to be the only obstacle to uniqueness.

Theorem 1.2 Suppose X € C*(S') with |X|, > 0, and
F-3,X € C®@SY, y €(0,1), F-a,Xx*teC'Sh, / Fds = 0.
Sl

Then, there exists a solution u, p, o to the tension determination problem in the sense of
Definition 1.1 with the following properties.

1. IfX is not a circle, the general solution can be written as u, o, p + c wherec € Ris an
arbitrary constant.

2. IfX is a circle, the general solution can be written as u, o + c1, p + c1xqQ, + ¢2 where
X, is as in (18) and c1, c2 € R are arbitrary constants.

Furthermore, o € C¥Y (S') and d;u(X(s)) € LP(S'), 1 < p < oo, so that (13) is satisfied for
almosteverys € SL. If, inaddition F € C% (SY)and X € C>7 (S}), then d;u(X(s)) € C” (S)
and (13) is satisfied pointwise.

The additional smoothness requirements on F, X needed for (13) to be satisfied point-
wise are explained in Remark 1.7.

Remark 1.3 Let the force F in (6) be the bending force F = —834X . Let us also assume
that X € C* (Sl) so that F is defined pointwise. Obviously, fsl Fds = 0and F - BSXl =
—3X - 3,X+ e CO(SY). In addition,

F-3X = —32X - 9,X = 332X - 92X e C'(Sh).
Therefore, F = —8s4X satisfies Theorem 1.2.

We thus see that the tension determination problem has a unique solution o if and only
if X is not a circle. This suggests that as I" approaches a circle, the problem of uniquely
determining the tension o becomes increasingly singular. We shall further investigate this
solution behavior in Sect. 3.

Remark 1.4 The results of [18] imply that if F € H~1/2(I'), then there is a suitable weak
solution o € L%(I"). Theorem 1.2 shows that ¢ is one derivative smoother than F in the
Holder scale. It is thus likely that even in the L? Sobolev scale, o gains one more derivative
compared to F.

We also note that [18] claims that the tension determination problem always has a
unique (weak) solution, regardless of whether I' is a circle. This seems to be due to the fact
that [18] considers the weak solution corresponding to the following problem in which
(12) is replaced by the following condition

[[(Vu + (V)T —p]I) n]| =F 4 9(0t) + ckkn
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for some constant ¢, and where « is the curvature, and the following mean-zero constraint

is imposed on o

/ods:O.
r

It is straightforward to see from our results that o, in the sense above of [18], is always
uniquely determined regardless of whether I" is a circle.

To prove the above well-posedness result, we first rewrite the problem in terms of a
boundary integral equation for the unknown tension o. Let F = F + 05(c 7) denote the
right hand side of (12). It is well-known that the velocity field # and pressure p can be
expressed as

u@ﬁ:ﬂﬂ@%:/”G@—X@%ﬂﬂﬁﬁ (19)
Sl
px) = P[F](x) :== /S e X(s)E(s')ds’, (20)
where
1 rer
Gr) = — (GLINL+ Gr(r)), GL(r) = —log|r|, Gr(r) = ——5
4 |r|
1 T
1= 5 1
Moreover, the stress tensor X will be
% () = T[F](x) := /S Ol — X(s)Fi(s)ds), (21)
where
o _ _l Yitrk
OL]k(r) =7 |r|4 .

The relevant properties of the above potentials will be discussed in Sect. 2.1. Take the limit
as x — X(s) in (19) to obtain

u(X(s)) = SFIX(s)) = S[F](s) = [5 | G(X(s) = X()E(s)ds'. (22)

Now, we can rewrite Eq. (13) as

39X - 0,5[05(09sX)] = —9:X - 9;S[F].
Let us define operator £ and Q as follows:

Lo = Q[ds(09:X)], Q[F] = 98X - 3;S[F]. (23)
Note that £ depends on X. Thus, Eq. (13) becomes

Lo = —QIF]. (24)

46
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To study the solvability of Eq. (24), we need to understand the mapping properties of £
and Q under certain assumptions on the regularity of I'. Let us write the operator Q as
follows:

Qlgl = X - 3:Slgl = 3:X - 05 f G(X — X')g'ds’
st

Eclg] = o f GL(X — X\g'ds’, Frlg] = 9 / Gr(X — X)g'ds.
St St

It is useful to further decompose the operator Fc. When !s - ! < 1, we have

3,GLX — X)) AX - 93X 1 1 . s—s
— -X) = A ~ = co .
st |AX|? s—s 2

/

Note that % cot (%) is the kernel of the Hilbert transform H on S}, i.e.,

/

S)r e

(Hf)(s) == %p.v. /;1 cot (s

We thus rewrite FC as

1 ~ 1 1
EFC[g] = _ZHg + EFC[g]:
(26)

1 —s AX - 0, X
Fclgl = / Kc(s,s')g'ds', Kc(s,s') = 5 cot (S i ) - >
Sl

2 |AX|2

so we obtain
1 1
Q[F] = —ZBSX -'HF + EBSX - (Fc [F] 4+ Fr [F]).

The extraction of the principal part (in the above, involving the Hilbert transform) is
similar in spirit to the “small scale decomposition” used in the analysis and numerical
analysis of different problems in interfacial problems in fluid mechanics [1,10]. To state
our main result for the operator Q, we split F into tangential and normal components to
X

F =fit+ fon = 10, X + /o9, X ™+, (27)

Proposition 1.5 Let y € (0,1) and X € C%(S') with |X|, > 0. Let F be in the form of
(27), and suppose that fi € C®V (S') and f, € CO(SY). Then,

OIF) =~ Hfi + Ma(f) + Mos)

where My and My are bounded linear operators from C°(S') to C**(S!) forany a € (0, 1).
In particular, if F € C% (SY), then Q(F) € C%7 (S1).

To establish the above result, we first show in Proposition 2.6 that Fc and Fr are
operators that map functions in C%(S!) to C%*(S!), « € (0, 1). This follows from the study
of the properties of the associated kernels, and estimates similar to those used in [23].
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We then turn to the Hilbert transform term. Our main technical result is in the following.
Suppose v € C1(S!) and f € C(S!). In Proposition 2.8, we shall establish the following

commutator estimate
H(fv) = (Hf)v + R(f v),

where R € C%*(S!). This immediately yields
3sX - (H(f10:X + fo9,X 1)) = HAA + R

where R € C%%(S!). This, together with the estimates on Fc and Fr discussed above,
yields Proposition 1.5.

The mapping properties of £ are obtained as a direct consequence of the mapping
properties of Q established in Proposition 1.5. Indeed, note that

35 (00:X) = 050 0,X 4+ 002X = ;00X + 50X, & = 092X - 9. X .

Applying Proposition 1.5 with fi = 3;0 and f; = &, we obtain the following result.

Proposition 1.6 Given X € C%*(S') with |X|, > 0, then, for any y € (0,1), we have
L:CY(SY) s CO7(SY). In particular,
1

L£0) = = HG() + M),

where M is a bounded operator from C1(S') to C*¥(S!) for any a € (0, 1).

In this proposition, since o € CV7(S!) — CI(S), it is obvious that M is a bounded
operator from C7 (S!) to C%¥(S!) for any « € (0, 1).

Remark 1.7 9;u(X(s)) can be split into
du(X(s)) = H (002X + F) + R (0, X),

where R (o, X) is a bounded operator from C1¢ (Sl) x C? (Sl) to C1@ (SI) for any 0 <
a < 1. Note that, the Hilbert transform H is a bounded operator in L”(S),1 < p < 00
and C%(S),0 < a < 1 but not in C°(S). Therefore, if X is only in C2(S!) and F is only in
o (Sl), H (cr BSZX + F) (s) may not be defined pointwise. If X € C>%(S')and F € C* (Sl)
for some o, H (002X + F) € C* (S).

Finally, to solve (24), we consider the following equation

1 -1 1 -1
(1 + ZHBS) Lo=— (l + EHBS) Q[F].

Thanks to Proposition 1.6, the operator acting on o on the left hand side can be written as
I+ K, where K is a compact operator from C7 (S!) to itself, whose details are provided in
Sect. 2.3. We may use Fredholm theory to establish the well-posedness, which implies that
L is invertible if and only if its nullspace is trivial. We demonstrate that £ has a non-trivial
nullspace if and only if I' is a circle. If T is a circle, the nullspace is given by the constant

functions, i.e.,

L1 =0if T is a circle. (28)
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1.3 Behavior of £ near the unit circle
As we saw above, the operator £ has a non-trivial null-space if and only if T is a circle.
Thus, as I approaches a circle, we expect £ to become increasingly singular. In Sect. 3,
we study the behavior of £ when T' is close to a circle.

For purposes of studying £ near a circle, it is convenient to change the parametrization
of X from the arclength s to polar coordinate 6. Condition (12) now becomes

[[(Vu + (V)T —p]l) n] 19X = F(8) + (0 (0)z(6)) onT,
where F(0) is the force density with respect to the 6 variable. The tension determination
problem in the 6 variable can be reduced to an integral equation in exactly the same way
as in the case of arclength parametrization. In fact, the problem we obtain turns out to be
identical to (24) except the arclength variable s is replaced by the polar coordinate 6
Lyo = —Qy[F], Lo = Qylde(oT)], Qu[F]=7-0S[F],

Silg) = /S GOX(O) — X(0)g(0)d0"
In Sect. 3.1, we obtain a precise relationship between L (in the arclength variable) and Ly
defined above. Like £, it is shown that £y maps C7(S!) to C?(S!). Furthermore, L is
invertible if and only if £ is invertible. We may thus study the invertibility of £y when I'
is near a circle. Define
0
Xe=X.+eY =1+eg) X, Xc = (Cf)s ); (29)
sin 6
where g is a C? function. When ¢ = 0, X, = X is the unit circle. Let £, be the operator
Ly when X = X, then
Lo =1 - 098, [0p(0Te)]

0 X
=T 89/ G(AX,)dp (0 (0")T:(0")db’, T = e .
st [0 X |

Here and henceforth, Af denotes the difference f(6) — f(6") when applied to a function of
0. When ¢ = 0, the arclength and polar coordinates coincide, and thus £y has a nullspace

of constant functions (see (28)). Our goal is to understand the behavior of this null space.
We consider the following eigenvalue problem

Leop = A0y, / afde = 27w, whereig =0, o9 = 1. (30)
Sl

For small values of ¢, A, is nonzero but small, and is expected to quantify the near-
singularity of £,. We will prove the following result.

Theorem 1.8 Suppose g in (29) is in C*(S'), and suppose it has the following Fourier
expansion

g(0) =go+ Y _ (gn cos (n0) + guz sin (16)). (31)
n>1

There is an g, > 0 so that if |e| < e, there is a unique )\, that satisfies (30) with the
following properties:

1. M\ issmoothine and g < 0.
2. If X, is not a circle for ¢ # 0, there are constants Cy and Cy that do not depend on ¢
so that:

C
-1
”['g ||B(CV(Sl);C1'V(Sl)) <C+ mforo <lel < &y
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where B in the left hand side is the operator norm of L' as a map from CY (S) to
clv(sh.

3. Ag has the following expansion around ¢ = 0:

he = 2282 + O(el?), 22 = 2 Yl = ik + &) (32)
n>2

The first item in the above theorem follows by the implicit function theorem and is
proved in Sect. 3.2. The non-positivity of A, is shown in Sect. 3.1, as a consequence of the
negative semi-definiteness of the operator Lg. The second item, which demonstrates that
magnitude of A, controls the near singularity of L, is also shown in the same Section.
The third item is the subject of Sect. 3.3.

In Sect. 3.4, expression (32) is verified against numerical experiments. We use a boundary
integral method to solve the tension determination problem and to compute the eigen-
values of the operator £.. We see that the expression for A3 is in excellent agreement with
the numerically calculated eigenvalues. In particular, when g,; = g;» = 0 for n > 2, we
see that 15 = 0. In this case, we expect that A, = O(|e|*) since A, < 0. We indeed observe
this behavior in our numerical experiments. We summarize the results and discussion for
future outlook in Sect. 4.

In Appendix A, we have collected some basic statements about layer potentials for
Stokes flow and their proofs. These results are standard and classical, but we have found it
difficult to locate in the literature the precise statements we need in this paper. Appendix
B contains some calculations needed to carry out perturbative calculations around the
unit circle performed in Sect. 3.3

2 Well-posedness of the tension determination problem
2.1 Stokes interface problem and layer potentials

Consider the following Stokes interface problem

—Au+Vp=0, V-u=0 inRAT,

[u] =0, [Sn]=FonT. (33)

We seek a solution in the function spaces given in (16) and suppose that the stress jump
condition is satisfied in the sense of item 2 of Definition 1.1. That is, given the stress X (x)
defined as in (14), the uniform limits of (15) exist and that the limiting functions satisfy
Fq, — Fg, = F. We quote the following result.

Theorem 2.1 Suppose X € C*(S') |X|, > 0 and F € CO(SY). Then, u(x) = §[F] and
p(x) = P[F](x) defined in (19) and (20) is a solution to the Stokes interface problem (33).
Moreover, u(x) is continuous across the interface I' and

|u(x)|—>0asx—>oo<:> Fds = 0.
Sl

Remark 2.2 1tis clear that u(x) = S [F] and p(x) = P[F](x) belong to the function spaces
in (16), and satisfy the Stokes equation. It is standard that S [F] is continuous across the
interface I'. The important part is to check whether u# and p indeed satisfy the stress
interface condition in the sense specified above. This result is classical and can be found,

for example, in [28]. We leave the discussion about Theorem 2.1 in Appendix A.
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As a consequence, we also have the following result.

Corollary 2.3 Let X and F be as in Theorem 2.1, and suppose F satisfies:

/ Fds = 0. (34)
§1

o~

Let u = S[F). Then, we have

1 2
—/ ’Vu-f—(Vu)T‘ dx:/u~[-'ds.
2 R2\I" r

Proof This follows from the usual integration by parts argument for (33) where we set u =
S[F] and p = P[F]. Integration by parts is justified by Theorem 2.1, and the sufficiently
fast decay of u and Vu at infinity, which is in turn guaranteed by (34). We omit the details.

O

We state the uniqueness statement for the Stokes interface problem as follow.

Proposition 2.4 Suppose X € C*(S') |X|, > 0and F € C°(S') and satisfies (34). Con-
sider a solution to the Stokes interface problem (33) that satisfies the growth condition (17)

at infinity. Then, the unique solution u is given by u = S[F] with p = P[F] + c where c is
an arbitrary constant.

This is also well known, but we have not been able to find this precise statement and
proof. We include a proof of this fact for completeness.

o~

Proof That u = S[F] and p = P[F] + c satisfy (33) follows from Theorem 2.1. It is
also clear that they satisfy the decay estimate (17). What remains to be shown is that the
problem (33) with F = 0 only admits the trivial solution # = 0 and p = ¢ where ¢ is an
arbitrary constant. Let w = (w1, wy) and v be compactly supported smooth functions in
R2. Multiply the Stokes equations by w and the incompressibility condition by v. Integrate
by parts and use the interface condition with F = 0 to obtain

f(u-V(V-w)—|—u~Aw+pV-w)dx:0, fu-Vvdx:O, (35)
R2 R2

Let ¢ be a compactly supported smooth function, and let w = V¢. Plugging this into the
first equation in the above, we have

/ Qu - V(AQ) + pAp)dx = / pApdx =0,
R2 R2

where we used the second equation in (35) with v = A¢ in the first equality above.

1

loc (R?), p is a distribution, and is weakly harmonic. By a result of Weyl (see,

Sincep € L
for example, Appendix B of [16]), weakly harmonic functions are harmonic. Thus, p is
smooth and satisfies Ap = 0. Given (17), p = ¢ by Liouville’s theorem. Putting p = ¢ in

the first equation of (35), and using the second equation in (35) with v = V - w we have

/ u- Awdx = 0.
R2

This again implies that each component of # is weakly harmonic, and thus, harmonic.
Given (17), u = 0 by Liouville’s theorem. O
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2.2 Properties of operators Q and £
Let u, p, o be a solution to the tension determination problem in the sense of Definition
1.1. According to Proposition 2.4, #(X(s)) can be expressed in terms of o and F as follows

-~

u(X(s)) = S[F + 95(00;X)](X(s)) = S[F + 05(0'9;X)](s),

where S was defined in (22). We now study the properties of 3;S[F]. For this purpose, we
make use of the decomposition discussed in (25) and (26). We start with some technical
results.

Lemma 2.5 LetX = (X1, X3) € C? with |X|, > 0and Y € C'. Consider

AX; 1 AX;
Ai(s, ) = —=, Bi(ss) = —— [ 9:X; — —= ).
|AX| |AX| s—¢s
We have
AY Yl IX _
i} (—|AX|)’ < clle e HT;('||2 let s _ g1, (36)
*
X X X% _
|, sc”|X”|Cz, |as/Ai|sc%, il = €= Cls—s|™,  37)
* % *
X X112 _
B < e g <o sy (38)
| X IX:

A naive application of estimate (36) to d;4; will not produce the first inequality in (37),
and here, we take advantage of an additional cancellation. Similar cancellations are used
to establish (38).

Proof The estimate (36) can be established by direct computation as
o (AY Y  AYAX-AX| _ Yl IXlc s
|AX]

Cllaxi T axpP T e
For the remaining inequalities, we make repeated use of the following

AX; 1
3 X; — . ;/ = ‘/ (95X (s) — 95X (05 + (1 —9)s’))d9' <Xl |s—5]. (39)
- 0

From this, the first inequality in (38) is immediate. Let us move on to the first inequality
in (37).

AX; 1 AX; AX
o (o ) = o (0 — - 0X ).
|AX[) ~ |AX] |AX] |AX]

The expression in the parenthesis on the right hand side of the above is

AX; AX
si___'asx
[AX] |AX]
2
AX:  AXi < AXp [ AXp
= |9:X; — —9X,
s s—s’+|AX|kX_;|AX| s—s ok

>

<ClXlc|s—+

where we used (39) in the inequality. From this, we obtain the first inequality in (37). The
second inequality in (37) follows from the first inequality since

|0y Ail = |90 Ai(s,5)] -
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For the third inequality in (37), we have

AX; AX -3y X' AX; AX
35y = X 3sX

|AX] |AX 3 T |AX]|AX]
AX - 3,X . AX; AX )
—_— X — ———— - 3y
|AX| [AX| [AX]

2
AX; AX; AX
— asXi [0y X — —L = .3,x ).
* laxp &7 (0% - i )

The terms in the three parentheses on the right hand side of the above can be estimated
in the same way as in (39). This yields the third inequality in (37). Finally, for the second
inequality in (38), note first that

AKX (v X — AXi/(s —5))
T |AX| |AX|

=:B;1 + Bj>.

i
Using (36), we have

X112,
X3

|8sB,;1| <C | — /|71.

For B;>, we have

9Bis = — -
sDi,2 (S —S’) |AX| |AX|3

/A —
14

(3:Xi — AXi/(s — )  AX-d,X ( . AX; )
S / i
s§—S

Using (39), we see that

X112,

|0sBi2| < C X2

’s—s’|_1,

Combining the above estimates on 9;B;;1 and 9;B;>, we obtain the second inequality in
(38). O

The above lemma allows us to prove the following estimates on Fc[g] and Fr[g], defined
in (26) and (25).
Proposition 2.6 Let X € C*(S') with |X|, > 0, g € CO(S"). Then, for any a € (0, 1),

I1X112,
X2

|Felel]con < € el co-

and
X112,

||FT[g] ||Co,a =< CW

lellco-
where C depends on o, and is independent of X and g.

Proof First, let us estimate Fr[g].
Let

AX;AX;

Jaxp YT

Qfu] = 05 / K(s,shu'ds', K(s,5') =
Sl
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To estimate Fr[g], it suffices to estimate Q[u]. Since

95K (s,8') = —0yK(s,s") + (05 + 9¢) K (s, 5")

AX - AdX AX;AX; Ads X AX; + AX; A3 X
|AXP?|AX)? |AX?

= =y K (s, 8') + Ka(s, s),

= —0yK(s,s') —2

we can split K[u] as
Qlu] = /Sl (—3yK(s,s) + Ka(s, s')) u'ds” :== Qi[u] + Qa[u].

Let us estimate the kernel of Kj.

X1 c2
X1
where we used the notation of Lemma 2.5 and used (37) as well as the fact that |A4;] < 1.

We thus have

|Qu[ul] E/ |0y K (s, s )| ds' < C
st

09K (s, 8')| = |y AiAj| < |AidyA; + (09 ADAj| < C ) (40)

X1l
1X .

To estimate the Holder norm of Kj [#], we need the following estimate

2
lullco. (41)

2
X112,

X |2

0505 K (s, 8")| < |Aids0yAj + (3509 Ai)Aj + 405 Aj + 0y A;0A;| < C ls—s/|"

>

where we used (37) in the inequality above. Without loss of generality, we set 0 < h < 27,
and define the intervals

To=(s—h/2 <s <s+3h/2), Iy =S"\T,.

Then,

ApQilu] = ,/;1 Nogk(s, s")u'ds' :[ Ny K (s, s )u'ds' —1—/ Ny K (s, s )u'ds'.
s If

On Z;,

X X
< cXle: ||u||co/ as < cXle o
|X|>x< Is |X|>x<

/ Ny K (s, 8 )u'ds'
s

where we used (40). On Z;, by mean value theorem, there exists & between 0 and / s.t.

X112,

|ARdyK (s, 8')| = |0505k(s + &, 5")| h < Ch 5 |s+&— s’|_1
XI5

IX12 _ _
< Ch gz (}s+h—s’| 1+‘s—s" 1),

| XI5

o)
NS g ”X”%‘Z -1 -1 ’
N0y K (s, su'ds'| <Ch > llullco <|S+h -5 ‘ + ’s -5 ’ )ds
I X5 i
X112
<C—S |lullco b |log .

X |2

46
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Using the above inequality and together with (42), we have

1 X1l c2 ||X||2Cz
[ApQi[u]l < C— llullcoh+ C
Xl ¢ X2

*
_ Xz
- 2
X2

llull co 1t [log A

lullco %0 <a < 1,
where the last constant depends on «. Together with (41), we obtain

1X 12,

|Qilu]llcoe < C——=—
X2

el o - (42)

The estimate Q2[u] follows similarly. First, we have the following estimate, which directly
follows from the expression for K»

X1 c2
Ky(s,s)| < C—=.
[fals ] = €75,
Using (36) and (37), we also have

2
|0:Ka(s, )| < Ml

These estimates are the same as those of 95k (s, s), and thus, using the same steps as in the
estimates for Kj [#], we obtain

X112,

1Qa[u] || cow < C—E2
X2

llll o

where the constant C depends only on «. The above together with (42) yields the estimate
on Q[u] and hence on Frg].
Next, for Fc[g], let us define

1 s—§ 1
Rc(s, §') == = cot — 43
clss) 2CO< 2) (43)

s—s
We decompose the kernel K¢ (s, s') defined in (26) into two parts
K¢ = K + Rc,

where

§—S

s AX - (83X - M)

|AX|?

By Taylor expansions for cot function, R¢ is smooth in both s and s/, and

|Rc(s,s")| < Cols—

s |9sRe(s 8)| < C

for some constant Cp, C; which depend only on the expansion of cot(s). Using (37) and
(38), we see that

IX112,
X3

11Xl c2
1X .

|Ki(s,s)| < C |s — s’|71.

, |osKi(s,s)| = C
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Combining the bounds on R¢ and Ki, we have

|I<C(S,S/)| < C”X“CZ

<X |0sKc(s,s)| < C

Using the same procedure used to prove the estimate on Q; [#], we obtain the estimate

1X 12,

|Fclgl] coa = Cxe le |l co
*

for some constant C which only depends on «. ]

We now have the following result on the properties of 3;S[F].

Corollary 2.7 Let X € C*(S') and |X|, > 0 and let F € C®Y(S'). Then, 3;S[F] €
CO7(SY) and is given by

9;S[F] = —%HF+FC[F] + Fr[F].

IfF € COSY), then the above is still valid, but 3;S[F] € LP(S'),1 < p < 0o and 3;S[F]
should be interpreted in the weak sense. That is, for any w € C LS, we have

—/ 3SW-S[F]dS=/ w - 0;,S[Flds.
st st

Proof When F € C%7(S'), the decompositions of (25) and (26) are valid pointwise, so we
have

9;S[F] = —%HF—FFC[F] + Fr[F].

Note that F € C%7(S!) ¢ C(S!), and thus, by letting @ = y in Proposition 2.6, we have
Fc[F] + Fr[F] € C%¥(S!). Since the Hilbert transform maps C% (S!) to itself, we have
dsS[F] € CO(SY).If F e CO(S!), we need to use a standard approximation argument. Let
Fy € C%7(S!) be a sequence of functions that converges to F in C°(S!). Then, we have

1
0sS[Fi] = = HF ) + FclFi] + Fr[F]
Multiplying the above by w € C!(S!) and integrating by parts, we have
1
—/ dsw - S[Fylds = / w- <——HFk + Fc[Fg] +FT[Fk]) ds = / w - 3;S[Fylds.
st st 4 st

Letting kK — oo and noting that the Hilbert transform is bounded from L#(S!) to itself
when 1 < p < 00, we obtain the desired result. O

Note that, as a consequence of the above corollary, Q[F] = 9,X - 0;S[F] is well-defined
for F € C°(S'). We now proceed to prove finer properties of the operator Q as stated in
Proposition 1.5. Define the following commutator

[H.f]g == H(fe) — fH(g).

We prove the following estimate.
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Proposition 2.8 Givenf € C}(S') and g € C° (S'), then for any « € (0, 1),

[[H.r1ellcor = CIf it llgl co-

where C depends on «, and is independent of f, g.

Proof First, we split ['H, f ] gas

['H,f]g:zi cot(s_ZS/>(f(s’) —f()g(s)ds

L[ R (6 s @e) s - o [ LI O g a
=141
where R¢ is defined in (43). Next, given the smoothness of R¢, we have
n=Clflelele [ Js=51a = Clflcolelco
where C only depends on the expansion of cot(s). For I,
1 =Cfleleles [ 85 =€l el o
Let us now examine d; ([, /] g).
o5l = % /S OsRe(s ) (f () =S (9) g (') ds’
— o [ Rets s @ (<) s,
o
ol < Clflesleles [ s =315+ C Il leleo [ s
where C only depends on the expansion of cot(s). For A,II,
L0 L (f DTE) o <s>) <Vl =
With the technique of A, Q1 [u] in Proposition 2.6,
184011 = C |f | Nl co 1 1 +10gH) = C [ o,
where C only depends on «. We thus obtain the desired estimate. O

We are now ready to prove Proposition 1.5.
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Proof of Proposition 1.5 Recall that
1 1
Q[F] = —=8sX - HF + —0,X - (Fc [F] + Fr [F)).
4 47
For the 9;X - Fc [F] term,
0.X - F¢ [F] = 9,X - Fc [10X] + 8,X - Fc [fzasXL] .
By Proposition 2.6,
|8:X - Fc [f13:X] | o < C IIBSXllcoa |Fc [/18:X] | cou

3
~[AaX] o = €5 ] co-

X|2
where we used |0,X| = 1. Likewise, we have

||X||Cz
|X|2

39.X - Fc [fZaSXL]

1]l co-

CO«

Similarly, for the 9,X - Fr [F] term, by Proposition 2.6, we obtain

[
Jox - Fr [ X] cow <C=8 WAl
%
X112,
. 1 C
aSX FT I:f‘ZasX jH CcOa — |X|§ |If2HC0

Let us now consider the first term in (44) which involves the Hilbert transform. First, note
that, for v € C! and f € C°, we have

H(fv) = (Hf)v + [H, v-]f. (44)
Applying this to f = f; and v = 9,X, we obtain

%X - H (fi0:X) = Hfi + 0sX - ([(H, 0,X 1 /1),
By Proposition 2.8, we get

[9:X - ([H, 3:X1 /1

) cou < C Xl coa [[[H: 3X1A ] coa < CUXIZ2 ] co-

Applying (44) with f = f» and v = 3,X* and using Proposition 2.8, we obtain

(595 . = - (01 = 120 ol

Therefore,

OIF] = ~ 3 Hfi + Ma(f) + Ma(f),

M) = —}Lasx- [H, 9:X1f1 + ﬁasx. (Fc [/10:X] + Fr [/19:X]),

1 [H, aSXL-]fzaSXL ¥ ﬁasx : (FC [fzaSXL] +Fr [fzasxi]),

Ma(fa) = 2
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where M1, M, are bounded maps from C(S!) to C%%*(S') for any « € (0, 1). The state-
ment on the mapping properties of Q follows from the well-known fact that the Hilbert
transform is a bounded operator from C%%(S) to itself for @ € (0, 1) (see, for example,
Sect.1.8.4 of [14]). O

Proof of Proposition 1.6 Recall that
Lo =Q[0s (03:X)].
Since
35 (00:X) = 8509, X + 002X = 3,0 9,X + 59X,

where & = 03, X" - 92X, we have

1 ~
Lo = —Z'Hasa + M1(850) + My (o).
Since [|6]lco < [ X2 llollco, the result follows by Proposition 1.5. O

2.3 Proof of well-posedness

We are now ready to prove the well-posedness of the tension determination problem.
Proof of Theorem 1.2, when T is not a circle

By Proposition 2.4, solving the tension determination problem in the sense of Definition
1.1 is equivalent to finding a ¢ satisfying

/ ds (WwdsX) - S(35(09,X) + F)ds = 0 for any w € C}(S!), (45)

Si

which, thanks to and Proposition 2.7, is equivalent to solving the following equation for o
Lo = —Q[F]. (46)

We would thus like to show that Eq. (46) has a unique solution in C»? (S!) when I" is not
a circle. Proposition 1.6 implies

1
Lo = <_ZH85 + M) o,

where M is a bounded operator from CL7 (S!) to C*(S?) for any « in (0, 1). We may take
y < a. Thus, solving the above equation is equivalent to solving

((1 + %Has> _a+ M)) o = O[F),

where [ is the identity map. Since the Hilbert transform is a bounded operator from
CO%(Sh) to itself for a € (0, 1) (mentioned in the proof of Proposition 1.5), (I + %HBS) is
a bounded operator from C¥(S!) to C%*(S!). We claim that (1 + %HBS) has a bounded
inverse. We now give a short proof of this fact for completeness.

Since C%%(S!) is embedded in the L? Sobolev spaces HKSY) for k = 0,1, we may view
(I + %Has) as a Fourier multiplier operator with symbol:

1
Ao(n) =1+ 1 |n|,n eZ.
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Since Ag(n) > 1forall n € Z, (I + %Has) is an one-to-one operator. The Fourier coeffi-
cients of f € C%*(S!) decay like ||~ for large |n|. Since
1 1 1
= S 4'_)
Ao(n) 1+ 11|nl ~ Inl

(I+ %’Has)ilf is in C1(S1). Since

n sgn (n)
=4sgn (n) — 4————,
Aoy ~ B i + 1 n]
o (I+1H0) ™' f = —aM(f — (I+ 1Hd,)™'f). Therefore, d; (I +1Hd,) ™' f is in
CY%(S1) and (1 + %Hﬁs)f is bijective from C1%(S!) to C%*(S!). By the inverse mapping
theorem

1 —1
I+ —Hos
( Tl )

is a bounded operator from C%*(S!) to C*(S') forany 0 < « < 1.

Using the above, we see that solving (24) is equivalent to solving
I+K)o =F,

where
1 -1
K:—<L+EH&) I+ M),
N 1 -1
F= (1 + ZHaS) Q[F] € C*7(Sh).

Note that K is a bounded operator from C17 to C1%, and since we have chosen o > ,
K is in fact a compact operator from CL7 to itself. Thus, by the Fredholm alternative
theorem, I + K is invertible if and only if

I+Ky =0

has a unique solution. We must thus show that if ¢ € C17(S!) satisfies Lo = 0, then
o = 0. Let
u(x) = S[d5(09X)](®), p(x) = P[ds(09:X)][x].

The above u# and p, together with o, solves the tension determination problem in the sense
of Definition 1.1. In particular, we have (see also (45)):

/ u(X(s)) - d(wdsX)ds = 0 for any w € CL(S?). (47)
Sl
By Corollary 2.3, we have

%Ay\r ‘Vu-f—(Vu)T‘zdx:/Fu(X(s))~85 (00, X)ds =0,

where we used (47) in the last equality. Noting that # is smooth in R?\I", we have

Vu+ (V)T =0
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and therefore # must be a rigid rotation. Since # — 0 as || — 00, we conclude that
u = 0 in the exterior region 2. Using Lemma 2.1, # is continuous across I', and thus
must be identically equal to 0 in the interior region 2; as well. Since u and p satisfy the
Stokes equation (9), we have

Vp = 0 for RA\\T.
Thus, p is constant within Q; and €. Let Ap := p|q, — pla,-. Inserting this into (12) with
F = 0, we have

Apn = 0s(0T) = (050)T + 0 05T, (48)
Since T - 9;t = 0, we have

90 =0, (49)
which implies that o is constant on I'. Equating the normal components implies

Ap=mn-001T=—0kK(S), (50)

where « is the curvature. If " is not a circle, « (s) is not a constant. Thus, 6 = 0.

O
Let us now turn to the case when I' is a circle.
Proof of Theorem 1.2 when T is a circle
We must solve (46). To do so, we first prove that, for g € C%(S!), we have
Qlglds = 0. (51)
Sl

Indeed,
/ Q[g]ds:/ T-0;5[glds = —/ an-S[g]ds:/ n-S(glds,
St St sl st

where we used the fact that I' is a unit circle, and thus, 852X = —n. Let u(x) = S| [g]x).
Then,

/Sln-S[g]ds:/;lnwt(X(s))dS:/QlV-udx:O, (52)

where we used the divergence theorem and the fact that u is divergence free. We thus
have (51).
Define the following function space with zero average

C'/G)’(Sl) — {W c C/G)/(Sl)

fwds:O}, k=012...,y €(01). (53)
Sl

From (51), we see that Q[F] € C%(S!). When o € C7(S!) ¢ CV7(S), clearly, Lo €
CO7(SY). Since Lo = Q[d5(03;X)], we see from (51) that in fact, Lo € C®(S!). We may
thus regard (46) as an equation for o € C7(S!) with right hand side in C%¥(S'). The
question of well-posedness thus reduces to the question of invertibility of £ as a map from
CL7(SY) to CO7(Sh).

Note that the operator Hd; maps C17 (S!) to C®7(S!). We may thus use exactly the
same argument as in the non-circle case to show that £ is invertible if and only if its
kernel is trivial. Thus, suppose Lo = 0. Again, using exactly the same argument as in the
non-circle case, we deduce (48), from which we see that o must be a constant, as in (49).
However, since k = 1 (does not depend on s) for a circle, we cannot conclude that o = 0
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as in (50). The kernel of £ thus consists of constant o. Since we have restricted £ to act
on CV7 (S1), this implies that o = 0.

For F satisfying the assumptions of the theorem statement, we thus see that (46) has a
solution og € C17(S!). If we take any general solution o € C%7 (S!), we have

L(oc —op) =0.

The above argument shows that 0 — ¢ = ¢ for some constant c. O
For future use, we collect some results that we proved above.

Lemma 2.9 When T isa circle, S[9st] = 0. The operator L has an eigenvalue of 0 with the
constant functions as eigenfunctions. Moreover, L is an invertible operator from C17 (S)
toCYSH),0<y < 1L

Proof The first statement follows from (52). Indeed, we have

/Sln~8[g]ds:/glg-8[n]ds:o,

where we used the symmetry of S. Since g is arbitrary, we see that S[n] = S[9;t] = 0.
The rest of the statements were already shown in the proof of the theorem above. ]

3 Behavior of £ when I' is close to a circle

3.1 Operator £ under general non-degenerate parametrization of I’

In this subsection, we translate our results for £ in the previous section to the case when

X is given an arbitrary non-degenerate parametrization. Let X(s) be a simple C? curve

parametrized by the arclength coordinate s € S! = R/LZ. Let us reparametrize this curve

by a strictly monotone increasing C? function s = ®(#), # € S! = R/27Z so that the

new parametrization is given by X (0) = X(®(0)). Now that our curve is parametrized by

0, the stress jump condition (12) in the tension determination problem is replaced by
SQ)N(

m onT.

where F = F(®(9))39® and 5(9) = o ((9)). Using the steps identical to those that led to

Eq. (23), we see that the equation satisfied by & is given by

Lo5 = —Qg[F), LoF = Qpls(5T)], Qo[F] =7 - 86Ss[F),

Solgl = fS GRO) X (0o

[[(Vu + (V)T — p]I) n]9p® = F(0) + 85 (F(0)70)), T =

(54)

Let L be the operator £ in (23) (except here, the length of the curve is not necessarily
normalized to 27). It is easily seen that the map Lg and £, have the following relationship.
For a function w(s), s € S}, define the map:

(@*w)(6) = w(P(0))
and likewise for (®~1)*. We have

Lg(6) = (99 P)(Lsg(@ ' (9)(P(6))) = (36P) (% 0 Ly 0 (P71)"g) (6.

Recall from Proposition 1.6 that L is a bounded operator from C¥ (Si) to C¥ (Si) where
0 < y < 1 (Proposition 1.6 proves this when length L = 27, but it is clear that this
statement remains true for arbitrary L). Note also that ®* is an isomorphism from C% (Si)
to C*(S!) for any 0 < a < 2. The map (®~1)* is simply the inverse map of ®*. Mul-
tiplication by dp® is an isomorphism from C“ (S1) to itself as longas 0 < o < 1. The
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above expression thus implies that £ is a bounded operator from C7 (S') to C¥(S!) for
0 < y < 1. Furthermore, we see that Ly is invertible if and only if L, is invertible. We
have the following proposition. It is convenient to introduce the L? inner product:

(el = [ r@0s, fe)= [ ro)-g@)a
We also note that the function spaces C*? (S') was defined in (53).

Proposition 3.1 Let T be a simple closed curve in R? such that its arclength parametriza-
tion X (s) is a C? function. Let 0 be an alternate C* non-degenerate parametrization such
that s = ®(0), 99 > 0. The operator Ly defined in (54) is a bounded operator from
CL7(SY) to CY(S') where 0 < y < 1. The spectrum of Ly consist of discrete and real
eigenvalues. Furthermore we have the following.

1. IfT is not a circle, all eigenvalues are negative.
2. IfT is a circle, the eigenvalues are negative except for a simple eigenvalue at 0.

Proof We have already proved the first statement. When I" is not a circle, we know that
Ly is invertible, and thus, £ ! exists and it is a bounded operator from C? (S') to C17 (S1).
Thus, £, lisa compact operator on CY(S1) with trivial kernel, and thus, the spectrum is
discrete and consist of eigenvalues. Thus, the spectrum of £y consists of eigenvalues, and
they are discrete and nonzero. To prove positivity, we note the following. Let o and pu be
CL7(Sh) functions that are real valued. Then,

(o) = [ WOYFE) - 8,GUX(0) ~ X(O') (o076 de'do
= - / 09 (L(O)T(0)) - G(X(8) — X(9)) (0(60")7(6))) db'd (55)
Sl

= (Lop,0),
where we integrated by parts in the second equality and used the symmetry of G(X(0) —
X (0')) and the Fubini’s theorem in the last equality. Substituting # = o into the above

expression, we have
(0, Loo) = — ./Sl 09 (0T) - Sp[0y(aT)]d0. (56)
Asin (19), define
u(x) = Sy[0p (0D (x) := fsl G(x — X(0)) 9 (0 T)db.
Using Corollary 2.3 with I" parametrized by 6, we find that:
[ oD Sitomieias =3 [

-
‘Vu + (Vu)" | dx > 0.
R2\I

Combining the above with (56), we have
(o, Lyo) < 0.

The symmetry (55) with the semi-negativity above immediately shows that all eigenvalues
must be non-positive. Since the eigenvalues of Ly are nonzero, they must be negative.
When T is a circle we note that L is invertible as an operator from C7 (Si) to C (Si)
as observed in proof of Theorem 1.2 when T" is a circle (see the discussion following (53)
and Lemma 2.9). Using this fact, we can prove our assertion in the same way as in the
non-circle case. We omit the details. ]
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Remark 3.2 The above proof shows that Ly is a symmetric negative semidefinite operator
on CY7(S), which is a dense subset of L>(S!). We thus see that £y has a Friedrichs
extension as a self-adjoint operator on L%(S'). We will not be making use of this fact in
what follows.

3.2 Eigenvalue problem for £ near a circle
We shall henceforth consider the case when X is close to a unit circle. Suppose I is close
to a unit circle in the C? sense. Then, it is clear that X can be written as

X(0) = Xc(0) + Y (60) = (1 +0)Xc(0), Xc(0) = (C."S(‘”) :
sin(0)
where g(6) is a C? function. This is simply the polar coordinate representation of the curve
. In the above and henceforth, we drop the ™ in Sect.3.1 when referring to quantities
parametrized in the 6 coordinate. We will discuss the properties of Ly when X is given by
(29), which we reproduce here:

X=X,=X,+¢eY = (1+sg)Xe.

We shall henceforth drop the subscript 6 when we refer to Lg, Sp and Qp of (54). Instead,
we will let £, S, Q. denote the respective operators when X = X,. Let us write out L,

Leo =T - 09S; [09(0Te)]

1
— e 00 [ (GUAXL+ Gr(AX.)ow (o' e)ds, 7. =
S

d X, (57)
19X |’
where 0’ = ¢ (6’) and similarly for other symbols with a prime.

We are interested in the behavior of £, when ¢ is close to 0. For this purpose, we first
examine the regularity of £, with respect to . For Banach spaces U and V/, let us denote
by B(U, V) the set of Banach space of bounded operators from U to V topologized by the
uniform operator topology. For a Banach space W and an open interval I C R we shall
use the notation C”(I; W) to denote the set of n-times continuously differentiable maps
from I to W. The smooth maps from / to W will be denoted by C*°(Z; W).

Proposition 3.3 Suppose Y(0) is a C? function. Then, there is an &y > 0 such that
L is a smooth map from & € (—&g, g9) to B(CY7(SY), C(SY)). In other words, L. €
C™((—€o, €0); B(CPY (Sh), CY(Sh)).

Proof Pickan M > 0 and m > 0 such that

Ylicz <M, sup [Xelcz =M,

lel<go

. . |x0) — X0
inf |X¢|,>m, |X|,= inf ————
lel<eo 0£0" |9 _ 9/|

This is always possible by taking &9 > 0 small enough. It is clear that
T, € C™ ((—¢0,20); C' (S1)). (58)

Next, let us consider dgS; [-]. Take derivatives of Gy (AX,) with respect to ¢.

dG(AX)— AX, - AY
de U0 T AR
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Moreover, for all ag, a1, Bo, B1 € N U {0},

d (AX:1)™ (AXe2)P (AY))™ (AY,)P1

de IAX, |0t0+0t1+/30+ﬂ1
(AX:1)% (AXe2)P0 (AY1)M (AY2)PT (AXp1AY7 + AXen AY)
|AX€|0¢0+011+/30+/31+2

N (AXe 1) (AX2)P 7 (A1) (AY2)P! (a0 AX 2 AYT + BoAX: 1 AY)
|AX, |060+0tl+ﬂo+/31 :

= — (oo + a1+ Bo + B1)

Therefore, j—;GL (AX,) is the sum of the terms of the form

(AXe1)™ (AXe2)P (AYT)™ (AY2)P!
|AX€|060+111+/30+/31

CaO:Oll:ﬁO;ﬂl

>

where g + a1 + Bo + B1 < 2n. Likewise, %GT (AX,) is the sum of the terms of

(AXe1)™ (AXe2)fo (AY1)™ (AY2)P
| AXS |a0+al +Bo+p1

CWO:WI:/SO;ﬂl

>

where ag+a1+Bo+p1 < 2n+2.Hence, by an argument similar to the proof of Proposition
2.6 (see also [23, Lemma 2.2]), for all |¢| < gg, n € N, %8985 [-] exists, and

2 a1+
n1 X112, 1Y
dentl 3Se [] o 0 = Z Cag,1,0.81 a1 +pL+2
B(COC™)  gptar+BotBr<2n+a Xl
M2n+6
<C——,
2n+6

where C depends on n, . We thus see that

d}’l
de"

3Se [] € C ((—0, 20); B(C° (1), C¥* (s1))).

Using the above, (58) and the expression for £, given in (57), we see that

LeeC” ((—80, &o); B (CL” (Sl), cor (Sl))) forn e N.

We now consider the eigenvalue problem:
Leo0oe = Aoy, / afde =27, whereig =0, og = 1. (59)
St

Note that, when ¢ = 0, the polar coordinate and the arclength coordinate coincide. Thus,
from Lemma 2.9, we see that 19 = 0 is indeed an eigenvalue and the constant function
oo = 1 is an eigenvector. The above can be seen as an eigenvalue perturbation problem
for small values of . We now establish this solvability.

Proposition 3.4 There is an €1 > 0 such that (59) has a solution for |¢| < &1, where A is
smooth in & and o, is smooth in & with values in C¥7(S1),0 < y < 1.
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Proof Let

F(o,h¢) = F\ Leo— Ao
T \R) T \Juo?do —27 )

F maps (0,4, ¢) € CP’(S!) x R x R to C”(S!) x R. Given Proposition 3.3, F €
C™(CP7 (S') x R x (—&0,£0); C* (S') x R), n € N. We check the invertibility of the
Fréchet derivative of the above with respect to o and A at A = A9, 0 = o0p, & = 0. This
derivative, which we denote by DF (09, Ao, 0) € B(C7(S') x R; C”(S') x R) is given by

w Low — w Ly el
DF (00, A0, 0 = , C(SY) xR
oo (%)= (52 n). (1) ecrens

This linear operator is one-to-one and onto. To show that this is a one-to-one map, let us
solve

Low—u=0, / wdf = 0.
Sl
From the first equation, we have
(1, Low — ) = (Lol,w) — 2 = =2 =0,

where we used the symmetry of Lo (see (55)) and Lol = 0. Thus, © = 0. Lemma 2.9
immediately shows that w = 0. To show that DF (oo, A, 0) is onto, let us solve

@w—uzﬁzfvmeszeCWQLveR (60)
Sl
We let

=L w= i = L)

M_Zn”_o a7’ ” 27 VTV

it is easily checked that this satisfies (60). Note here that f e C7(S) and thus Ly 1 f is well
defined by Lemma 2.9.
An application of the implicit function theorem yields the desired result. o

We have the following corollary, which shows that the behavior of A, determines the
near singularity of £, when ¢ is small.

Corollary 3.5 Suppose X is not a circle for € # 0. Then, there is an e3 > 0 such that

G
-1
||££ ||B(C1'V(Sl);CV(Sl)) = Cl + mforo < |8| = &y

where the constants Cy and Cy do not depend on € and L. is the solution to (59).

Proof Let )¢, 0 beasin (59), whose existence and smooth dependence on ¢ is guaranteed
by the previous proposition. Define the following projection operator

Pew = — (W, 0,) 0.
2

This is clearly a bounded operator on C”(S!) as well as on C17(S!). Now, define the
operator

New = Lo(1 — Po)w — Pow.

46
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Clearly, N, € C®((—ey, €1); B(CY7 (S1); C7 (S1))). Let us examine N
Now = Lo(1 — Po)w — Pow.

It is clear that this operator is invertible. Indeed, (1 — Po)w € CF7(S!) if w € CL7(S1),
and thus we may use Lemma 2.9. Since N varies smoothly with ¢, N; is invertible for
le| < & for some g9 > 0. Using this operator, we may write £, as

Lew = Ne(1 — P)w + A Pew.
From this, it is immediate that
1
Lw=NT11-Pw+ }L—Pgw, for0 < |e| < &3,
&

where we used the fact that A, # 0 given our assumption that X, is not a circle for & # 0.
By taking the C” (S!) norm on both sides of the above, we obtain the desired result. O

3.3 Computation of A,
Here, we explicitly compute the solution to (59) in a power series expansion up to order
2. Let:

he = Ao + A1E + Ao+ . (61)

This power series expansion is justified since A, is a smooth function of ¢ as shown in
Proposition 3.4. We know that 1y = 0. We also know from Proposition 3.1 that A, < 0.
Thus, we immediately see that

A =0. (62)

The first potentially non-trivial term in the expansion is thus A,. Our goal in this subsection
is to establish the last item in Theorem 1.8. We now solve (59) in powers of €. Let us expand
Ag as in (61), and similarly expand £, and o,. Substituting this expression into (59), we
have:

(Lo+eLy+ 82C2 + - og + €01 + 8202 + )
=(ho+er1 +&2ha + - oo + €01 + 20n + - - 1),

2
/ (60+80'1+82(72+---)2d0 = 27.
0

The leading order term in ¢ simply gives

2
Loog = Looo, / O'OZd@ = 2m,
0

for which the solution is Ao = 0, 09 = 1. The first order term in ¢ gives

,C()O'l = )»10'0 - ,610'0, / 01d9 =0.
1

S
By Lemma 2.9, the above equation for o; can be solved uniquely if and only if the right
hand side has the zero mean, i.e.,

1
(1, .1 — £11) =0, and thus A1 = 5 (1, £11).

T
where we used o9 = 1. We already know that A; = 0. Thus,

o1 =—Ly L11, (L, L11) =0,
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where £ ! is understood as being acting on C? (S?). Let us look at the determination of
A2. We have

Looy = —L101 — L200 + Aa0p, /

o2df = 0.
st

Again, the above is uniquely solvable for o7 if and only if the right hand side has zero
mean. From this, we see that

o= % (0 L21) + (1 £1£5"£01)). (63)

Our task then is to compute the above expression.

3.3.1 The operators 39S, Qo and Lo
We compute the kernel 9y G (AX ;) and 9y G7(AX,) (see (57)). Note that

: 0+6’
—sin® 0—p —sm(—)
39XC=< s ) AXC:2sir1( . ) 2

cosf CcOoS (0—0—70/)

We thus have

—AX, 00X 1 6 —6
9 GL(AX () = — = 77¢ = ( )

——cot
2

AX* 2
AXC®AXC> 1 ( sin (6 +6') — cos (0 +9/)>
=3 ,

0 GT(AX(0)) =0
0 T( C( )) 9( |AXC|2 —COS(0+6/) _Sln(6+9’)

Therefore, we have

WSulf] = 3= [ (0GLAXONT + BGr(AXO)) 0o

_ 1 1 sin(@ +6') —cos(@ +6") o
AT /s (— cos (6 + ') —sin (6 + 9/))“9 )9

This is all we need in the computation of 1,. We will, however, compute Qg and L for
later reference. This computation will allow us to obtain an explicit solution to the tension
determination problem when I is a circle. From the above, we immediately see that

1 1
Qo[F] = 39X, - 99S[F] = —99X.- ~HF — — | X.(0')- F(0")d¢’, (64)
4 8w st

Purthermore, we have
1 1
Loo = Qldn(rXa)] = ~0oXe - TH(@ (000X + 5 [ o0)do.
S

We may now solve Eq.(24) explicitly when T is a circle. The following results can be
proved using Lemma B.3 and Lemma B.4

Lemma 3.6

Lo(sin(n)) = —Z sin(n6), Lo(cos(nh)) = —Z cos(nf), n € N.

The above in fact shows that Loo = — %Haga.
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Lemma 3.7 Forn > 2,

Qo [cos (n0) X ;] = Qg [sin (n0) X.] =0,

Qo [cos (n0) 39X ] = —% sin (n0), Qg [sin (n0) 3 X.] = icos (n0).

Moreover,
1 . 1.
Qo [cosbX ] = 3 cos 0, Qo [sin6X.] = 3 sin 6,
1 1
Qo [cos By X,.] = ~3 sin 6, Qo [sin6dyX. ] = 3 cos 0,
and

Qo [Xc] =0, Qo[dpXc] =0

From the above two lemmas, the following is immediate.

Proposition 3.8 Suppose I is a circle. Suppose F is given in terms of the following Fourier
expansion

0 o
F = Z (ay cos (n0) + by sin (n0)) X, + Z (cy cos (n0) + d,; sin (n0)) dg X.
n=0 n=0

Then, the unique solution to (24), satisfying [ 0df = 0 is given by

d by — (4
o:al—; L cosf + 1261 sin@—l—Z(fGOS(”@)—%’Sin(”@))'

n=2

3.3.2 Computation of £41
Let us expand 7, and S; in powers of ¢:

T,=T0+eti+ &0+, Se=8o+eS1+&28S+---. (65)
Using (57) and collecting the first-order term in ¢, we obtain

L11 = 71 - 9S0[d9T0] + T0 - 3 S1[09T0] + T0 - 9 So[p T1].
By Proposition 2.9, we know that Sp[dp o] = 0. Thus,

L11 = 70 - dS1[dgT0] + 70 - IS0l T1]. (66)

To proceed further, we need the concrete expressions for £;. Let us expand G (AX,),
Gr(AX,) in powers of ¢

GL(AX,) = Gro+ Grie + Grae® + -+, Gr(AX,) = Gro+ Grie + Grag? +---.

Using the above, the operators S; in (65) can be written as

1
Silfl= ypm /;1 (Gri+ Gri)f'do’, i=0,1,2.

Now, let us examine the two terms on the right hand side of (66). For 7¢ - 39 S1 [dg T0], we
have

7o - 9951 [39T0] =39 (To - S1[99T0]) — 99 T0 - S1 [997T0]
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=—0y (aQXc . Sl [Xc]) - X Sl [Xc]'

By (B2), (B5), and (B10),

4w g X, - S1[X(] = X, - /1 (Gr1+ Gr1) X, db’
s

1 X, X'
=— | =0X.-AY + T—C (X, +2AX.) - AYd0O'.
/Slz o%e |AX |2 (Xe )

Then, by (B2), (B5), and (B9),
AX. - AY

4 X, - X ]=X.- X.do' = — X
XS X = X, /Sl(GLan) / /S XIS
For the 7¢ - 99Sp [0gT1] term in (66), by (64) and (BS),

1 1 1
T0 - 398() [391’1] = —Each . H3911 — g /Sl XC . 39/1'/1619/ = —ZBQXC . Hag‘[l.

Therefore,
1 1 90X X,
L1l = —39/ —9pX. - AY + ‘)C—ZC (X, +2AX.) - AYdo'
%4 st 2 |AXC| (67)
+ L[ x, x B AY L X Ha
JE— . —_— _—— . ‘t .
a7 Slc ClAXc|2 49c 6T1
Recall from (29), (31) that
Y =gX, g=go+ Y gncos(nd)+gumsin (nd). (68)
n>1

In the following computations, we will split AY as
AY = gAX, + AgX.,.

Now, let us compute (67).
Proposition 3.9 IfY is expanded as the form of (68) in C*(SY), then

L11=0.

We remark that the above result gives an independent proof of the fact that A; = 0.

Proof of Proposition 3.9 We leave some computations in Lemma B.1. In the first integral

term of (67),
/ X, AYdO = —/ 209X, - X,d0' = 7 (g11sin60 — g12 cos ),
St St
X, -X)(AY - X! 1 %X, X!
/ (9 c c)(2 C)d9/=/ ——ganc'X/c-i-ec—chgde/
st [AX| st 2 [AX |

=7 Zgnl sin (n0) — g2 cos (nh),
n>1
AX,-AY
/ — X, - X,d0 = / (g+¢') X, - X,do0' = (g12 cos & — g115in6).
st |AX,| st

46
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Therefore,
1 1 (06Xc-X.) (AY - X]) _(AX.-AY)
— [ =X, AY + +2 X -X.)do'
ax Jo 2777¢ IAX, |2 |AX 2 (30X - X0)

) SIN + n n + 1n .
g COoS g S n1 COS gng S i

n>2
In the second integral term of (67), by Lemma B.1,

1 AX. - AY 1 1
— X, X/ 4o = —X / — N X.do'
47 o1 c c |AXC|2 47T c st 2 (g +g) c

1
= 3 (g11 cosB + g12sin6).

Finally, in the last term, by Lemma B.5,

1 1
—189XC -Hopt1 = ~ Z ngy1 cos (n6) + ng,» sin (nH).

n>1

In conclusion, after summing the all terms, we obtain

L11=0.

3.3.3 Computation of (1, £L31)
Substituting the expansions of S; and 7. given in (65) into (57) and collecting terms of
order &2, we have

L21 = 13- 99S0[dpT0] + T0 - 99 S2 [d9T0] + T0 - 99 S0 [39T2]
+ 71 - 0951 [0 T0] + T1 - 99S0 [09T1] + T0 - 09 S1 [0pT1].

Our goal is to compute (1, £1). By Lemma 2.9, we have
72 -39S0 [0 T0] = 0, (70, S0 [dpT2]) = — (9 T2 So [d9T0]) = 0.
Since the kernel of &7 is symmetric, we have
(t1, 3951 [d970]) = — (9971, S1 [99T0]) = — (d9T0, S1 [d0T1]) = (70, pS1 [BpT1]) -

Thus, we have
(1, £51) = (70, 09 S2[99T0]) + 2 (71, 39 S1[09T0]) + (T1, d9So0[dpT1]) . (69)

We will evaluate these three terms in turn.

Lemma 3.10

T
(20,9552 [BpT0l) = 7 D (g +gin)-

n>1
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Proof By (B3) and (B11), we have
47‘[/ 70 - 09 Sy [39‘[0]d9=—47‘[/ 0970 - Sy [0gT0] dO
Sl
1|AY]?  (AX.- AY)?
//. _| |2_( c 4) XC'X/Cde/dG
stJst | 2]AX,] [AX,|

_[ (Xc - AY) (AY - X))
st Jst |AX

1
+ |AY |2 do’de.
For the first term, by Lemma B.1,

|ag)”

s 2(6-0"\
8 sin (T)

1 |AY? AX, - AY)? 1
1] |2_( ¢ 4):——<g2+g’2)—|—
2 |AX,| IAX,| 4

Then,

/ / X, - X.do'do = / / ¢°X.-X.do'do = o.
St Jst St Jst

Next, by Lemma B.2,

‘Ag‘Z / 1 2
_ 128 g0a0 = x| gHaegdo — x| ZHIg2d0
st Jst SSil'lz (9;9’) st st 2

=72 nlgh +gn]-

n>1

Moreover,
| g‘ 2 ‘Ag|2 2 2 2
// — [AX,]| d@’d&:/ / ——db'do = 2n E (&n +an)-
st Jst 8511’1 0 9 st Jst 2 =1
Therefore,

1 |AY)? AX,.  AY
/f_' '2_( c 4)d6d6_// ’g| X - X.d6'de
st Jst 2 |AX | [AX| St SlSsm

|Ag| ! 2 2 2 2
/sl /sl 9 9/ (1_§|AXC| >d6/d6:” Z(”_l)(gn1+gn2)-

8sin? n>1

Next, by Lemma B.1,
K AN (AY-X) 10 [ael® (A
|AX[? 4 - 4 4 sin? (%)‘

Again, by the above results,

X.-AY)(AY -X)) 1 )
+ - |AY de/dé?:nz 2n—1 2 + 2 .
/Sl /Sl IAX 2 3 AYl g( ) (@i + &)
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In conclusion, we obtain

T
/Sl 70 - 09S2 [dgT0] dO = vy Z” (&n +2mn)-

n>1

Lemma 3.11

/g
(21, 861 [BpT0l) = 7 > (g + i) -

n>1

Proof By (B12) and (B13),

47‘(/ T1 - 09S1 [0gT0] dO
st

= —/ / 971 - (Gr1 + G11) 39/1’6619/(,19
St Jst

_/ f (971 - AXo) Xe — (9971 - X,) AXc
st Jst |AX

1
— —/ / Ty - AYd6'd6.
2 St Jst

- AYdo'do

and by (B8),

1 1
- —/ / 9T - AYdO'do = —/ / 71 -9 AYdO'do
2 Jst Jst 2 Jst Jst

1
= —/ f (89Y-XC)XC~89Yd9’d9=JTf 17112 db.
2 Jst Jst st
Therefore,

47‘[/ T1 - 09S1 [0gT0] dO
st

_/ / (9971 - AXe) X — (3971 - X)) AX
st Jst |AX|?

(70)

£ . AYdO'do +n/ 7112 d6.
Sl

First, by Lemma B.5 and Lemma B.1,

(BoT1 - AXo) (X - AY) (9971 - X.) (AX. - AY)
|AX|? |AX|?

1 1 1
= 5gagg - Eagg (g+2¢)Xc- X, — Eagg (2g+¢') %X, - X,

1 /
+ > cot ( 2 ) AgaiggX, Xé

Then, when we integrate the four above terms,

1 /
él /Sl Egaggde do = —”22”2 (gn +&n)-

n>1
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2

1
~ [ [ 39 (e +2) Xe  Xao'ds = x* (g + ).
st Jst 2
1
500¢ (2 +¢) X - X.d0'd0 =~ (g} +b).

1 0—0
/ / — cot < ) AgdggX, - X,do'do = —n/ dggX. - H [gXC] de
st Jst 2 2 St

:]‘[2

(71 +g12) + Z” (e +2n)

n>2

1
2
Next, by Lemma B.5

/Sl 111> d6 = NZ”2 (g +2m)-

n>1

Therefore,

b
./sl 71 - 0951 [dgT0] dO = 2 Z” (&n +gn)-

n>1

Lemma 3.12

b4
/sl 71+ 09So [dgT1]dO = 2 2”3 (& +20)-

n>1

Proof For t1 - 39So [0gT1], similar with the result of (64) and by (B8),
71 -39S0 [09T1] = (X - 09Y) X - 99So0 [0971]
1 1 ! 7 /
= (X, 0Y) —ZXC-Hag‘tl i . 9 X, - 0prT1dO
1 1 ! ! /
=——11 - Hogt1 — — (X, - 0Y) X, - 09 Y'do’".
4 8w st
For the first term of (70), by Lemma B.5,

X, -Hopt, = an [g,,z cos (n6) — g1 sin (né)],

n>1

SO

/Sl T HipTido =7 Y n® (g + 87n) -

n>1

Then, for the second term,
XL -3 Y = dgg = ,/Sl X; -39 Y'do = 0.
Therefore,

b
./Sl 71+ 9950 [dgT1] dO = -2 2”3 (gn +2n)-

n>1
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Table1 The errors of o, U on the unit circle I’ measured in the L* and L2 norms

N llon — olls llon —all> 1Up — Ul 1Un — Ul
32 5.3290E—15 1.3114E-15 5.1833E—15 16195E—15
64 6.4392E—15 2.1441E—15 5.8937E—15 2.0663E—15

oy, and U, denote the numerical solution for o and U (see (71)), respectively, and N is the number of discretization points
onT

Proof of Theorem 1.8 The first item was proved in Proposition 3.4 and the non-positivity
of A, was proved in Proposition 3.1. The second item was proved in Corollary 3.5. We
prove the last item. In the expansion (61), we already know that Ao = A1 = 0 (see (62)).
Let us compute Ay using (63). Since £11 = 0 by Proposition 3.9, the second term in (63)
vanishes. By (69), we have

1
Ay = - (1, L£21)
1
=5 ({70, 39S2[39T0]) + 2 (71, 39 S1[09T0]) + (T1, 3 S0[ds T11))

1
= -5 210 =D (gh +gn)

n>2

where we used Lemma 3.10, 3.11 and 3.12. O

3.4 Numerical results
In this section, we will use the computational boundary integral method to numerically
verify our analytical results above. We discretize the equation

T- 898 [89(0"[)] =T- 395 [F]

For the partial derivative with respect to 6, we use fast Fourier transform to compute the
discrete derivative. For the singular integral operator S[-], we use the discretization in [35,
Sect. 3.1]. We first check our numerical method against the case when I is a circle, for
which we obtained analytical results in Proposition 3.8. Since I' is a circle, the zero mean
condition on o is solved together with the above to obtain a unique solution.

Set I to be a unit circle, X(0) = (cos 9, sin ). For F, we let

F) = sin 260 + 4 cos® — 4sin6
" | —cos20 +4sin6 +4cosh |

Imposing the zero mean condition on o, Proposition 3.8 shows that

o(0) = sin(6), U(0) = u(X(0)) = <_2 S"‘(Q)) . (71)
2 cos(0)

The numerical results (Table 1) show the accuracy of the computational boundary integral

method and indicate that the method is spectrally accurate.

Next, we compare the numerical and theoretical values in Theorem 1.8 of .. We con-
sider two examples: (1) ¥ = cosfX and (2) ¥ = %(1 + cos (20)) X. We numerically
compute the leading eigenvalue of the discretization £, by computing the largest eigen-
value of £ ! with the power method (L. is implemented using GMRES), and compare
the resulting value with the asymptotic expression (32) in Theorem 1.8.
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The eigenvalue \. " The eigenvalue .

L L L L L 5 L n L L L
Bl 08 06 04 02 0 02 04 06 08 1 0.1  -008 -006 -004 -002 O 002 004 006 008 0.1

Fig.2 The eigenvalue A, respect to ¢ in Example 1: X () = (1 + e cos6) X ()

Example 1 Y = cos6X, so Ly = 0 by Theorem 1.8. Since A, < 0, we must have A3 = 0
and A4 < 0. That means A, = O (84) when ¢ is the neighborhood of 0. Therefore, for the
numerical results of A, we expect

A A
lim —; =0and lim —Z <0.
e—=>0¢& e—0 ¢

Figure 2 shows the results of A.. As we can see, . is very flat in the neighborhood of 0.
This shows [Az| is very small. Next, Fig. 3 shows the numerical values of ?—5 and ?—j In the

left figure, lim,_¢ 2—; ~ 0. In the right figure, lim,_,¢ i—i ~ —0.046875 = —% < 0. The
numerical results seem to suggest that A4 = — 6%.
Example2 Y = %(1 + cos(20)) X, so Ay = —%. We thus expect A, ~ —13—682 in the

neighborhood of 0. In the left figure of Fig. 4, the numerical values of A, match 1,62 when
¢ is near 0. The right figure shows that

he 3 ke 33

im — —and — X —— 4+ —&.
e—0 g2 16 g2 16 16

Hence, as we can see in the left figure, A, matches —1—3682 + 1%83 well.

4 Conclusion and future outlook
In this paper, we established the well-posedness of the tension determination problem
for a 1D interface in 2D Stokes flow. In Theorem 1.2, we show that the tension o can be
determined uniquely if and only if I' is not a circle. We have also established estimates
on the tension o given the force density F. When I' is close to a circle, the tension
determination problem becomes increasingly singular. This approach to singularity was
studied in detail leading to the results of Theorem 1.8.

According to Theorem 1.8, when the interface I'; is very close to the unit circle so that
le] < 1, the smallest eigenvalue of £ generically satisfies 2, = O (¢%). We have even
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The eigenvalue . respect to
A

The leading terms of eigenvalue % The leading terms of eigenvalue )‘—,
0 = -0.045 —
-0.05
001 1
-0.055
-002 1 006
-0.065
-003 4
<f < 007
-0.04 4
-0.075
-005 4 -0.08
-0.085
-0.06 4
-0.09
0.07 -0.095
1 0.8 0.6 0.4 0.2 o 0.2 04 0.6 0.8 1 - 0.8 0.6 0.4 0.2 0 0.2 0.4 06 08 1
€ €
Fig.3 The leading terms of the eigenvalue A, respect to ¢ in Example 1. Left: the value 2—5 Right: the value
e
et
The eigenvalue A. respect to €
The eigenvalue A. The leading terms of eigenvalue %
-0.165 =
0.17
-0.175
-0.18
-0.185
< <Fu

-0.195

-0.205

™ o

Fig.4 The leading terms of the eigenvalue A, respect to ¢ in Example 2. Left: the value A,. Right: the value
Ao
82

seen that, for particular geometries, 1, may scale like O(e*). This shows that L, is close to
singular when the interface is close to a circle. Accurate numerical determination of o, will
be made challenging due to the resulting large condition number of the discretized linear
system. It would be interesting to see whether one may be able to remove this difficulty
in some way. We note that a somewhat similar situation arises in boundary integral
formulations for Stokes flow in multiply connected domains; the linear system can be
rank-deficient, for which modifications to the formulation have been devised [15,28].
The static tension determination problem treated here is one component of the dynamic
inextensible interface problem discussed in Sect. 1.1. The analytical understanding gained
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here is expected to be a key ingredient in the analytical study of the dynamic problem. In
particular, the estimates obtained here should be directly applicable to the proof of well-
posedness of the dynamic problem in a suitable Holder space. It is also hoped that our
study will lead to the development of better numerical methods and numerical analysis
for this and related problems [2]. The analysis in [18] was indeed motivated by the need
to develop better numerical methods for the dynamic problem.

We also point out that the related problem of inextensible filaments in a 3D Stokes fluid,
which has been studied by many authors as models of swimming filaments [19-22,37]. It
is hoped that the analysis here may also aid in understanding these problems.

Appendix A: layer potentials
In this section, we will discuss the single layer potentials for u, p, and X, which are
expressed as

o~

u(x) = S[F)(x) = /S G~ XEEd,
p() = PE](x) = /S (e - XE)F)S,

Zu ()= TIFYw) = [ Oy = X6DE )

where
1 rQr 1 rT
G = G G = — —l ]I » I =
(1) = GL0) + Gr(r) i= ( ogIrl T+~ 5 ) "= 5
and
1 rirjrk
Ok (r) = 0k Gjj(r) + 9;Gyi(r) — T1;(r)dy = TR

Since for all ¥ # 0, 9;G;j(r) = 0, and

WOy (r) =3¢ Gi(r) + 30k Gr(r) — i T1(r)Ssx
=AG(r) + 0;I1;(r) = 0,

(A1)

we have that # € C? (R2\F), p e Cl (Rz\l"), and © € C! (R2\F) satisfy the Stokes
equations in R2 \T[,ie,

Vu=0, -V-E2=—-Au+Vp=0.

Next, since G, IT, O3 € C* (Rz\{O}), thenu, p, ¥ € C® (RZ\F).

LemmaA.1 IfX € C*(S') and |X|, > 0, thenu € C*® (R*\I') N C (R?).

Proof Wehave obtained u € C*° (]R2 \ F), so let us prove u is continuous atx € I'. Given
x0 € I' and X (sg) = &g, we define Y (s; so) as

Y (s;50) = Ro (X — x0),

46
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where 6 = arg (3:X (sp)) and Ry is a rotation matrix with angle 6 in a clockwise direction

Ry = co.sé sin 6 '
—sind cos6
Since X € C? (Sl) and |X|, > 0, there exist an g9, 0 < &g < % and a function y» = f (y1)
such that for all |Y (s; s9)| < o,

Y (s;50) =f (Y1 (s550)).

Obviously, f(0) = 0, d,,f(0) = 0 and there exist an &1, 0 < &1 < g9 and C > 0 depending
on &g such that |(y1,f (yl))| < &o and for all |y1| < &1, [0S (y1)| < C. Moreover, s (y1)
exists with

;—ysl = /14 (9,f )

Now, for all ¢ < &1, we set Z, as

Igz{seSl||x—x0|<s}.

Then, for all [x — xo| < 5, we may split u (x) — # (xo) into

u (x) — u (%) = / Gx—X(s)) E(s)ds — / G (%0 — X (5)) E(s))ds'

+ / (6E-X() — 6 (30— X (¢))) FG)ds.
SN\Z,

Setz = Ry (x — x0), 20 = Ry (x0 — x0) = 0, we have |z| < % < %" Then, for the first

two terms, we obtain | Y7 (s;s0)| < &€ < &1 onZ, and

/ G (x — X () B(s)ds
Z.
< [Pleo [ 16— ¥ (550)) )]

< |F|co [ 6= 0nf OOIVI+ (s () dyn.

/ G(z—Y (s50)) F(s)ds'
Ze

Since |zl, |(y1.f 01))| < 3,

0<lo ;<lo ;
& lz— 1S O0)| ~ & lz1 = |

Therefore,

/8 |G (2 — 1. G| {1+ (8f 01))

—&

= C/_ |GL (z — (1.f (1)) + G1 (2 — (1. £ 1)) dn1

<C/81 1 +1d <C <3+l 1)
— og — —e og — |,
T4 /. g|z1—y1‘ I = 2 g28
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where C depends on gg since |z;| < . Next, for the last term, since |x — xg| < %, there

exists a C > 0 such that forall s’ SI\I‘S and0<t<1

, c1

Then,

/ (G (x—X(5) — G (x0 — X (5'))) F(s")ds’
<IFleo [ 166=X () = 6 (w0~ X ()]
SN\Z¢

1
< |7 o / / 19:G (tx+ (1 — tyeo — X (s'))| deds’
shz, Jo

IA

1
IF]| co / / |VG (tx + (1 — t)wo — X (s')) | lx — ol drds’
shz, Jo

C =~y 1 1 ~ 1
EHI’HCOEIx—xOI/Sl\Ig/O deds’ = C[F o — .

IA

Finally,

C 1 -~ 1
lim |u (%) — u (x0)| < lim —& <3+log—> + C|F| co = I — x0l
2¢e &

x—> X0 xX—>X0 T

C 1
<—¢|3+log— ).
big 2e

Since 0 < ¢ < g is arbitrary and C only depends on &, taking ¢ — 0, then we obtain that

u (x) is continuous at g € I'. Therefore, u € C* (R*\T') (N C (R?).

Next, we will prove Xj; satisfies
[(En)] = [Zam] =F:
We first set a double layer potential of the flow as

D[F)(x) := /S K(X(5),%) E(s)ds/,

O

where the kernel Kj; (y, x) := ©;j (y — x) 1y (¥). Then, we have the following result for its

integralon T".

Lemma A.2

—50‘ ifX S Q1,
[Kimoasm=1 0 rxea
: —%31‘]‘ ifxel.

Proof First, given & € Qg, since |x — y| > Oforally € ', by (A1),

/ Ky () ds (3) = / Ok (v — ) e () ds () = / 8Oy (y — %) dy = 0.
r r Q1

46
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Next, givenx € Qy,set B, = {y € I'[|[y — x| <&} with0 < ¢ < 1 and on 9B, n(9) =
(cos6,sinf) and y (6) = & + en (0). Then, we have

0= / 8Os (v — %) dy
Q1\Bg

- / O (v — ) e () ds () — / Ok (v — ) e () ds ()
T 0B,

&

27
_ / Kij (%) ds (y) — f Oy (em(0)) . (0) )
T 0

_ ) 1 (7w (0) ;i (0)
_/F[(Ll (x y)ds (y) + ;./0 Wde.

Ifi #J,

/'2" n;i (0) n;j (0)
0

2
7 do = / cosf sinfdo = 0.
|7 ()] 0

Ifi=j=1(=2),

2w i 2] (0 2 2
/ Ln]i)de = / cos? 0do <: / sin? 9d9) =.
0 ACH] 0 0

Therefore,

: _ 1 (27w ©) nj 6) _ )
/FKU @®y)ds(y) = —;/0 de = —4j.

Finally, set B! = 9B, (1 and 9B? = {y € 0B; ‘n (y) -n(x) < O}. Again,

o= [ aeut-md
Q1\Bg

_ / O (v — ) e () ds () — / Ok (v — ) e (9) ds (3),
r 9B1
and

2
/ Ok (y — %) ny (y) ds (y) = / Ok (em (9)) ny (0) edd
33% 0

o+ ; 0 (0
L[ Ome, 1
T Joo In ()| 2

’

where 0y = arg (# (x)) + 5. The remaining part is only the difference of integrals between
on 3Bl and 9B2. Since T € C2, 32X (s) is bounded, the symmetric difference between B!
and 3B? is contained in

12Xl |

8Bg’: {yeaBs |n(y)-n(x)| < 2
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Thus, as ¢ — 0,
'/ @M@—xmuwﬁuri/ @Mu—xmuwﬁwﬂ
9Bl 9B}
2
< %/ ds(y) < ;sin_1 (—” aSXiS)HCO 82> — 0.

Therefore,

o)
elno)*

/@M@—xmuww@hAM/“@ww—xwﬂﬁﬁw
r e—0 331

ity owomomoao =

O

Using the fact that I is C2, from [7, Lemma 3.15], there exist a constant Cr > 0 s.t. for all
x,yel,

l®—9)-n@)| <Cr|x—y|*. (A3)

Thus, forallx, y € T,
C
Ky )| < (A4)

so [IK (-, #)ll .1y is uniformly bounded on I'". Next, we will claim || K (-, %)|/;1(ry is uniformly
bounded in RZ\ T'.

Lemma A.3 There exists a constant C < oo s.t. Vx4 € R?\T,

ﬁWWMﬁmsc (A5)

Proof Define dist (x, I') as the distance between point x# and set I', and then there exist
0<¢gy < ﬁ and Cp > Os.t. (1) for all x with dist (x, ") < %80, there exists a unique xg =
X (so) eTandt € (—%80, %80) s.t.x = xo + tn (xg), (2) define ro (s) = |X (s) — X (s0),
then sgn (s — s9) 9510 (s) > Cp forall 0 < g (s) < &o.

We will prove this result for two different cases.

(i) Given dist (x, I") > so, we have |K,, 2 x)| < 2n % L forally €T, so

1 1
/ ’Kl}(y x)|ds(y )< —— ds(y) <Ci—,
21 &9 £0
where Cj is only depends onT.
(ii) Given dist (x, ') < 80, set 9 € I be the unique point s.t. ¥ = xy + £ (xg) with
te ( 28(), 280), and define B, = {y el Hy - xoy < & } We split the integral into

/mmme=/|mwMﬁmﬁ/ 1K ()| ds (7).
r B, IM\B;

0 0
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In the second term, for all y € I'\B,,,
1
|y = x| = |y = %0| — lwo — 1 = S0
so

11 1
/ K m)|ds) < —~ [ ds) < it
I'\B,

For the first term, by (A3), we obtain

i = %) (3 — %) (0 — %) - (9)|

|y —al*
o —%0)-n@)+|wo—x)-n)| _Cr ly — 0| + %o — x|
B [y — =’ B PEE .

b3 |I<,'j (y, x)| =

Moreover,
2 2 9

|y—x| = |J’—x0| + |xo — x|* + 2 (y —x9) - (x0 — x).
Since

x0 —x =tn(xo), where [t|=|xo—x],
by (A3),

2

|(J’ _xO) . (xO —x)| = |(y — Xo) . Il(X())| |x0 —x| < CF |y _x0| |x0 _x|‘

Then, Cr |y —x0| < Cregg < %, o)

|J’—x{2 > |y—xo|2+ |20 —x|2 — |y—x0} lxo — x|
1 2 2 (A6)
2§(|y—xo\ + |xo — x| )

Therefore,
2Crly —« 2+Ix — x|
|K,j(y,x)|§; r 20| 0 2
ly — xo|” + 2o — x|
<Ze42 'xz‘)_’d -
T T |y —xo|” + lxo — x|

For the second term, set r = ‘y — xoy and a = |xyp — x|. Since sgn (s — so) dsrp (s) > Cp for
all 0 < ry (s) < &g,

X0 — & 2 (% 2 [* 1
B, ‘y_xo‘ + |lxg — 2|2 CoJo r*+a CoJo r*+1
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Hence,
1 2 2 *© 1
K;i (y, x)| d: <Ci— + —C d — —d
/1:| i 0, %)| ds () < 180+n F/Bso s (y) + Co/(; g
1
<Ci— + (.
€0
Since &g, C1, C2 only depend on T,
/ Ky )] ds () < G
r
where C only depends on T". ]

Remark A.4 Obviously, if F (s) e C° (Sl) D 1'-'\ ](x) is smooth and bounded in R? \ T.
Then, by (A4) and [7, Proposition 3.12], ’5[?]( ) exists and is bounded on I'. Note that
@[ﬁ ](#) may be discontinuous across I'.

LemmaA.5 GivenI' € C2andF € C (T), lff (so) = O where sg € S, then ﬁ[ﬁ] (x) =
Ja K (X (s/) , x) E(s)ds' is continuous at xg = X (s0)-

Proof By (A3) and (A5), there exists Cp, C; > 0 s.t.
/ |Kij (X (s),X (s))| ds < Co, Vs #S,
Sl

f ’Kg (X (s’),x)} ds < C;, Vx#T.
Sl

Given ¢ > 0, we choose 0 < 5 <« 1 st {?(s)| < ooy foralls € I, =
{s e SHIX (s) — X (s0)| < 7 }, andset B, =X (I,,). Then, we use the technique in Lemma
A.1,and forall |x — xo| < %,
|Di[F) (x) — Di[F) (x0)|
< [ (K () 0)| + Ky (X (5). X o)) (B
b))~ ) )| O
S\,
~ 1
<e+C “F”CO(S1) ﬁ lx — %ol
Hence,
lim |D;(F] (x) — DilF] (x0)| < e.
X—>X0
Lettinge — 0,

Jim |DIF] (x) - DIF] (x0)| = 0.

46
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Now, we define limits Dg, and Dg, on I" as

Dg, (x) = lim D[F](x — tn (%)), Dg, (x) = Jlim, DIF)(x + tn (x)).

t—0t

We have the following results.

Theorem A.6 GivenT € C2andF € C (),

Dg, (X(s))=—%f(s)+/sll((x( s'), X (s)) F(s)ds),
Dg, (X (s)) == F (s) + / K (X (5'), X (s)) F(s')ds'.

Proof For Dg,, since X (s) — tn (X (s)) € @ forall 0 < t « 1, by (A2),

DIFIX ()~ in (X ) = [ K (X (5),X ) = on (X () B
=F(s) /S K (X (s), X (5) — tn (X (s))) ds’
+ [ KX ()X 0 = X ) (B~ F)
=-F(s)+ fs K (X (s),X (s) — tn (X (5))) (F(s') — F(s)) ds'.

Then, F (s") — F (s) = 0 when s’ = s, so by Lemma A.5, the second term is continuous at
t = 0. Therefore, by (A2),

tlirg+ D[F)(x — tn (x)) = —F (s) + / K (X (s), X (s)) ( f(s)) ds'
:_F(S)_F(S).éll<( ( X(s ds +/SlK ))F(s)ds
_ pe+ / K (X (5),X (s)) F(s')ds'.

2 st

Next, for Dg,, we use the same technique. Since X (s) + tn (X (s)) € Qa forall0 < ¢ <« 1,
by (A2),

’71)

DIF)X (5) + tn (X (s))) = /S K(X(), X (s) + tn (X (s))) E(s)ds’

= ./sl K (X (s), X (s) + tn (X (s))) (F(s) — f(s)) ds’.
Thus,
PSS 1~
tl_1>n01+D[F](x+ tn (x)) = EF(S) + /Sl I(( ( ) X(s)) (S Yds'.

O

Next, since I' € C?, there exists an gy > 0 s.t. for all # with dist (%, ') < €o, there exists
aunique s € S! and ¢ € (—ep, &) s.t. ¥ = X (s) + tn (s). Thus, we may define a tubular
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set V="V (e, )as V := {x | dist(x, ') < g0}, within V, we may set functions s (x) and
X () = X (s (x)). Now, let us compute the limits (15):

Fq (s) = lim X(X(s) — tn(s))n(s), Fo,(s) = lim X(X(s) + tu(s))n(s).
t—>0+ t—0+
Theorem A.7 GivenT € C2and F € C (T),
1~ —~
Fq,(s) ==F (s) +/ K (X (s),X (s)) E(s')ds/,
2 st
Fo,(s) = — 11? (s) + / K(X(s), X (s’))?(s/)dsﬁ
2 st
Thus,
[£n] = Fo, — Fq, =F.
Proof First, weset K* (y,x)inV x V as
K* (5, %) == Oy (x — y) mg (s (x)).

It is obvious that K* (y,¥) = K (x,y) for allx, y € T'. By (A4), |IK (%, )l 1(ry is uniformly
bounded on I', so we may set a function in V" as

FIF1®) = S @n(s @) = /S K (X (), ) P,

Next, we will claim f (x) is continuous in V where f (x) = ﬁ[ﬁ] (x) + F [f] (x). It is
clear that f (x) is continuous in R? \ T", and by (A4) and [7, Proposition 3.12], f () is
continuous on I'. Thus, we only have to prove f (x) is continuous at x9 = X (s) for all
s € S!. We use the technique of the proofs of Lemma A.1 and Lemma A.5 again. Define
1z = {s eS| 1X (s) — X (so)] < n}. Then for all |x — x| < %n,

If (x) = f (x0)|

S/I ‘Kij (X (), %) + K5 (X (s/),x)‘ IB(s)| ds

)

Iﬂ

[ 1R ), 2) = 6 (X (5).00)| [P
SN\,

g
SN\Z,

)
7

n

“
Iﬂ

=~ 1
+C ||F||CO(SI) 7 lx — %0l

Ky (X (). %0) + K, (X ('), 0) | [E(5)]

K (X (), %) = K5 (X (5)), %0) | | B

Ky (X (5),%) + K5 (X (), )| |E)

Ky (X (5)%0) + K5 (X ('), %0) | [F(s)] '
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For the first two terms, we use some techniques in the proof of Lemma A.3. Consider
0<n< %so, where &g is defined in the proof of Lemma A.3. Then, for all s’ € Z,,,

2
< —||35[§]||Co 1X () — X ()]

| (s') —m(s @) =< 97X | o s — s ()]
and |X (s) —x| > % |X (s) —X(x)| by (A6).

Ky (X (5),%) + K5 (X (5), %)
19— ) (5 6) ) (X () ~) -n ()

I X () — x/*
1@ =X (= X06) (=X () - n(s (=)
7 e — X (s)[*
_ 1 (Xi () — %) (Xj () —7) (X (5') — ) - (m(s') — m(s (%))
I X (s)) — af* ’
SO
| s (), 20+ (X (5, )| [P
< VBl [ [0 6). %) 416 066 ) a5
F||co(s1) 4[E ooy
o= —a

where Cj is defined in the proof of Lemma A.3. Therefore,
4[E] ooy
xll)n;o lf () —f (xo)| T

Letting n — 0, we see that f (x) continuous at x¢. Finally, we have

Fo,(s) = lim D[F](X(s) — tn(s))
t—0+

= lim f(X(s) — tn(s)) - lim DIF}X(s) — tn(s))

S(X(s)) — Dg, (X ()

1~ / T /
= EI—'(S)+/81K* (X(s),X(S))F(s )ds

1~ ~
= EF (s) +/ K (X(s), X (s)) F(s')ds'.
Sl
Similarly, one can obtain

Fo,(s) = —%Tv () + /S K (X)X () F(s')ds'.

Now, we will prove the necessary and sufficient condition of u (x) vanishes at infinity.
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Lemma A.8

lu (x)| - 0as |x| > o0 < F(s)ds = 0.
Sl

Proof Since 27 is bounded, there exists a constant Ry > 0s.t. |[X (s)] < Ro for all s € St.
Then,

1
Gx—X()—Gx) = / VG (x —tX(s) - X (s)dt,
0
so there exists a constant C > 0 s.t. for all [x| > 2Ry,

1X (s)| Ro
G =G XEN=C e Xl = - R

Next, for all |x| > 2R,

=/S1 (G(x—X () — G ) F(s)ds +G(x)/S1F(s)ds,

Since

R
< lim C 0

=0
ko0 |x] — Ro

lim
|| =00

/Sl (G (x—X(s) — G @) F(s)ds’

and

lim Gj(x)=o00, lim |Gjo_y@| =<1

|| — 00 || — 00

we obtain

lim |u(x) —> 0 < / ?(s)ds =0.
Sl

x| — 00

Appendix B: some calculus for the operator £ near the unit circle
B.1 Computation for S;, 7;
Set

0
X, = |:C?S :| and X, = X, + ¢Y.
sin 6

Then,

4w Gr (AX,) = —log|X,| = Gro + Gr1€ + GL2£2 + 0 (83),
where

Gro = —log|AX,|, (B1)

46
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AX, - AY
G = —W; (B2)
(AX.-AY)? 1 |AY?
Gy = - = , B3
PTUAXE T 2jax 53)
and
AX, @ AX
4mGr (AX,) = ————" = Gro + Gr1£ + Grae® + O (%),
[AX,|
where
AX, Q@ AX,
GTO = W’ (B4')
oo _ AY®AX + AX ®AY  (AX. - AY)(AX, ® AX,) B
ne |AX,? - AX[* ’ (55)
Gy _ AYBAY | (AX: - AY)(AY ® AX, + AX, ® AY)
T AR |AX,[*
(AX: - AY)2(AX ® AX.) |AY]*(AX. ® AX,)
+4 < — n (B6)
[AX | [AX ]
Next,
09X
Te = # = To+118—|—1282+0(83),
&
where
70 = aQXCJ 89 70 = _Xc; (B7)
T1=0pY — (0 X, - 09Y) 09X, = (X - 3 Y) Xo. (B8)
Therefore, for G71, G732, we have some results for some computations in Sect. 3.3
X. - Gr1X, =0, (B9)
1 X X
30X - GriX, =— —3X.- AY — MAY (XL + AXC), (B10)
2 |AX |
X -AY)(AY -X)) 1
X, - GroX. = <+ —|AY 2. B11
c T2 c |AXC|2 + 4 | | ( )
Moreover,
dT1 - X,) AX,
ot -G 8/1/2(—C-AY, B12
bT1 - GL10p' T AXP (B12)
(971 - AXe) X 1
0, -Grdgty= — ——m——— AY 4+ =9 - AY. B13
bT1 - GT199' T X + 5071 (B13)

Furthermore, set Y = gX,, then we have
AY = gAX, + AgX..

We obtain some results of AY for computations in Sect. 3.3.
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Lemma B.1 (The computations for AY)
(1)

AX, - AY
|AX|?

1 7
=5 (e+¢).
2)
1
XC-AY=§g|AXC|2+AgXC.X;,
/ 1 2
X, AY = — ~g|AX] + Ag

00 Xc - AY = — gdpX. - X, + AgdgX. - X

(3)

IAY 2 =gg' IAXCI? + |Agl,

2

aYP? o |Ag]

|AX.|? |AX >
Proof (1)

1

AXe: AY =gIAX " = Ag (1= X} - X,) = g|AX|* = S AgIAX.I,
SO

AX.- AY 1

— —g—Ag=—(g+¢

AP 8k 5 e+g)
)

Xc-AY =X, - (gAX.+ AgX)) =g (1 — X - X,) + AgX. - X,
1 2 /
:iglAXcl + AgX, - X,
X, AY =X, (gAX.+ AgX,) =g (X - X, — 1)+ Ag
1 2
= —EgIAXCI + Ag

Xc - AY =09X. - (gAXc + AgX,) = —gdpX. - X, + Agd X, - X,
3)

AY [ = (gAX. + AgX,)” = g |AX, > — gAg |AX + | Ag[’
=g |AX + |Agl*.

Moreover, for g, we have the following equation of Hilbert transforms.
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Lemma B.2 (Toland) Ifg € C! (Sl), then

1 2 _ 1 |Ag|2 ’
gHig — S Hoog” = o /S ) (979/)019.

Proof

1
gHdpg — §H89g2 = gHdpg — Hgdpg

1 66 1 66
=g— t a/’dé)’——/ t '0grg'do’
o Ju ° < 2 ) "8 2 Jor €° ( 2 )g &

1 0o 1 0o
= — cot Agag/g/del = —— cot 80/ |Ag‘2d9/
2 sl 2 41 Sl 2

2
1 A
28_/ |2 <€;| ) de'.
7T Jsl o -0’
St sin (T)

B.2 Some computations of Hilbert transform for Fourier series
In this section, we will compute some Hilbert transforms for Sect. 3.3. First, for Proposition

3.8, we need to compute Hilbert transforms for trigonometric functions.

Lemma B.3 Forn > 2,

H [cos (n0) X.] = sin (n0) X,, H[cos (n0)dpX.] = sin (nd) dpX,,
H [sin (n0) X ;] = — cos (n0) X, 'H [sin (n0) dpX.] = — cos (n0) dgX..

Moreover,
_l sin (260) _1 cos (20)
H[cos6X. ] = 5 |:_ cos (29):|, H [cos0dyX.] = 5 |:sin (20):|,
Hisin0X,] = —~ [ €@ | H[sin09,X,] = = | S0 |
2 | sin (26) 2 | cos(20)

H [XC] = —0pX,, H [30Xc] = X..

Lemma B.4 Forn > 2,

H [0g (cos (n6) X )] = ncos (nd) X, + sin (n0) 99X,
"H [0p (sin (n8) X )] = nsin (n0) X, — cos (n6) dg X,
H [0g (cos (n0) 39 X.)] = — sin (n0) X + n cos (nd) dp X,

H [9g (sin (n60) 09X )] = cos (n0) X, + nsin (n6) g X .
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Moreover,

| cos(20) | —sin (20)
H [3p (cos 6X.)] = |:Sin (29):| ,  H[0 (cos0dpX,)] = |: cos (26) ]’
) | sin (20) . | cos (20)
H [3p (sin 6X,)] = |:_ cos (29):|, H [0g (sin0dpX.)] = |:sin (29):|'

Next, when we compute A; in Sect. 3.3, we expand Y as a Fourier series

Y (0) =gX.(0), whereg = go + Zg’“ cos (n6) + gy sin (n0).

n>1
Then, we obtain some results for 7;

Lemma B.5 (The computation for ;) (1)

11 = 9gXe = »_ 1 [gu cos (n0) — gu sin (n0)] X,

n>1

11 = — Z n* [gu1 cos (n) + gu2 sin (n6)] X

n>1

+ Z 1 [gn2 cos (n6) — gu1 sin (n6)] dpX..

n>1

2)
Hogt1 = Z n? [gnz cos (nf) — gy1 sin (n9)] X,
n>2
+ Z n [gnl cos (n8) + gy2 sin (n@)] 00X,
n>2
cos (20) — sin (20)
12 |:sin (29)i| e |: cos (20) :|
3)

1
d11 - AX, = Eagg |AX|? — dggsin(6 — 0'),

31 - X, = 059X, - X, + 369X, - X...
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