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Abstract. If the closed wire frame of a soap film having the shape of a Möbius strip

is pulled apart and gradually deformed into a planar circle, the soap film transforms

into a two-sided orientable surface. In the presence of a finite-time twist singularity,
which changes the linking number of the film’s Plateau border and the centreline of the

wire, the topological transformation involves the collapse of the film toward the wire. In

contrast to experimental studies of this process reported elsewhere, we use a numerical
approach based on the immersed boundary method, which treats the soap film as a

massless membrane in a Navier-Stokes fluid. In addition to known effects, we discover
vibrating motions of the film arising after the topological change is completed, similar

to the vibration of a circular membrane.
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1. Introduction

Numerical studies of a soap film Möbius strip are conducted within the fluid dynamics

framework. The Möbius strip has become well known since its discovery by Möbius and

Listing independently in 1858 [40]. The topological change of a minimal Möbius strip oc-

curs when the doubly looped wire frame supporting the Möbius strip is pulled apart and

gradually deformed into a planar circle.
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For a smooth surface Σ(t), the first variation of area formula is

d

d t
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Σ(0)

H dA , (1.1)

where H is the mean curvature [36]. If H = 0 the corresponding surface Σ can therefore

have a relative minimal area, so zero mean curvature is commonly used for determination

of minimal surfaces. The study of minimal surfaces with a closed boundary was initiated by

Euler, and Courant investigated minimal surfaces and conducted various experiments with

soap films spanning different wire frames [11]. Courant raised several questions concerning

the existence and uniqueness of minimal surfaces for fixed wire frames, and the dependence

of minimal surfaces on the prescribed motion of the wire frame [11].

The problem of the existence of a minimal surface with prescribed boundary conditions,

known as Plateau’s problem [41], has been solved independently by Douglas [13,14] and

Radó [42,43]. Successive theoretical studies were mainly focused on more general bound-

ary conditions, the extension of minimal surface theory in higher dimensions, and the classi-

fication of embedded minimal and periodic minimal surfaces [9,36]. In addition, numerical

methods have been used to find approximate minimal surfaces — e.g. finite difference [12],

finite element [4,10,16,22], level set [6,8,35] and boundary element methods [20], and

also a high-order convergent numerical scheme [47].

Although Plateau’s problem has been studied in the framework of elliptic variational

problems [46], for non-orientable surfaces and for surfaces with multiple junctions [21], the

uniqueness of minimal surfaces and their dependence on moving boundaries have received

much less attention [32, 33]. On the other hand, the continuous dependence of minimal

surfaces on the prescribed motions of their boundaries is closely connected to the shapes

of a soap films supported by deforming wire frames. Topological changes of the soap-

films arising from the wire frame deformations have also received considerable attention,

and vigorously studied using drops of viscous or inviscid fluids [17, 34], bubbles [2, 15,

24, 31], a foam structure [5, 25, 48], and a soap-film breakup [7, 18, 44]. However, the

changes of minimal surfaces have been investigated for only a few simple surfaces — viz.

from a catenoid to two disks when the distance between two supporting rings grows, and

from a helicoid to a ribbon-shaped surface when the twist angle of two supporting helices

increases [3].

The Möbius strip is a minimal surface that can be made physically. Thus by dipping

an almost doubly-looped wire frame into a liquid soap, and then lifting out the wire frame

and breaking the appropriate soap surfaces, the soap film remaining forms a Möbius strip

— cf. Fig. 1. If the closed wire frame is gradually deformed into a planar circle, it has been

found that the soap film spanning the wire can be transformed into a two-sided orientable

surface. The topological change of such soap-film Möbius strips has been investigated by

Goldstein et al. [19]. It was discovered that this process involves the collapse of the soap-

film toward the wire frame and a finite-time twist singularity changing the linking number

of the film’s Plateau border and the centreline of the wire. The twist singularity is defined

as the occurrence of a singular point on the surface accompanied by a discontinuous linking

number. If the twist singularity occurs, the surface has at least a one non-regular point, and
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Simulation of a Soap Film Möbius Strip Transformation 617

Figure 1: Soap �lm Möbius strip (reprodued ourtesy of R. Goldstein).

the linking number jumps from ±2 to 0 during the transformation. Based on their observa-

tions, Goldstein et al. [19] conjectured that the singularity associated with the topological

change of the Möbius-type soap films always occurs at the wire frame.

Here we apply the immersed boundary (IB) method to study the topological transition

of a one-sided non-orientable surface in a two-sided orientable surface accompanied by a

finite-time twist singularity. The IB method proposed by Peskin [37] to simulate blood flow

in the heart has often been used in fluid-structure interaction problems [23,26,27,38,39],

and also foam dynamics where the surrounding gas is treated as a viscous incompressible

fluid and the liquid foam as an immersed boundary with surface tension [28,29]. To study

the topological change of a soap-film Möbius strip, we apply the IB method from Kim et

al. [29]. The surface of the soap film is approximated by a family of triangular facets, and

the discrete force density (the surface tension) is computed at the vertices of these facets.

Despite substantial differences in their edge lengths, we were able to maintain the resolu-

tion over the soap film and naturally handle the topological change of the Möbius strip. Our

approach involves an interaction between the bulk fluid and the immersed materials, so it

can be used in simulations rather than in theoretical studies. This means that numerically

we obtain more realistic motion that distinguishes the actual physical and ideal behaviour

of a given material. An interesting new phenomenon we found is a vibrating motion of the

soap film similar to a circular membrane vibration, after the completion of the topological

transition. The main points of the present work are:

• fluid-structure interaction modelling is used in the numerical simulation of Plateau’s

problem for the minimal Möbius strip;

• the appearance of a singularity due to the boundary deformation is detected; and

• a refinement of triangular meshes in the IB method is employed for our study of

topological changes in the minimal Möbius strip simulation.
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In Section 2, we introduce the IB method and its implementation. This method is suit-

able for simulation of idealised soap-film experiments to establish minimal surfaces aris-

ing during the boundary deformation. Section 3 describes the construction of the initial

Möbius strip and the motion of the wire frame. The simulation results are discussed in Sec-

tion 4, showing the transformation of the Möbius strip into a two-sided orientable surface

accompanied by a twist singularity. We also consider the change of the throat size and the

behaviour of the surface after the topological change is completed. Our final summary and

conclusions are presented in Section 5.

2. Model Equations and Implementation: IB Method

In the IB method and its implementation for the simulation of a soap film spanning a

closed wire immersed in a three-dimensional viscous incompressible fluid, the mass of the

soap-film is ignored — i.e. we consider the soap film is a massless surface with surface ten-

sion, which allows us to incorporate the tension force into the fluid equations as a singular

body force at the surface. (In passing, we note that in some cases the mass of the surface

should not be ignored — e.g. in the simulation of the rupture and drainage of foams, ap-

proximate thickness parameters related to the mass of the surface have been used [45].)

We consider the function X(r, s, t) representing the shape of a soap film at any given time

t and call it the immersed boundary. Here r and s are Lagrangian coordinates. The force

density F(r, s, t) applied to the fluid by the soap film can be computed as

F(r, s, t) = 2γH

�

�

�

�

∂ X

∂ r
×
∂ X

∂ s

�

�

�

�

n , (2.1)

where γ is the surface tension constant, n is the unit normal vector of the surface and H

denotes the mean value of two principal curvatures [29]. This formula can be derived from

the variational derivative of the energy functional

E(X) = γ

∫ �

�

�

�

∂ X

∂ r
×
∂ X

∂ s

�

�

�

�

drds .

The computation of the discrete force density is the first step to describe the shape of the

soap film X(r, s, t) at each iteration in the simulation. However, the representation (2.1) of

the force density cannot be used directly, because the soap film X(r, s, t) is approximated by

triangular facets. Instead, we use the discrete force density defined only at the triangular

vertices as the surface tension constant times the sum of areas of the triangular facets

approximating the soap film [29]. In the second step, the Eulerian force density f(x, t) is

derived from the Lagrangian force density F(r, s, t) as

f(x, t) =

∫

F(r, s, t)δ(x −X(r, s, t)) drds , (2.2)

where x = (x , y, z) are fixed Cartesian coordinates and δ(x) = δ(x)δ(y)δ(z) is the three-

dimensional Dirac delta function defining the local character of the interaction between
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the force densities. We use a smoothed version of the Dirac delta function with a finite

support [39], and as soon as the force density f(x, t) is determined we solve the Navier-

Stokes equations for a viscous incompressible fluid

ρ

�

∂ u

∂ t
+ u ·∇u

�

= −∇p+µ∇2u+ f , (2.3)

∇·u= 0 , (2.4)

where the constants ρ and µ are the density and fluid viscosity, respectively. In order to

determine the velocity field u(x, t) and the pressure p(x, t) from these equations, we use

the periodic boundary conditions and discrete Fourier transform implemented by the FFT

algorithm similarly to Refs. [29,38]. After the fluid velocity field u(x, t) is determined, the

nodes of the mesh located at the vertices of the triangular facets approximating the soap

film moving such that

∂ X

∂ t
(r, s, t) = u(X(r, s, t), t) =

∫

u(x, t)δ(x−X(r, s, t) dx (2.5)

are updated. Eq. (2.5) is the no-slip condition corresponding to the soap film moving at the

local fluid velocity. For its numerical implementation, we employ the explicit Euler method.

In summary, Eqs. (2.1)-(2.5) represent an immersed soap film interacting with a three-

dimensional fluid. This system is solved numerically step by step by the above-mentioned

procedure at each time level. During the computations, we have to maintain a reasonable

resolution over the soap film because the nodes of the mesh move without any constraints

on the edge lengths — a too coarse resolution can lead to a leak through the soap film,

whereas one too fine can cause numerical instability [29]. After a time step is completed,

we therefore redistribute the internal mesh nodes to maintain a suitable resolution over the

surface. In particular, we check the length of each edge; and if it is larger than h/2 where

h denotes the spatial mesh width, we add a new node halfway between the endpoints of

the edge. If only one node in a triangle is added, we connect that point with the opposite

vertex, thereby dividing the triangle into two new triangles. If two new nodes are added,

they are connected, splitting the original triangle into a triangle and a quadrilateral, which

is then split into two triangles by a diagonal. In the case where three nodes are added,

we simply form new edges by connecting every pair of the new nodes. On the other hand,

if the length of an edge is smaller than h/5 the corresponding vertices are replaced by a

new one located in the middle of the corresponding edge, which removes two triangles that

previously shared that edge. Any other edge that had a vertex at one of the deleted nodes

is then replaced by an edge with the new vertex. However, if an edge of length smaller

than h/5 has one end point located on the boundary of the surface, we remove the internal

end point and keep the one on the wire frame. This operation also removes two triangles

from the previous mesh.
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620 Y. Kim, M.-C. Lai and Y. Seol

Figure 2: From left to right: the deformation of the wire frame supporting a Möbius strip for the hosen

times τ= 0.1, 0.3, 0.5, 0.7, and 1.0.

3. Initialisation

We construct an initial configuration for our model of a Möbius strip, and introduce

physical and computational parameters used in the numerical experiments. To build a

moving wire frame we use the idea of ‘target boundary’. On the curve X0(θ , t) representing

the wire frame, we choose target points and then apply locally the force

F0(θ , t) = c0

�

X0(θ , t)−X(θ , t)
�

(3.1)

to the immersed boundary points X(θ , t) with a large constant c0. The boundary points

X(θ , t) move at the local fluid velocity. This is a feedback mechanism for computing the

boundary force needed to impose the no-slip condition. The time step is re-scaled by setting

5τ= t, and the motion of the target point is X0(θ , t) = X0(θ ,τ) = (x(θ ,τ), y(θ ,τ), z(θ ,τ))

where for 0≤ θ < 2π we have

x(θ ,τ) =
�

− τ cosθ + (1− τ) cos2θ
�

/L(τ) , (3.2)

y(θ ,τ) =
�

− τ sinθ + (1− τ) sin 2θ
�

/L(τ) , (3.3)

z(θ ,τ) = 2τ(τ− 1) sinθ/L(τ) , (3.4)

and L(τ) is a scaling factor such that the length

l =

∫ 2π

0

√

√

√

�

∂ x

∂ θ

�2

+

�

∂ y

∂ θ

�2

+

�

∂ z

∂ θ

�2

dθ

of the wire frame is the same for all time steps τ in [0.1,1] — cf. Refs. [19, 30]. The

initial time is set to τ = 0.1, since for τ=0 the wire frame is a curve that twists a circle

twice and does not allow a Möbius strip spanned along the wire frame to be built. Fig. 2

is obtained from equations (3.2)-(3.4), showing the evolution of the wire frame X0(θ ,τ)

at some chosen times. At τ = 0.1, the wire frame is a two-folded circle, which becomes a

large circle at τ=1 after successive deformations.

Now we build a Möbius strip spanning the wire frame at τ = 0.1. The initial configu-

ration of the Möbius strip is a developable surface with zero Gaussian curvature, made up

of the line segments connecting X0(θ ,τ) and X0(θ +π,τ), 0≤ θ < π— cf. the left surface

in Fig. 3. Since this strip is not a minimal surface, we loosen it to obtain a minimal surface

– i.e. we fix the wire frame at τ = 0.1 and allow the surface to evolve according to the
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Figure 3: The initial on�guration of a Möbius strip spanning the wire frame obtained from Eqs. (3.2)-

(3.4) at τ = 0.1. The left surfae is onstruted by putting together the line segments onneting

X0(θ ,τ) and X0(θ +π,τ), 0 ≤ θ < π and then triangulated. The right surfae approximates the minimal

Möbius strip obtained by relaxation of the left surfae until the total surfae energy beomes almost

onstant, as indiated in the underlying graph.

method of the present study. Thus the initial relaxation phase of the computation proceeds

until the total surface energy ( (sur f ace tension constant) × (total area)) becomes al-

most constant. The right surface in Fig. 3 shows the relaxed configuration of the minimal

Möbius strip, which looks more curved than the left surface. The graph in Fig. 3 shows the

time-evolution of the total energy, which converges to a constant value.

The relaxed configuration of the Möbius strip has been used as a starting surface of our

simulations. It was placed inside the fluid-filled cubic box [−0.075m, 0.075m]3 with 643

grid size. The fluid density and viscosity were ρ = 1.2 kg/m3 and µ = 0.000018 kg/(m· s),
respectively. They are similar to the corresponding air parameters. Typical surface tension

γ of soap-films is about 0.024 N/m, and this value was used in our computations. The time

step ∆t = 0.0000125s and the constant uniform mesh width h = ∆x = ∆y = 0.15/64 m

were adopted, and the surface of the initial soap-film consisted of 4134 triangular facets

with 2323 vertices. The typical simulation required a total of 0.5 million steps, which took

about 8 hours to complete on a PC equipped with Intel i7-4770 3.4GHz CPU and 12GB

memory.

4. Results and Discussions

In Ref. [19], it was observed that if a closed wire supporting a soap film Möbius strip

transforms into a planar circle then the soap film changes into a two-sided orientable sur-

face. Fig. 4 shows the motion of the surface (shaded surface) induced by the deformation

of the closed wire frame (thick line) for selected times τ= 0.1,0.2,0.3,0.415,0.55,0.7,1.0.

The initial configuration of the Möbius strip is the same as the right surface in Fig. 3, and
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Figure 4: The surfae hanges indued by deformation of the losed wire frame at the times τ =
0.1, 0.2, 0.3, 0.415, 0.55, 0.7, 1.0. The throat of the Möbius strip narrows and gets more onave outward,

and the one-sided non-orientable surfae transforms into a two-sided orientable one at about τ= 0.415.

the motion of the closed wire is governed by Eqs. (3.2)-(3.4). We see that the throat of the

Möbius strip gets more concave outward and its diameter diminishes. This is analogous

to the catenoid that becomes more concave outward and has a smaller throat diameter as

the distance between the two wire frames supporting the catenoid increases. The diam-

eter of the throat of the Möbius strip decreases until about τ = 0.415, when the Möbius

strip suddenly transforms into a two-sided orientable surface shown in the second row in

Fig. 4. During the transformation, the surface develops a large bent part near the throat

immediately before the breakthrough and then it becomes flat, and thus we can identify

an approximate time of the breakthrough by measuring the surface bending. For this, one

has to compute the angle between two neighboring triangular facets approximating the

surface. Fig. 5 shows the surface change together with the contours of the same angles at

τ= 0.37,0.415,0.45,0.7 from left to right. The red and blue colours represent a large and

a small bending, respectively. As one can see, the surface has a large bending part near the

throat when the corresponding breakthrough happens at approximately τ = 0.415. The

solid line in the graph in Fig. 5 shows the maximum value of the angles over the surface

as a function of time. The maximum angle increases slowly as time goes by, until approx-

imately τ = 0.4 when it rapidly jumps and achieves its maximum at τ = 0.415. It then

drops rapidly until τ = 0.45, and then after τ = 0.45 decreases slowly again. Thus it is

reasonable to guess that the topological change occurs approximately at τ= 0.415.

For the above calculations we adopted t = 5τ as the temporal re-scaling factor, but to

see the effect of a different deformation speed of the boundary we also chose t = 20τ, which

leads to a slower deformation of the wire frame. Nevertheless, the change of the soap-film

and the behaviour of the maximum angles are quite similar — cf. the solid and dotted

lines in the graph in Fig. 5. For the case t = 20τ, the sudden increase of the maximum
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Figure 5: The surfae hanges at τ= 0.37, 0.415, 0.45, 0.7, with red representing large bending and blue

representing small bending for t = 5τ. The surfae has a large bending (red) near the throat when the

transformation begins to our at about τ = 0.415. The underlying graph shows the maximum angle

between two neighbouring triangular faets of the surfae as a funtion of time for the ases t = 5τ
(solid line) and t = 20τ (dotted line).

angle occurs at τ = 0.406, slightly earlier than for t = 5τ. In both cases the time of the

maximum angle peak (the occurrence of a topological change) are in the overlapped range

of the stable solutions for a minimal Möbius strip and a two sided orientable surface, as

noted in Ref. [19].

The topological change of the Möbius strip involves the collapse of the soap film towards

the wire, when there is a finite-time twist singularity changing the linking number of the

film’s Plateau border and the centreline of the wire [19]. Although our numerical method

does not take into account the Plateau border of a finite volume, we can regard it to be

the triangular facets that have one or two of their vertices on the wire frame. To find

the linking number of the Plateau border and the wire frame, we construct a curve by

connecting the interior vertices of the facets considered as the Plateau border. The thin

blue line in Fig. 6 is the curve constructed in this way and the thick red line represents the

wire frame at τ = 0.31,0.415,0.43,0.67. There is a visible twist between the two curves

up to τ = 0.415, so that the linking number is ±2. At τ = 0.43 the twist disappears and

the linking number becomes 0. This confirms that the topological change of the soap film

induces a twist singularity. As was seen in Fig, 4, the diameter of the throat of the Möbius

strip diminishes until about τ= 0.415 and finally disappears. In Fig. 7, the evolution of the

Möbius strip is again seen as before. The size of the throat of the Möbius strip decreases

and the cross-section of the throat in its perpendicular plane changes from a circular shape

to a more elliptical one.

To see the transformation of the throat size, we calculated the diameter D of the throat,

which is defined as the length of the short axis of the elliptical throat on the cross-section of

the throat in the perpendicular plane — cf. the left picture in the top row of Fig. 7. The ◦-
points in the graph in Fig. 7 show the diameter D of the throat as a function of τp−τ, where
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Figure 6: The wire frame (thik and blue) shown together with a urve (thin and red) onstruted by

onneting the verties of the triangulated faets onsidered to be the Plateau border and not on the

wire frame (i.e. interior points). The twist between the two urves disappears and the linking number

hanges from ±2 to 0 between τ= 0.415 and τ= 0.43, whih implies a twist singularity.

Figure 7: From left to right: view of the Möbius strip from the above perspetive for τ =
0.1, 0.205, 0.31, 0.415. The ross-setion of the throat in its perpendiular plane transforms from a

irular shape to a more elliptial one. The graph shows the diameter of the throat D as a funtion

of τp − τ where τp = 0.415, together with the urves �tted to a least square approximation of the form

a+ b(τp − τ)
c
, where a, b and c are onstants.
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τp = 0.415 is an approximate collapsing time of the throat. The diameter is also fitted

to a least square approximation (red curves) with a function of the form a + b(τp − τ)c

where a, b and c are constants. The red curves can be divided into two parts: the left

part (τp − τ ≤ 0.009) has the power c = 0.6762 and the right part (τp − τ > 0.009)

has c = 0.3474. Two phases in the diameter behaviour reflect the critical moment when

the slow decrease of the throat diameter changes to fast, as has been also observed in

experiments with comparable constants c [19].

After the deformation of the wire frame stops at τ= 1.0, a remarkable vibrating motion

on the soap film occurs. Fig. 8 shows the vibrating motion of the soap film and the contour

representing the height of the surface with respect to the circular plane spanned by the wire

frame. It is notable that the vibration of the surface is separated by the line connecting the

centre of the circular plane and the point where the singularity occurs. The graph in Fig. 8

shows the height of two points on the soap film as a function of time. The ◦-line and the

+-line represent the corresponding height of the ◦- point and +-point. One can see the

sinusoidal oscillation of both points with a frequency of about 11 Hz, but the amplitude of

the oscillation decreases in time due to the viscosity of the air.

The vibration of the soap film represented in Fig. 8 is similar to the vibration of a circular

membrane modelling a timpani head [1]. In particular, it is close to the vibration of a

circular membrane described by the function

u(r,θ , t) = cos(cλ t) J1(λ r) cos(θ) , (4.1)

where r and θ are polar coordinates, u is the displacement, J1 denotes the Bessel function

of the first kind, λ = 3.8371, and c is the parameter representing the properties of the

membrane. This is a standing wave which contains two crests (or troughs) in two separate

regions of the circular domain. The vibration of the soap film shown in Fig. 8 also has two

separate regions containing crests or troughs, but in our simulation the crest (or trough)

slightly moves within each region. This particular mode of the vibration could be related

to the variation of the linking number from ±2 to 0 during the topological change.

5. Summary and Conclusions

We used an immersed boundary method to study the topological change of a minimal

Möbius strip induced by a prescribed motion of the boundary (wire frame). If the boundary

is deformed from an almost two-folded circle into a planar circle, the soap film spanning the

wire frame transforms from a one-sided non-orientable surface into a two-sided orientable

surface. During the topological change of this surface, we noted effects similar to those

discovered in Ref. [19]— viz. the bending in some parts of the strip increases whereas the

throat of the Möbius strip diminishes and finally collapses toward the wire frame. We also

found that there is a finite-time twist singularity changing the linking number of the film’s

Plateau border and the centreline of the wire.

After the deformation of the wire frame is completed, a vibration of the soap film occurs

with two separate regions containing a moving crest or a trough. This particular mode of
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Figure 8: The motion of the vibrating surfae, with ontours representing the height of the surfae.

The graph shows the sinusoidal osillation of the height at the two points ◦ and + on the surfae as

funtions of time. The frequeny of the osillation is about 11 Hz, and the amplitude slowly dereases.

vibration seems to be related to the change of the linking number from ±2 to 0 during

the topological change, although this requires further investigations using mathematical,

computational, and experimental research tools.

Our numerical method allows us to find solution of full Navier-Stokes equations by

considering the soap film as a massless surface. A general issue is how to describe the

evolutionary motion of the minimal surface induced by a prescribed motion of the boundary.

This can be helpful in the analysis and visualisation of deforming boundary-dependent

minimal surfaces. Another open question is whether the singularity associated with the

topological change of any soap film always occurs at the wire frame [19].
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