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a b s t r a c t

In this paper, we develop an energy stable finite difference method for the problem
of curve motion under anisotropic surface diffusion. The motion of curve by
anisotropic surface diffusion is governed by the fourth-order (highly nonlinear)
geometric evolution equation. As in Li and Bao (2021), we first split the fourth-
order evolution equation into two second-order equations, where the position vector
of curve and the weighted curvature are treated as unknowns. Instead of using the
arclength parameter, we introduce a Lagrangian coordinate parameter such that
a closed curve can be parametrized over a fixed interval so that the equations
can be represented using the new parameter. We then propose a linearly semi-
implicit finite difference method to discretize these two equations, and prove that
the scheme satisfies discrete energy dissipation so it is energy stable under suitable
condition on the anisotropic surface energy. To show the applicability of our present
method, we perform several numerical tests on various initial curves and different
anisotropic energies. The numerical results show that our scheme is indeed energy
dissipative and conserves even the total area well.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we introduce an energy stable finite difference method for motion of closed curves by
anisotropic surface diffusion. Diffusion process on surface or interface is an important and ubiquitous
henomenon involved with the motion of atoms and molecules over solid surface [1, Ch. 13]. This problem is
n important transport mechanism and arises in various applications of surface phase formation, solid-state
hysics, materials science, and computational geometry [2–5]. For example, a growing crystalline film is an
mportant ingredient for several applications on a nanoscale, and the equilibrium shape of crystals is a classic
roblem in materials science.
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Based on Nernst–Einstein relation, Mullins in [6] firstly proposed a mathematical formulation for isotropic
surface diffusion to study the evolution of grain boundaries, where a thermal groove can be developed pro-
gressively due to the diffusion of atoms along the interface. In other words, the evolution of phase interfaces is
controlled by mass diffusion within the interfacial surface. Later in [2], it was extended to anisotropic surface
diffusion in the context of rational thermodynamics. In addition to thermal grooving, other applications
include intergranular voids in microelectric device [7], epitaxial growth [8], and deformation of images [4]
(see also references cited therein). Theoretical studies on this problem can be found in [9] and numerical
studies in [7,10–13]. In the language of differential geometry, for an evolving closed curve in R2, motion by
sotropic surface diffusion as a special case is governed by the fourth-order geometric evolution law

Xt = κssn, (1)

eaning that a curve moves in normal direction by the surface Laplacian of curvature, refer to the next
ection for detailed notations.

Since anisotropic process is more common in reality, anisotropic surface diffusion as an extension of
he isotropic case has been further studied recently. It was found that the anisotropic diffusion occurs
onventionally by different atomic structures on surface and step structure of surface [1]. To model this,
weighted curvature µ replacing κ in Eq. (1) is introduced [14], see Eq. (3). Such model is extensively

mployed to investigate thin film evolution in solid-state dewetting problems [15]. Some numerical studies
ith several anisotropic surface energies are presented in [11,13,14].
In solving the isotropic surface diffusion (1), a novel idea is introduced in [10], wherein four unknowns

uch as scalar curvature, curvature vector, scalar normal velocity, and vector normal velocity are used to
evelop an energy stable scheme. Later in [12], still preserving the energy stability, this method is tailored
y separating Eq. (1) into two equations such as

n · Xt = κss and κn = −Xss, (2)

here the position vector X and the curvature κ are defined as two unknowns. We note that the second
quation is a well-known identity in differential geometry, namely, the surface Laplacian of position vector is
he minus of (mean) curvature normal vector. A similar approach is adopted to anisotropic case in parametric
nite element framework in [14].

To solve surface diffusion problems, since the evolution law (1) is written in the context of differential
eometry, most of the numerical methods listed above satisfying energy stability are naturally based on
urface finite element approach in Lagrangian description. As to grid-based Eulerian methods, one can refer
o [16] for level-set approach which requires small time step to enforce the energy stability, and [17] for phase-
eld approach devised by using invariant energy quadratization method under isotropic surface energy. In
his paper, motivated by the energy-stable parametric finite element method proposed by Li and Bao in [14],
e propose a finite difference method for (weakly) anisotropic surface diffusion which not only satisfies the
roperty of unconditional energy stability, but also generates a linear system as simple as possible with
nknowns in Lagrangian coordinates.

. Mathematical model

We consider a sufficiently smooth closed curve Γ (t) immersed in two dimensional plane. This curve
s represented by Γ (t) = {X(s, t) = (X(s, t), Y (s, t))}, where t is the time and s is the arclength
arameterization. As studied in [14], the governing equation for the motion of Γ under anisotropic surface
iffusion is given by

X = µ n, and µ = (γ(θ) + γ′′(θ))κ, (3)
t ss

2
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Fig. 1. The problem setup of anisotropic surface diffusion on the curve Γ , where γ is the surface energy, τ is the tangent vector,
and n is the outward normal vector. The increasing arclength direction is along the counterclockwise direction.

where γ is the dimensionless positive surface energy, κ is the curvature, and n is the outward unit normal
vector. The subscripts of a function denotes its respective partial derivatives. We also denote the unit tangent
vector by τ = Xs = (Xs, Ys), and the tangent angle between τ and the negative horizontal axis by θ. More
specifically, the angle is defined by tan(θ − π) = Ys

Xs
, where π is subtracted for comparison purpose with the

otations used in [14], see the illustration in Fig. 1. We conventionally use the increasing arclength direction
s the counterclockwise direction. Also, by introducing the clockwise rotation of a vector by π/2, we denote
he perpendicular vector of a vector u = (u, v) by u⊥ = (v, −u). In such way, the perpendicular vector of

unit tangent vector Xs on the curve is exactly equal to unit outward normal vector n as X⊥
s = n. Notice

hat, when γ = 1, Eq. (3) reduces to the isotropic case (1).
Recalling that κ = θs, τ s = Xss = −κn, and ns = κτ on a plane curve, we have

µn = −
(
γ(θ)Xs − γ′(θ)X⊥

s

)
s

.

The above equality is derived in [14] where the increasing directions of arclength and angle are opposite from
ours.

Using the above equality, the fourth-order geometric evolution equation (3) can be recast by two coupled
second-order equations similar to Eq. (2) as

n · Xt = µss, (4)

µn = −
(
γ(θ)Xs − γ′(θ)X⊥

s

)
s

. (5)
In this paper, we will use the above formulation instead of Eq. (3) as in [12,14] for finite element approach.

Before to proceed, we introduce Lagrangian parameter α such that a closed curve Γ (t) = {X(α, t) =
(X(α, t), Y (α, t))} can be parametrized over a fixed interval [0, 2π] rather than the changing arclength
parameter. However, the both parameters can be linked by the arclength element ds = |Xα|dα =√

X2
α + Y 2

α dα, and the derivative Xs = Xα/|Xα|. The dynamics of anisotropic surface diffusion has two
nherent properties; namely, the total area conservation and energy dissipation. The first property can be
asily derived by applying integration by parts over a closed curve Γ as

dA

dt
=
∫
Γ

Xt · n ds =
∫
Γ

µss ds = 0.

or the total surface energy E(t) =
∫
Γ

γ(θ) ds, its rate of change can be obtained as [14]
dE

dt
= −

∫
Γ

µ2
s ds ≤ 0.

his shows that the energy E always dissipates in continuous sense. In next section, motivated from this
roperty, we present an energy stable finite difference method that preserves the energy dissipation in

iscrete sense.

3
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3. An energy stable scheme for anisotropic surface diffusion

As mentioned earlier, we introduce a Lagrangian coordinate α ∈ [0, 2π] along the closed curve Γ (t) =
X(α, t) = (X(α, t), Y (α, t))} so that all geometrical quantities and solution variables can be defined on
his coordinate. Now the unit tangent can be rewritten as τ = Xα/|Xα| = (Xα, Yα)/|Xα| and the outward
ormal vector n = X⊥

α /|Xα| = (Yα, −Xα)/|Xα|. The partial derivative with respect to s is ∂
∂s = 1

|Xα|
∂

∂α .
ased on these notations, one can rewrite Eqs. (4)–(5) as the following

X⊥
α

|Xα|
· Xt = 1

|Xα|
∂

∂α

(
1

|Xα|
∂µ

∂α

)
,

µ
X⊥

α

|Xα|
= − 1

|Xα|
∂

∂α

(
γ(θ) Xα

|Xα|
− γ′(θ) X⊥

α

|Xα|

)
.

The above equations can be simplified further as

X⊥
α · Xt = ∂

∂α

(
1

|Xα|
∂µ

∂α

)
, (6)

µX⊥
α = − ∂

∂α

(
γ(θ) Xα

|Xα|
− γ′(θ) X⊥

α

|Xα|

)
. (7)

Next, we aim to discretize Eqs. (6)–(7). We first layout a uniform mesh grid points αi = i∆α, i =
0, 1, 2 . . . N with mesh with ∆α = 2π/N in α coordinate along the initial closed curve Γ (0). Note that,
ue to periodicity, we have α0 = αN . Since the centered difference is used, we also define the “half-
nteger” points at αi+1/2 = (i + 1/2)∆α. It is very interesting and novel to see that in above α coordinate
ormulation in Eqs. (6)–(7), the term ∆α used in finite difference approximations for the derivatives of α

can be completely dropped out without changing the approximations. This is another advantage of using α

coordinate formulation for the sake of notational simplicity. With that in mind, for a discrete function f , we
define the difference operators by

∆fi+1/2 = fi+1 − fi and ∆fi = (fi+1 − fi−1)/2, (8)

where the subscript index i is represented that the function is defined at αi. For instance, the perpendicular
vectors are discretized as

(∆Xi)⊥ = (∆Yi, −∆Xi) =
(

Yi+1 − Yi−1

2 , −Xi+1 − Xi−1

2

)
nd (

∆Xi+1/2
)⊥ =

(
∆Yi+1/2, −∆Xi+1/2

)
= (Yi+1 − Yi, − (Xi+1 − Xi)) .

ther variables are defined in a similar manner. We also define the discrete surface energy by γi+1/2 :=(
θi+1/2

)
, where the angle is obtained from tan

(
θi+1/2 − π

)
= ∆Yi+1/2

∆Xi+1/2
. Here the subtraction by π is simply

or the identical notation of the angle θ used in [14].
Based on above notations, we now propose a semi-implicit finite difference discretization for Eqs. (6)–(7).

et ∆t be the time step size and n be the superscript time step index. The time-marching of the scheme
rom (Xn, µn) to (Xn+1, µn+1) is advanced by

(∆Xn
i )⊥ · Xn+1

i − Xn
i

∆t
=

∆µn+1
i+1/2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ −
∆µn+1

i−1/2⏐⏐⏐∆Xn
i−1/2

⏐⏐⏐ , (9)

µn+1
i (∆Xn

i )⊥ = −
γn

i+1/2∆Xn+1
i+1/2 − γ′n

i+1/2

(
∆Xn+1

i+1/2

)⊥⏐⏐⏐∆Xn
⏐⏐⏐ +

γn
i−1/2∆Xn+1

i−1/2 − γ′n
i−1/2

(
∆Xn+1

i−1/2

)⊥⏐⏐⏐∆Xn
⏐⏐⏐ . (10)
i+1/2 i−1/2

4
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One can immediately see that the space (α coordinate) discretization is centered difference while the time
iscretization is simply Euler method. Meanwhile, the scheme is completely linear despite the original
qs. (6)–(7) are non-linear. This results a linear system Ax = b with unknowns x = (Xn+1, Y n+1, µn+1)
hich can be solved quite easily.

.1. Well-posedness and discrete energy dissipation

Here we shall prove the present scheme Eqs. (9)–(10) is well-posed and unconditionally energy stable
nder some suitable condition on the surface energy γ. The discrete energy at nth time step En is defined
y

En =
N∑

i=1
γn

i+1/2

⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ , (11)

hich is an integral approximation of the continuous energy E(t) =
∫
Γ

γ(θ) ds =
∫ 2π

0 γ(θ)|Xα| dα. Our goal
s to prove the energy is dissipative; that is, En+1 ≤ En for each time step n. Before to proceed, we introduce
he discrete version of integration by parts whose proof is straightforward.

emma 1 (Summation by Parts). The following relation holds under the periodicity of index i.
N∑

i=1
ai+1/2(fi+1 − fi)(gi+1 − gi) = −

N∑
i=1

[
ai+1/2(fi+1 − fi) − ai−1/2(fi − fi−1)

]
gi

r by using the difference operator (8),
N∑

i=1
ai+1/2∆fi+1/2∆gi+1/2 = −

N∑
i=1

(
ai+1/2∆fi+1/2 − ai−1/2∆fi−1/2

)
gi.

To show the well-posedness of our method, let us define the Sobolev spaces under the periodic boundary
condition on a curve Γ as

X := H1([0, 2π]) × H1([0, 2π]) and K := H1([0, 2π]),

where H1([0, 2π]) = {u : [0, 2π] → R | u ∈ L2([0, 2π]), uα ∈ L2([0, 2π])} and

L2([0, 2π]) =
{

u : [0, 2π] → R
⏐⏐ ∫ 2π

0
|u(α, t)|2|Xα|dα < ∞

}
.

On the discrete curve Γh, define the necessary finite spaces; Xh := Kh ×Kh ⊂ X, and Kh ⊂ K is the space of
scalar continuous piecewise linear functions which are connected by the values of fi, i = 0, 1, 2 . . . N . (Note
that, the function f can be X, Y, µ defined previously.)

Followed the similar approach ES-PFEM in [14], we now show that our finite difference method proposed
in Eqs. (9)–(10) has a unique weak solution in this space.

Theorem 1 (Well-posedness). For each time step n, assume that the following two conditions are satisfied

(i) at least two vectors of
{
∆Xi+1/2

}N

i=1 are not parallel,
ii) min

i=1,...,N

⏐⏐∆Xi+1/2
⏐⏐ > 0.

Then the discretizations (9)–(10) are well-posed in a weak sense, i.e., there exists a unique solution
(Xn+1, µn+1) ∈ Xh × Kh of the problem defined by

N∑
i=1

nn
i · Xn+1

i − Xn
i

∆t
ϕi|∆Xn

i | = −
N∑

i=1

∆µn+1
i+1/2⏐⏐⏐∆Xn

⏐⏐⏐ ∆ϕi+1/2⏐⏐⏐∆Xn
⏐⏐⏐
⏐⏐⏐∆Xn

i+1/2

⏐⏐⏐ , (12)

i+1/2 i+1/2

5
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N∑
i=1

µn+1
i nn

i · ωi|∆Xn
i | =

N∑
i=1

γn
i+1/2∆Xn+1

i+1/2 − γ′n
i+1/2

(
∆Xn+1

i+1/2

)⊥⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ ·
∆ωi+1/2⏐⏐⏐∆Xn

i+1/2

⏐⏐⏐
⏐⏐⏐∆Xn

i+1/2

⏐⏐⏐ , (13)

here ω ∈ Xh and ϕ ∈ Kh are test functions.

roof. First, we show that the discrete weak formulation of Eqs. (9)–(10) is given by Eqs. (12)–(13) written
bove. To do so, we first multiply Eqs. (9) and (10) by ϕi and ωi, respectively. Then by taking summation
y parts (Lemma 1) with respect to the periodic index i in a component-wise manner, one can easily obtain
qs. (12)–(13).
Since the system of equations (12)–(13) is linear, the uniqueness of solution implies the invertibility of

ystem [18, Thm. 3.5.1]. Thus, existence follows from uniqueness. In the viewpoint of linear transformation,
he existence of only trivial solution of the homogeneous system is equivalent to one-to-one correspondence.
onsequently, to prove the well-posedness of linear system, it is sufficient to show that its homogeneous
roblem has only zero solution as in [14].

By using nn
i = (∆Xn

i )⊥/|∆Xn
i | and taking ϕi = µn+1

i and ωi = Xn+1
i , in Eq. (12) we can obtain

N∑
i=1

(∆Xn
i )⊥ · Xn+1

i µn+1
i = −∆t

N∑
i=1

(
∆µn+1

i+1/2

)2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ ,

and in Eq. (13),
N∑

i=1
µn+1

i (∆Xn
i )⊥ · Xn+1

i

=
N∑

i=1

γn
i+1/2∆Xn+1

i+1/2 − γ′n
i+1/2

(
∆Xn+1

i+1/2

)⊥⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ · ∆Xn+1
i+1/2

=
N∑

i=1

γn
i+1/2∆Xn+1

i+1/2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ · ∆Xn+1
i+1/2

(
by
(
∆Xn+1

i+1/2

)⊥
· ∆Xn+1

i+1/2 = 0
)

=
N∑

i=1

γn
i+1/2

(
∆Xn+1

i+1/2

)2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ .

Combining these two results for γ ≥ 0, we establish

0 ≤
N∑

i=1

γn
i+1/2

(
∆Xn+1

i+1/2

)2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ = µn+1
i

N∑
i=1

(∆Xn
i )⊥ · Xn+1

i = −∆t

N∑
i=1

(
∆µn+1

i+1/2

)2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ ≤ 0.

This concludes that for all i, it gives ∆µn+1
i+1/2 = 0 and ∆Xn+1

i+1/2 = 0, thus both variables are constants such
as µn+1

i+1/2 = µc and Xn+1
i+1/2 = Xc. Replacing by these constants into Eqs. (12) and (13) in the homogeneous

case, we obtain
N∑

i=1
nn

i · Xc

∆t
ϕi|∆Xn

i | = 0, ∀ϕ ∈ Kh

and
N∑

µcnn
i · ωi|∆Xn

i | = 0, ∀ω ∈ Xh.

i=1

6
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Under the two assumptions (i) and (ii) and using the result in [12, Thm. 2.1], we can show that both µc and
c are in fact zero. This completes the proof of well-posedness of our linear system. □

The following main theorem shows that our method is an energy stable scheme.

heorem 2 (Discrete Energy Dissipation). Under the periodicity of index i, and a generic energy dissipation
ondition [14] as

2γ(θ) − γ(θ) cos(θ − ϕ) − γ′(θ) sin(θ − ϕ) ≥ γ(ϕ), ∀θ, ϕ ∈ [−π, π], (14)

he scheme of (9)–(10) is unconditionally energy stable; that is, the scheme satisfies En+1 ≤ En for each time
tep n.

roof. We first start by

N∑
i=1

γn
i+1/2∆Xn+1

i+1/2 − γ′n
i+1/2

(
∆Xn+1

i+1/2

)⊥⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ ·
(
∆Xn+1

i+1/2 − ∆Xn
i+1/2

)
+ En

=
N∑

i=1

γn
i+1/2∆Xn+1

i+1/2 − γ′n
i+1/2

(
∆Xn+1

i+1/2

)⊥⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ ·
(
∆Xn+1

i+1/2 − ∆Xn
i+1/2

)
+

N∑
i=1

γn
i+1/2

⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐
=

N∑
i=1

1⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐
[(

γn
i+1/2∆Xn+1

i+1/2 − γ′n
i+1/2

(
∆Xn+1

i+1/2

)⊥
)

·
(
∆Xn+1

i+1/2 − ∆Xn
i+1/2

)
+ γn

i+1/2

⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐2]
=

N∑
i=1

γn
i+1/2⏐⏐⏐∆Xn

i+1/2

⏐⏐⏐
(⏐⏐⏐∆Xn+1

i+1/2

⏐⏐⏐2 − ∆Xn+1
i+1/2 · ∆Xn

i+1/2 +
⏐⏐⏐∆Xn

i+1/2

⏐⏐⏐2)
− γ′n

i+1/2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐
[(

∆Xn+1
i+1/2

)⊥
· ∆Xn+1

i+1/2 −
(
∆Xn+1

i+1/2

)⊥
· ∆Xn

i+1/2

]

≥
N∑

i=1

γn
i+1/2⏐⏐⏐∆Xn

i+1/2

⏐⏐⏐
(

2
⏐⏐⏐∆Xn+1

i+1/2

⏐⏐⏐ ⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐− ∆Xn+1
i+1/2 · ∆Xn

i+1/2

)
+ γ′n

i+1/2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐
(
∆Xn+1

i+1/2

)⊥
· ∆Xn

i+1/2 (by a2 + b2 ≥ 2ab for a, b ∈ R)

=
N∑

i=1

γn
i+1/2⏐⏐⏐∆Xn

i+1/2

⏐⏐⏐
[
2
⏐⏐⏐∆Xn+1

i+1/2

⏐⏐⏐ ⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐−
⏐⏐⏐∆Xn+1

i+1/2

⏐⏐⏐ ⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ cos
(

θn+1
i+1/2 − θn

i+1/2

)]
+ γ′n

i+1/2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐
⏐⏐⏐∆Xn+1

i+1/2

⏐⏐⏐ ⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ cos
(

θn+1
i+1/2 − π

2 − θn
i+1/2

)
(

where θn+1
i+1/2 − θn

i+1/2 equals to the angle between ∆Xn+1
i+1/2 and ∆Xn

i+1/2

)
=

N∑
i=1

⏐⏐⏐∆Xn+1
i+1/2

⏐⏐⏐ [2γn
i+1/2 − γn

i+1/2 cos
(

θn+1
i+1/2 − θn

i+1/2

)
+ γ′n

i+1/2 sin
(

θn+1
i+1/2 − θn

i+1/2

)]
=

N∑
i=1

⏐⏐⏐∆Xn+1
i+1/2

⏐⏐⏐ [2γn
i+1/2 − γn

i+1/2 cos
(

θn
i+1/2 − θn+1

i+1/2

)
− γ′n

i+1/2 sin
(

θn
i+1/2 − θn+1

i+1/2

)]
≥

N∑
i=1

γn+1
i+1/2

⏐⏐⏐∆Xn+1
i+1/2

⏐⏐⏐ (by the energy dissipation condition (14))
n+1
= E .

7
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From this, we can derive further as

En+1 − En

≤
N∑

i=1

γn
i+1/2∆Xn+1

i+1/2 − γ′n
i+1/2

(
∆Xn+1

i+1/2

)⊥⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ ·
(
∆Xn+1

i+1/2 − ∆Xn
i+1/2

)

= −
N∑

i=1

⎛⎜⎝γn
i+1/2∆Xn+1

i+1/2 − γ′n
i+1/2

(
∆Xn+1

i+1/2

)⊥⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ −
γn

i−1/2∆Xn+1
i−1/2 − γ′n

i−1/2

(
∆Xn+1

i−1/2

)⊥⏐⏐⏐∆Xn
i−1/2

⏐⏐⏐
⎞⎟⎠

·
(
Xn+1

i − Xn
i

)
(by applying Lemma 1 component-wisely)

=
∑N

i=1 µn+1
i (∆Xn

i )⊥ ·
(
Xn+1

i − Xn
i

)
(by Eq. (10))

=
N∑

i=1
µn+1

i ∆t

⎛⎝ ∆µn+1
i+1/2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ −
∆µn+1

i−1/2⏐⏐⏐∆Xn
i−1/2

⏐⏐⏐
⎞⎠ (by Eq. (9))

= −∆t

N∑
i=1

∆µn+1
i+1/2

∆µn+1
i+1/2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ (by Lemma 1)

= −∆t

N∑
i=1

(
∆µn+1

i+1/2

)2⏐⏐⏐∆Xn
i+1/2

⏐⏐⏐ ≤ 0,

hich completes the proof. □

This theorem ensures that our scheme in Eqs. (6)–(7) is an energy stable finite difference method for
he curve motion driven by anisotropic surface diffusion. The governing equation for surface diffusion is
xpressed by a fourth-order geometric equation, wherein the unknown is the position vector of curve. As in
ome work in literature, we use a geometric identity as the second equation by taking weighted curvature
s an extra unknown so the original fourth-order partial differential equation becomes two second-order
quations. We introduce a Lagrangian coordinate parameter such that a closed curve can be parametrized
ver a fixed interval so the equations can be represented using the new parameter instead of using the
hanging arclength parameter. Then, we propose a semi-implicit finite difference method for those two
quations and prove that the scheme is unconditionally energy stable under a generic energy dissipative
ondition on the surface energy. More importantly, the present numerical scheme results in a linear system
or two unknowns despite the fact that the original partial differential equation is non-linear. As future work,
he present finite difference method can be coupled with an equi-arclength mesh control mechanism [19] so
he mesh quality can be significantly improved while preserving the original dynamics of surface diffusion.
nother promising future work is the development of a structure-preserving finite difference method which

imultaneously satisfies area conservation and energy dissipation in discrete sense as in [20]. Meanwhile,
t is also possible to extend the study for the evolution of open curves with proper boundary conditions
or solid-state dewetting problems as in [11,14,21]. However, careful discretization near the boundary must
e taken in order to preserve energy dissipation. In the next section, various numerical experiments are
erformed to show the applicability of our finite difference method satisfying unconditional energy stability.

. Numerical results

We perform a series of numerical tests for the motion of curve under anisotropic surface diffusion. We
egin by checking the convergence rate of developed scheme (9)–(10) for the curve position vector X and
he weighted curvature (or chemical potential) µ. We then study the evolving dynamics of closed curves

nder anisotropic surface energy.

8



M.-C. Lai, S. Park and Y. Seol Applied Mathematics Letters 127 (2022) 107848

d

w

T
i
s
i

b
A
r
o
t

4

e

O
γ

Table 1
Convergence analysis for anisotropic surface diffusion with energy γ(θ) = 1 + 0.1 cos(3θ) at two different
times t = 0.0078 and 0.0156.

N ∥XN − X2N ∥2 Rate ∥µN − µ2N ∥2 Rate

(t = 0.0078)

64 3.996 × 10−2 – 1.805 × 10−1 –
128 2.261 × 10−2 0.82 7.537 × 10−2 1.26
256 1.221 × 10−2 0.88 3.245 × 10−2 1.21
512 7.467 × 10−3 0.71 1.970 × 10−2 0.71

(t = 0.0156)

64 5.071 × 10−2 – 1.069 × 10−1 –
128 2.669 × 10−2 0.92 5.847 × 10−2 0.87
256 1.483 × 10−2 0.84 2.346 × 10−2 1.31
512 8.485 × 10−3 0.80 1.073 × 10−2 1.12

4.1. Convergence test

As the first test, we check the numerical accuracy of our method presented in Section 3. As mentioned
before, the curve is discretized by the N -number of points with the Lagrangian mesh width ∆α = 2π/N . We
efine the L2-norm of the position vector XN by ∥XN ∥2 :=

(∑N
i=1 |XN,i|2 ∆sN,i

)1/2
, where the arclength

element is ∆sN,i =
(
|∆XN,i+1/2| + |∆XN,i−1/2|

)
/2. So the error of X between two resolutions associated

ith N and 2N can be obtained from

∥XN − X2N ∥2 =
(

N∑
i=1

|XN,i − X̃2N,i|
2
∆sN,i

)1/2

,

where X̃2N is the N -sized data of X2N projected onto XN . The convergence rate is then computed by

Rate = log2

(
∥XN − X2N ∥2

∥X2N − X4N ∥2

)
.

he error and convergence rate for the weighted curvature µ are computed in a similar manner. Here, the
nitial curve is chosen as a complex one in [22] with the parametric form (X, Y ) = (cos α, 0.5 sin α +
in(cos α)+(0.2+sin α sin2(3α)) sin α) and the time step is chosen as ∆t = 1/(32N). The anisotropic energy
s chosen as γ(θ) = 1 + 0.1 cos(3θ).

Given an initially complex curve as described above, we increase the number of points N from 64 to 1024
y a factor of two. We compute the L2 errors of X and µ at two different times t = 0.0078 and 0.0156.
s shown in Table 1, we observe that the overall convergence rates for both solution variables (X, µ) are

oughly close to one. Although the second-order finite difference method is used in space, the overall first-
rder accuracy can be anticipated since our scheme (9)–(10) uses the first-order backward Euler method in
ime.

.2. Effect of anisotropic surface energy

In this subsection, we study the effect of different anisotropic surface energy on motion of curves. We
mploy two different surface energies as follows.

• γ1(θ) = 1 + 0.1 cos(3θ): a 3-fold anisotropic surface energy
• γ2(θ) = 1 + 0.05 cos(4θ): a 4-fold anisotropic surface energy

ne can refer to [11,14] for more general surface energies. Notice that, the above two energies γ1 and
satisfy the generic energy dissipation condition (14) as shown in [14], so the result in Theorem 2
2

9
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a
s

o
c
s

Fig. 2. The motion of curve under anisotropic surface diffusion with 3-fold surface energy γ(θ) = 1 + 0.1 cos(3θ) in (a,c); and with
4-fold surface energy γ(θ) = 1 + 0.05 cos(4θ) in (b,d). Two different initial curves are used, namely, (a,b) star-shaped curve; (c,d)
complex curve.

can be applied to both cases. To understand their effects more clearly, two different initial curves are
chosen; namely, the star-shaped curve (X, Y ) = (1 + 0.8 sin(5α))(cos α, sin α), and the complex curve
(X, Y ) = (cos α, 0.5 sin α + sin(cos α) + (0.2 + sin α sin2(3α)) sin α). We use the grid number N = 128
nd the time step size is ∆t = 1/(32N). All simulations are up to time T = 25/N when the equilibrium
eems to occur.

In Fig. 2(a,c), the temporal evolution of two curves under the 3-fold anisotropic energy is illustrated. We
bserve that the high curvature regions are quickly smoothed out in a short time, and then both curves
onverge to smooth triangles. Once the equilibrium shape is reached, it is unchanged until the final time of
imulation. Similar in Fig. 2(b,d), we observe that two curves are again smoothed out quickly, then converge
10
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Fig. 3. The temporal evolutions of (a) total energy, and (b) total area, for the curve motion under anisotropic surface diffusion
corresponding to Fig. 2.

to smooth diamond shapes and remain unchanged afterwards. In other words, regardless of the initial curve
used, the curve motion with a general k-fold anisotropic energy will converge gradually to a smooth k-sided

olygon as time goes.
In Fig. 3(a), the temporal evolution of discrete total energy (11) for the four cases corresponding to Fig. 2

s plotted in detail. As expected, the total energy always decreases and remains steady until the final time
f simulation which again confirms our theoretical result in Theorem 1. Meanwhile, it is very interesting to
ee that the energy dissipation for both types of surface energy γ1 and γ2 is almost identical for the curves
ith same initial configuration. In other words, the initial configuration of given curve, rather than the

ype of energy anisotropy, is more relevant to the energy dissipation property. Fig. 3(b) shows the temporal
volution of total area which shares the same behavior as in Fig. 3(a). In summary, the different k-fold
urface anisotropies seem to have negligible effect on the total surface energy and the total area. Besides,
he present scheme also conserves the total area quite well.
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