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In this paper, we develop an energy stable finite difference method for the problem
of curve motion under anisotropic surface diffusion. The motion of curve by
anisotropic surface diffusion is governed by the fourth-order (highly nonlinear)
geometric evolution equation. As in Li and Bao (2021), we first split the fourth-
order evolution equation into two second-order equations, where the position vector
of curve and the weighted curvature are treated as unknowns. Instead of using the
arclength parameter, we introduce a Lagrangian coordinate parameter such that
a closed curve can be parametrized over a fixed interval so that the equations
can be represented using the new parameter. We then propose a linearly semi-
implicit finite difference method to discretize these two equations, and prove that
the scheme satisfies discrete energy dissipation so it is energy stable under suitable
condition on the anisotropic surface energy. To show the applicability of our present
method, we perform several numerical tests on various initial curves and different
anisotropic energies. The numerical results show that our scheme is indeed energy
dissipative and conserves even the total area well.

©2021 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we introduce an energy stable finite difference method for motion of closed curves by

anisotropic surface diffusion. Diffusion process on surface or interface is an important and ubiquitous

phenomenon involved with the motion of atoms and molecules over solid surface [1, Ch. 13]. This problem is

an important transport mechanism and arises in various applications of surface phase formation, solid-state

physics, materials science, and computational geometry [2-5]. For example, a growing crystalline film is an

important ingredient for several applications on a nanoscale, and the equilibrium shape of crystals is a classic

problem in materials science.
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Based on Nernst—Einstein relation, Mullins in [6] firstly proposed a mathematical formulation for isotropic
surface diffusion to study the evolution of grain boundaries, where a thermal groove can be developed pro-
gressively due to the diffusion of atoms along the interface. In other words, the evolution of phase interfaces is
controlled by mass diffusion within the interfacial surface. Later in [2], it was extended to anisotropic surface
diffusion in the context of rational thermodynamics. In addition to thermal grooving, other applications
include intergranular voids in microelectric device [7], epitaxial growth [8], and deformation of images [4]
(see also references cited therein). Theoretical studies on this problem can be found in [9] and numerical
studies in [7,10-13]. In the language of differential geometry, for an evolving closed curve in R?, motion by
isotropic surface diffusion as a special case is governed by the fourth-order geometric evolution law

X; = Kgsh, (1)

meaning that a curve moves in normal direction by the surface Laplacian of curvature, refer to the next
section for detailed notations.

Since anisotropic process is more common in reality, anisotropic surface diffusion as an extension of
the isotropic case has been further studied recently. It was found that the anisotropic diffusion occurs
conventionally by different atomic structures on surface and step structure of surface [1]. To model this,
a weighted curvature p replacing s in Eq. (1) is introduced [14], see Eq. (3). Such model is extensively
employed to investigate thin film evolution in solid-state dewetting problems [15]. Some numerical studies
with several anisotropic surface energies are presented in [11,13,14].

In solving the isotropic surface diffusion (1), a novel idea is introduced in [10], wherein four unknowns
such as scalar curvature, curvature vector, scalar normal velocity, and vector normal velocity are used to
develop an energy stable scheme. Later in [12], still preserving the energy stability, this method is tailored
by separating Eq. (1) into two equations such as

n-X; =kgs and kn = —Xg, (2)

where the position vector X and the curvature k are defined as two unknowns. We note that the second
equation is a well-known identity in differential geometry, namely, the surface Laplacian of position vector is
the minus of (mean) curvature normal vector. A similar approach is adopted to anisotropic case in parametric
finite element framework in [14].

To solve surface diffusion problems, since the evolution law (1) is written in the context of differential
geometry, most of the numerical methods listed above satisfying energy stability are naturally based on
surface finite element approach in Lagrangian description. As to grid-based FEulerian methods, one can refer
to [16] for level-set approach which requires small time step to enforce the energy stability, and [17] for phase-
field approach devised by using invariant energy quadratization method under isotropic surface energy. In
this paper, motivated by the energy-stable parametric finite element method proposed by Li and Bao in [14],
we propose a finite difference method for (weakly) anisotropic surface diffusion which not only satisfies the
property of unconditional energy stability, but also generates a linear system as simple as possible with
unknowns in Lagrangian coordinates.

2. Mathematical model

We consider a sufficiently smooth closed curve I'(t) immersed in two dimensional plane. This curve
is represented by I'(t) = {X(s,t) = (X(s,t),Y(s,t))}, where t is the time and s is the arclength
parameterization. As studied in [14], the governing equation for the motion of I" under anisotropic surface
diffusion is given by

X; = proon, and = (7(0) + 7" (O)%, (3)
2
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Fig. 1. The problem setup of anisotropic surface diffusion on the curve I', where v is the surface energy, T is the tangent vector,
and n is the outward normal vector. The increasing arclength direction is along the counterclockwise direction.

where 7y is the dimensionless positive surface energy, x is the curvature, and n is the outward unit normal
vector. The subscripts of a function denotes its respective partial derivatives. We also denote the unit tangent
vector by 7 = X = (X, Ys), and the tangent angle between T and the negative horizontal axis by 6. More
specifically, the angle is defined by tan(f — ) = )%’ where 7 is subtracted for comparison purpose with the
notations used in [14], see the illustration in Fig. 1. We conventionally use the increasing arclength direction
as the counterclockwise direction. Also, by introducing the clockwise rotation of a vector by /2, we denote
the perpendicular vector of a vector u = (u,v) by ut = (v, —u). In such way, the perpendicular vector of
unit tangent vector X on the curve is exactly equal to unit outward normal vector n as Xsl = n. Notice
that, when v = 1, Eq. (3) reduces to the isotropic case (1).
Recalling that k = 05, 7, = X35 = —kn, and ng = KT on a plane curve, we have

pm = — (v(0)X, =+ (0)X5), -

The above equality is derived in [14] where the increasing directions of arclength and angle are opposite from
ours.

Using the above equality, the fourth-order geometric evolution equation (3) can be recast by two coupled
second-order equations similar to Eq. (2) as

n-X; = Hss, (4)

pm = — (v(0)X, —+'(0)X]), . (5)
In this paper, we will use the above formulation instead of Eq. (3) as in [12,14] for finite element approach.
Before to proceed, we introduce Lagrangian parameter « such that a closed curve I'(t) = {X(a,t) =
(X(a,t),Y(a,t))} can be parametrized over a fixed interval [0,2n] rather than the changing arclength
parameter. However, the both parameters can be linked by the arclength element ds = |X,|da =
VX2 4+ Y2da, and the derivative Xy = X, /|X,|. The dynamics of anisotropic surface diffusion has two
inherent properties; namely, the total area conservation and energy dissipation. The first property can be
easily derived by applying integration by parts over a closed curve I" as

dA
_— = X . g = 0.
i /F +-nds /P Hssds =0

For the total surface energy E(t) = [, v(0)ds, its rate of change can be obtained as [14]
dE 9
—_— = ds < 0.
at /p“s 5=
This shows that the energy E always dissipates in continuous sense. In next section, motivated from this

property, we present an energy stable finite difference method that preserves the energy dissipation in
discrete sense.
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3. An energy stable scheme for anisotropic surface diffusion

As mentioned earlier, we introduce a Lagrangian coordinate o € [0, 27] along the closed curve I'(t) =
{X(a,t) = (X(a,t),Y(a,t))} so that all geometrical quantities and solution variables can be defined on
this coordinate. Now the unit tangent can be rewritten as 7 = X, /|Xo| = (X4, Ya)/|Xa| and the outward

normal vector n = X} /|X,| = (Yo, —Xa)/|Xa|- The partial derivative with respect to s is 2 = b2

s~ |Xal| Oa”
Based on these notations, one can rewrite Egs. (4)—(5) as the following
X x - L o1 o
Xol 77 Xl 00 \|X4| 0a
XLt 1 0 X XL
a 9 @ A H [e] .
iR = e CORTTORY)
The above equations can be simplified further as
0 1 Ju
Xt.X, = = (—=ZL), 6
« T da (Xa| 8@) (6)
0 X Xt
Xt = -2 (~(0) =2 —+(0) == ). 7
Xt =~ (103 O ) )
Next, we aim to discretize Eqs. (6)—(7). We first layout a uniform mesh grid points a; = iAa,i =
0,1,2... N with mesh with Aa = 27/N in « coordinate along the initial closed curve I'(0). Note that,
due to periodicity, we have ag = ap. Since the centered difference is used, we also define the “half-

integer” points at o412 = (i +1/2)Ac. Tt is very interesting and novel to see that in above a coordinate
formulation in Egs. (6)—(7), the term A« used in finite difference approximations for the derivatives of «
can be completely dropped out without changing the approximations. This is another advantage of using «
coordinate formulation for the sake of notational simplicity. With that in mind, for a discrete function f, we
define the difference operators by

Afivijo = fixn — fi and  Afi = (fiy1 — fii1)/2, (8)

where the subscript index i is represented that the function is defined at «;. For instance, the perpendicular
vectors are discretized as

(AX,)E = (AY;, —AX;) = (Y”“ —Yi A - XH)
2 2
and
(AXiJrl/z)l = (AYiy1)2, —AXip1)2) = (Yigr — Vi, — (X1 — X))

Other variables are defined in a similar manner. We also define the discrete surface energy by v;11/2 =
vy (9i+1/2), where the angle is obtained from tan (01_5_1/2 — 7r) = 227111//22' Here the subtraction by 7 is simply
for the identical notation of the angle 6 used in [14].

Based on above notations, we now propose a semi-implicit finite difference discretization for Egs. (6)—(7).
Let At be the time step size and n be the superscript time step index. The time-marching of the scheme
from (X", u") to (X™+, u™*1) is advanced by

Xt Xy M, A, 9)

At ax; ‘AXZ 2]

(axp)*
+1/2‘
n+1 n+1 + m L

'7¢+1/2AX1'+1/2 - z+1/2 (AXzH/z) Vis 1/2AX1 12~ Vi-1/2 (AX’L 1/2)
’AX ’AX

1,+1/2’ i— 1/2’
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One can immediately see that the space (« coordinate) discretization is centered difference while the time
discretization is simply Euler method. Meanwhile, the scheme is completely linear despite the original
Egs. (6)—(7) are non-linear. This results a linear system Ax = b with unknowns x = (X" yn+l yntl)
which can be solved quite easily.

3.1. Well-posedness and discrete energy dissipation

Here we shall prove the present scheme Egs. (9)—(10) is well-posed and unconditionally energy stable
under some suitable condition on the surface energy . The discrete energy at nth time step E™ is defined
by

N
E" = Z%nﬂm ‘AX?+1/2‘ ; (11)

which is an integral approximation of the continuous energy E(t) = [ Fy(0)ds = f 0)|X 4| da. Our goal
is to prove the energy is dissipative; that is, E"t! < E" for each tlme step n. Before to proceed7 we introduce
the discrete version of integration by parts whose proof is straightforward.

Lemma 1 (Summation by Parts). The following relation holds under the periodicity of index i.

N N
Zai+1/2(fi+1 — [i)(giv1 — 9i) = — Z laiv1/2(fivr — fi) — aim1p2(fi — fim1)] 9
i=1

i=1
or by using the difference operator (8),

N N
Z ai+1/2Afi+1/2Agi+1/2 = - Z (ai+1/2Afi+l/2 - aifl/QAfifl/Q) 9i

i=1 i=1

To show the well-posedness of our method, let us define the Sobolev spaces under the periodic boundary
condition on a curve I as

X := H'([0,27]) x H'([0,27]) and K := H([0,2n]),
where H'(]0,27]) = {u: [0,27] — R|u € L?([0,27]),uq € L?([0,27])} and

L2(]0,2x]) = {u :0,27] = R| /O% lu(a, 8))* | Xa|dor < oo} .

On the discrete curve I',, define the necessary finite spaces; X" := K" x K* ¢ X, and K" C K is the space of
scalar continuous piecewise linear functions which are connected by the values of f;, i =0,1,2... N. (Note
that, the function f can be X,Y, u defined previously.)

Followed the similar approach ES-PFEM in [14], we now show that our finite difference method proposed
in Egs. (9)—(10) has a unique weak solution in this space.

Theorem 1 ( Well-posedness). For each time step n, assume that the following two conditions are satisfied
(i) at least two vectors of {AXZ»_H/Q}?; are not parallel,
(i) min |AX;i1/2] > 0.

i=1,..,N

Then the discretizations (9)—(10) are well-posed in a weak sense, i.e., there exists a unique solution
(XnHL ) € XM x KP of the problem defined by

Xn+1 Xn N A:U/7+1 A i
Z ) 7¢1|AX”| _ Z +1/2 Pit1/2 ’AX1+1/2
i=1 i=1 ‘A +1/2‘ ‘AX1+1/2‘
5

(12)
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N ym o AXTL gn (AX
Pszr i Yi+1/2 % Aw;
E ntln JAXP| = § : 1/2 +1/2 / +1/2) . Wit1/2 AX ’ (13)
123 T W " i+1/2
i=1 ‘szﬂ/z’ ’Axi+1/2‘

where w € X" and ¢ € K" are test functions.

Proof. First, we show that the discrete weak formulation of Egs. (9)—(10) is given by Egs. (12)—(13) written
above. To do so, we first multiply Egs. (9) and (10) by ¢; and w;, respectively. Then by taking summation
by parts (Lemma 1) with respect to the periodic index ¢ in a component-wise manner, one can easily obtain
Egs. (12)—(13).

Since the system of equations (12)—(13) is linear, the uniqueness of solution implies the invertibility of
system [18, Thm. 3.5.1]. Thus, existence follows from uniqueness. In the viewpoint of linear transformation,
the existence of only trivial solution of the homogeneous system is equivalent to one-to-one correspondence.
Consequently, to prove the well-posedness of linear system, it is sufficient to show that its homogeneous
problem has only zero solution as in [14].

By using n? = (AX?)+/|AX?| and taking ¢; = p*! and w; = X} in Eq. (12) we can obtain

’L

v (2w’
Do(AXp) Xt = — A Z ,
i=1 ‘AX +1/2’

and in Eq. (13),

1 1
Z MnJr Xn . XZT_L+

1

N z+1/2AXz+1/2 Y z+1/2 (AXzle/?) n+1
— Z AX1+1/2

=1 ‘sz—‘rl/Q‘

N n n+1

7i+1/2AXi+1/2 n+1 n n+1

=y R axy, by (aX 111/2) CAXIHL, =0

i=1 ‘AX +1/2‘

2
n n+1

B i\’: Yit1/2 (AX1+1/2>

i=1 ‘AX1+1/2‘

Combining these two results for v > 0, we establish

N AT (Axm—ll 2>2 N ( n+11 2)2
0<y - )t S (AR X = Atz fiv)
=1

i=1 ’AX1+1/2‘ ’AXzH/?‘

This concludes that for all 7, it gives Au?jll/g =0 and AX?jll/Q = 0, thus both variables are constants such

as u?fll/z = u¢ and X?_:'ll/z = X°. Replacing by these constants into Egs. (12) and (13) in the homogeneous

case, we obtain

(2

N xc
L | AXP =0, VoeK?
;n 04X =0, Vo€

and
N

> pnl - wi|AXP[ =0, VweX
=1
6
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Under the two assumptions (i) and (ii) and using the result in [12, Thm. 2.1], we can show that both u° and

X¢ are in fact zero. This completes the proof of well-posedness of our linear system. [J

The following main theorem shows that our method is an energy stable scheme.

Theorem 2 (Discrete Energy Dissipation). Under the periodicity of index i, and a generic energy dissipation

condition [14] as

the scheme of (9)—(10) is unconditionally energy stable; that is, the scheme satisfies E"™1 < E™ for each time

step n.

27(0) — ~(0) cos(0 — ¢) — 7' (0) sin(0 — ¢) = v(¢), V0,6 € [-m,7],

Proof. We first start by

Vv

M=

1
Vet AKX — AT (AX?“ )
i+1/2 +1/2 / t2) (AXTL+1 - AX?H/Z) +E

. i+1/2
i=1 )AXH-l/Q’
1L
N ogm G AXTEL s (AXTH al
Yit1/2 i+1/2 71+1/2( i+1/2 " n n n
5 : (50 83) # B %5
i=1 )AXHUQ’ i=1
N 1 1
SN
i=1 ‘AXH-I/Q‘

2
n+1 b2
) (Axijl/z - AXz‘LJrl/z) Y412 ‘AX?+1/2‘ }

N ’Y?+1/2 n+1 2 n+1 n n 2
Z‘ AXEL| = AXEEL, C AXE i+ |AXT, o)

n i+1/2 i+1/2
=1 ‘sz‘+1/2
s T axnet )L axnt AxL )L axe
- i+1/2 ’ i+1/2 i+1/2 ’ i+1/2
’AX?-H/Q

N n
v;
Z z+1/2‘ (2 ‘AXn—i-l ’ ’AX;’L+1/2’ — AXh—i—l . AX;L_A,_l/Z)

n i+1/2 i+1/2
i=1 ‘AX¢+1/2
m 1
L z:w (AX?jllm) CAXZ,,, (by @+ > 2ab for a,b € R)
‘sz‘ﬂ/z
N o ym )
£ n+1 n+1 n+1 n
3 7 (2[4 [ A% o] = 4K [ Ao o (01 = 00 12)
i=1 ‘AXi+1/2‘
712 n+1 n nal o
+:7/ ‘sz‘+1/2‘ ‘AXi+1/2’ cos (9i+1/2 — 2 9i+1/2)
‘sz‘ﬂ/z
where 9;:"11/2 — 9?+1/2 equals to the angle between AX?:ll/Q and AX?H/2)

N
Z ‘AXQTE/Q‘ [2’7?-5-1/2 - 7?4—1/2 €os (9?:11/2 - ?—i—l/?) + ’Y/?+1/2 sin (9?:11/2 - ?-5-1/2)}
Zﬁl

n+1 n n n n+1 n . n n+1
Z ‘AX¢+1/2‘ {2%‘+1/2 ~ Yig1/2COS (9i+1/2 - ‘91+1/2> =741 28in (91'+1/2 - 9#1/2)}
i=1

N
Z%T’:ll/g ‘AX?:fp‘ (by the energy dissipation condition (14))

=1
En+1

Applied Mathematics Letters 127 (2022) 107848
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From this, we can derive further as

En+1 _ En
1
N n AXT.H_l _ AT AXn+1
Yit1/29% 172 — Viv1/2 ( i+1/2 1

< ¥ (Ax;“fl L, — AXD, /2)

=1 ‘AXz—H/Q

n n+1 L n n+1 m -
B i 7¢+1/2Axi+1/2 - z+1/2 (AX1+1/2) Pyi—1/2AXi71/2 —7i-1/2 (AXz 1/2)
i=1 ’AXz-i—l/Q ‘AX’ 1/2’

(X"+1 X") (by applying Lemma 1 component-wisely)
= Zf L AXE) - (X = X7)  (by Ea. (10))

A//.Hrl AMnJrl
- ZM?“At it1/2 =2 (by Eq. (9)
' ’AX1+1/2‘ ‘sz 1/2‘
A n+1
= AtZA ;‘_Llﬂ#m (by Lemma 1)
‘A z+1/2’

a (A/‘?J:rllm) :

= —Atz

which completes the proof. O

This theorem ensures that our scheme in Egs. (6)—(7) is an energy stable finite difference method for
the curve motion driven by anisotropic surface diffusion. The governing equation for surface diffusion is
expressed by a fourth-order geometric equation, wherein the unknown is the position vector of curve. As in
some work in literature, we use a geometric identity as the second equation by taking weighted curvature
as an extra unknown so the original fourth-order partial differential equation becomes two second-order
equations. We introduce a Lagrangian coordinate parameter such that a closed curve can be parametrized
over a fixed interval so the equations can be represented using the new parameter instead of using the
changing arclength parameter. Then, we propose a semi-implicit finite difference method for those two
equations and prove that the scheme is unconditionally energy stable under a generic energy dissipative
condition on the surface energy. More importantly, the present numerical scheme results in a linear system
for two unknowns despite the fact that the original partial differential equation is non-linear. As future work,
the present finite difference method can be coupled with an equi-arclength mesh control mechanism [19] so
the mesh quality can be significantly improved while preserving the original dynamics of surface diffusion.
Another promising future work is the development of a structure-preserving finite difference method which
simultaneously satisfies area conservation and energy dissipation in discrete sense as in [20]. Meanwhile,
it is also possible to extend the study for the evolution of open curves with proper boundary conditions
for solid-state dewetting problems as in [11,14,21]. However, careful discretization near the boundary must
be taken in order to preserve energy dissipation. In the next section, various numerical experiments are
performed to show the applicability of our finite difference method satisfying unconditional energy stability.

4. Numerical results

We perform a series of numerical tests for the motion of curve under anisotropic surface diffusion. We
begin by checking the convergence rate of developed scheme (9)—(10) for the curve position vector X and
the weighted curvature (or chemical potential) p. We then study the evolving dynamics of closed curves
under anisotropic surface energy.
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Table 1
Convergence analysis for anisotropic surface diffusion with energy ~(6) = 1 + 0.1cos(30) at two different
times ¢ = 0.0078 and 0.0156.

N [ Xy — Xonll2 Rate lun = panll2 Rate
(t = 0.0078)

64 3.996 x 1072 - 1.805 x 1071 -

128 2.261 x 1072 0.82 7.537 x 1072 1.26

256 1.221 x 1072 0.88 3.245 x 1072 1.21

512 7.467 x 1073 0.71 1.970 x 1072 0.71
(t = 0.0156)

64 5.071 x 1072 - 1.069 x 107! -

128 2.669 x 1072 0.92 5.847 x 1072 0.87

256 1.483 x 1072 0.84 2.346 x 10~2 1.31

512 8.485 x 1073 0.80 1.073 x 1072 1.12

4.1. Convergence test

As the first test, we check the numerical accuracy of our method presented in Section 3. As mentioned
before, the curve is discretized by the N-number of points with the Lagrangian mesh width Aa = 27/N. We

1/2
define the La-norm of the position vector Xy by ||Xn|2 = (Zfil |XN,i|2 AsN,i> , where the arclength

element is Asy,; = (|AXN71-+1/2| + |AXN72-_1/2|) /2. So the error of X between two resolutions associated
with N and 2N can be obtained from

N 1/2
2
Xy — Xanll2 = (Z X i — Xon,il ASN,Z‘) ,

i=1

where )/(_;; is the N-sized data of Xon projected onto X . The convergence rate is then computed by

Xy — Xonll2 )
1Xon — Xunll2 /)

The error and convergence rate for the weighted curvature p are computed in a similar manner. Here, the

Rate = log, (

initial curve is chosen as a complex one in [22] with the parametric form (X,Y) = (cosa, 0.5sina +
sin(cos ) 4 (0.2 +sin asin?(3a)) sin ) and the time step is chosen as At = 1/(32N). The anisotropic energy
is chosen as v(6) = 1+ 0.1 cos(36).

Given an initially complex curve as described above, we increase the number of points N from 64 to 1024
by a factor of two. We compute the L, errors of X and p at two different times ¢ = 0.0078 and 0.0156.
As shown in Table 1, we observe that the overall convergence rates for both solution variables (X, u) are
roughly close to one. Although the second-order finite difference method is used in space, the overall first-
order accuracy can be anticipated since our scheme (9)—(10) uses the first-order backward Euler method in
time.

4.2. Effect of anisotropic surface energy

In this subsection, we study the effect of different anisotropic surface energy on motion of curves. We
employ two different surface energies as follows.

e 71(0) =14 0.1cos(30): a 3-fold anisotropic surface energy
e 72(0) =1+ 0.05cos(46): a 4-fold anisotropic surface energy

One can refer to [11,14] for more general surface energies. Notice that, the above two energies v; and
v2 satisfy the generic energy dissipation condition (14) as shown in [14], so the result in Theorem 2

9
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Fig. 2. The motion of curve under anisotropic surface diffusion with 3-fold surface energy v(6) = 1 + 0.1 cos(30) in (a,c); and with
4-fold surface energy ~(0) = 1 + 0.05cos(46) in (b,d). Two different initial curves are used, namely, (a,b) star-shaped curve; (c,d)
complex curve.

can be applied to both cases. To understand their effects more clearly, two different initial curves are
chosen; namely, the star-shaped curve (X,Y) = (1 + 0.8sin(5a))(cosa, sina), and the complex curve
(X,Y) = (cosa, 0.5sina + sin(cosa) + (0.2 + sinasin®(3a))sina). We use the grid number N = 128
and the time step size is At = 1/(32N). All simulations are up to time 7" = 25/N when the equilibrium
seems to occur.

In Fig. 2(a,c), the temporal evolution of two curves under the 3-fold anisotropic energy is illustrated. We
observe that the high curvature regions are quickly smoothed out in a short time, and then both curves
converge to smooth triangles. Once the equilibrium shape is reached, it is unchanged until the final time of
simulation. Similar in Fig. 2(b,d), we observe that two curves are again smoothed out quickly, then converge
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Fig. 3. The temporal evolutions of (a) total energy, and (b) total area, for the curve motion under anisotropic surface diffusion
corresponding to Fig. 2.

to smooth diamond shapes and remain unchanged afterwards. In other words, regardless of the initial curve
used, the curve motion with a general k-fold anisotropic energy will converge gradually to a smooth k-sided
polygon as time goes.

In Fig. 3(a), the temporal evolution of discrete total energy (11) for the four cases corresponding to Fig. 2
is plotted in detail. As expected, the total energy always decreases and remains steady until the final time
of simulation which again confirms our theoretical result in Theorem 1. Meanwhile, it is very interesting to
see that the energy dissipation for both types of surface energy v, and 5 is almost identical for the curves
with same initial configuration. In other words, the initial configuration of given curve, rather than the
type of energy anisotropy, is more relevant to the energy dissipation property. Fig. 3(b) shows the temporal
evolution of total area which shares the same behavior as in Fig. 3(a). In summary, the different k-fold
surface anisotropies seem to have negligible effect on the total surface energy and the total area. Besides,
the present scheme also conserves the total area quite well.
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