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Abstract. We develop a method for computing a nearly singular integral, such as a double
layer potential due to sources on a curve in the plane, evaluated at a point near the curve. The
approach is to regularize the singularity and obtain a preliminary value from a standard quadrature
rule. Then we add corrections for the errors due to smoothing and discretization, which are found
by asymptotic analysis. We prove an error estimate for the corrected value, uniform with respect
to the point of evaluation. One application is a simple method for solving the Dirichlet problem for
Laplace’s equation on a grid covering an irregular region in the plane, similar to an earlier method of
A. Mayo [SIAM J. Sci. Statist. Comput., 6 (1985), pp. 144–157]. This approach could also be used
to compute the pressure gradient due to a force on a moving boundary in an incompressible fluid.
Computational examples are given for the double layer potential and for the Dirichlet problem.
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1. Introduction. The solutions to many problems in differential equations can
be expressed in terms of singular integrals. Perhaps the most familiar example is
the representation of solutions of boundary value problems for Laplace’s equation or
Poisson’s equation. The computation of such integrals often requires special methods.
It seems that the most difficult case to compute accurately is the nearly singular
integral which occurs when the point of evaluation is close to a singular source point
but not identical with it. For example, for a double layer potential on a curve, the
integrand is smooth when the point is on the curve but has large derivatives when the
point of evaluation is off the curve but close by. The values of such integrals might be
needed if the curve is embedded in a region covered by a grid, and we wish to compute
values of the potential at grid points near the curve. If we calculate the integral at
one point with a standard quadrature rule, the approximation is high order accurate;
however, for fixed grid size, the error is typically much larger at points near the curve
than for points further away, and high resolution or a special method is needed to
obtain accurate values at these nearby points (cf. [1, section 7.2.1]). For example,
if we calculate the double layer potential by the trapezoidal rule with singularity
subtraction (see (1.5), (1.7)), the accuracy, uniform with respect to location, is only
first order. That is, with grid spacing h on the curve, the error is bounded by Ch
for some C, uniformly in a neighborhood of the curve, and the power of h in this
statement cannot be improved; this is explained and illustrated below.

In this paper we develop a simple and efficient method for computing nearly
singular integrals. While the method is very general, we treat here the specific case
of a double layer potential on a curve in two dimensions (see (1.1)), or the gradient
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of a single or double layer potential. The approach is this: We replace the singular
kernel of the integral with a regularized or smoothed version. We approximate the
integral using a standard quadrature. The value so obtained may have significant
errors because of the smoothing and the discretization of an integrand which has
large derivatives. We now compute corrections to the preliminary quadrature, for
each of the two types of errors, based on asymptotic analysis of the integral near the
point of evaluation. With the corrections presented here, the computed value of the
double layer potential has an error of two parts, a smoothing error of O(δ3) and a
discretization error of O(h2); here δ is the radius of smoothing, h is the grid spacing in
the parameter describing the curve, and we assume that δ/h is constant. In many cases
the smoothing error O(δ3) is dominant, and we typically observe a combined error of
O(h3) in our numerical examples. (Higher order corrections could be computed by
the same method presented here, but they would be more complicated.) The error
is uniform with respect to the location, and the work does not increase as the point
of evaluation approaches the curve. One important limitation is that the curve is
required to be smooth; i.e., this method would not be valid for a curve with corners
without further modification. For the double layer potential on a curve, the approach
works even without regularization; after the discretization correction, it results in
an error of O(h2). We expect, however, that the regularization is essential for this
method in cases where the integrand is unbounded, as for potentials on surfaces in
three-space.

The evaluation of the integral requires information about the curve and inte-
grand only at regularly spaced points; no special quadrature points or subdivisions
are needed. This could be an advantage in a context where limited information is
available, as would be the case when a moving curve is computed. For greatest ef-
ficiency, this method could be used in conjunction with a rapid summation method
such as the fast multipole method (FMM) [13] to obtain values of the potential at a
set of points near the curve. Suppose we use J = O(h−1) quadrature points on the
curve, with spacing O(h), and we wish to evaluate the potential at M grid points in
the plane with grid size O(h). The FMM could be used to calculate the part of the
summation corresponding to pairs of points which are separated by distance O(h) for
which the regularization is insignificant; this requires O(M + J) operations with a
constant depending on a specified error tolerance. The remaining O(M + J) pairs
could be calculated directly. The correction terms require O(M) operations. Thus,
the total operation count is O(M+J). For example, if theM points are those within a
few grid spacings of the curve, then M = O(h−1), and the operation count is O(h−1).
In this way values can be obtained rapidly for a large set of points, without special
care, and this fact should be of practical advantage.

As an application we present in section 4 a method for solving boundary value
problems for Laplace’s equation in irregular regions. It is very similar to the method
introduced by Mayo [22] but more direct. To solve the Dirichlet problem inside a
curve, we write the solution as a double layer potential, solving an integral equation
on the curve for the dipole moment. We introduce a grid on a rectangle containing the
region of interest. We compute values of the solution from the double layer potential
at grid points near the curve in the manner described above. From these values we
can form the discrete Laplacian of the solution at points where the stencil crosses the
curve. Setting the Laplacian to zero at other grid points, we then invert, using a fast
solver for the discrete Laplacian on the rectangular grid. Thus we obtain the values
of the solution at all grid points. In our experiments we have used both the five-point
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and the nine-point Laplacian. We find convergence to second order or better, with
improved accuracy using the nine-point Laplacian. The simplicity of this approach
could be an advantage if, e.g., such an elliptic problem occurs at each time step of
a time-dependent calculation. As noted by Mayo, another advantage is that exterior
problems are as easy to deal with as interior ones; no artificial boundary conditions
are needed at computational boundaries. (Of course, the solution could also be found
at all grid points by computing the integrals directly; the FMM could again be used.)

This approach could be used to compute a pressure gradient in two-dimensional
fluid flow due to forces concentrated on a curve. Such a pressure gradient is often
needed when the Navier–Stokes equations of viscous, incompressible flow are solved
numerically and a force is exerted by a boundary within the fluid. The force might be
the surface tension on a boundary separating two fluids (cf. [6]), or an elastic force on a
membrane (cf. [26, 27]). As explained in section 5, finding the corresponding pressure
gradient amounts to computing the gradient of a single or double layer potential due
to sources on the curve. The discrete Laplacian can be used again to find the values
on the entire grid from those at points near the curve. If viscous flow is computed by
the projection method, for instance, a preliminary velocity field is projected onto the
space of divergence-free vector fields. This projection is expressed by subtracting a
pressure gradient [26, 27].

The method developed here generalizes that of [3] for computing singular integrals
on Rd or layer potentials on doubly periodic surfaces in R3. In that case the integral
was evaluated at grid points on the surface. Here we restrict attention to integrals
on curves, but the evaluation of the integral at an arbitrary point requires a more
general point of view. Some existing methods for computing nearly singular integrals
can be found in [17, 14, 28]. Further use of Mayo’s methods for elliptic problems can
be found in [21, 23, 24, 25] as well as in [22].

We now describe the computation of a double layer potential due to sources on a
curve bounding a region in the plane. Let Ω ⊆ R2 be a bounded region with boundary
curve C. We suppose that C is known in parametrized form C = {x(α) ∈ R2 : 0 ≤
α ≤ 2π}, going counterclockwise, and that α �→ x(α) is the restriction of a smooth,
periodic function. A double layer potential on C has the form

u(y) =

∫
C

∂G

∂nx
(x− y)F (x) ds(x),(1.1)

where nx is the unit outward normal at x ∈ C, s is arclength, and F is the dipole mo-
ment. G(x) is the fundamental solution for the Laplacian inR2, G(x) = (2π)−1 log |x|,
so that ∆G(x) = δ(x), and

∂G

∂nx
(x− y) = nx · ∇G(x− y) =

1

2π

nx · (x− y)

|x− y|2 .(1.2)

As shown in potential theory (e.g., see [7]), ∆u = 0 on R2 − C, and u has different
limiting values on C, when approached from the interior region Ω and the exterior
region R2 − Ω̄. The integrand is smooth for y ∈ C, but for y close to C it is nearly
singular. In parametrized form (1.1) is

u(y) =

∫ 2π

0

∂G

∂n(α)
(x(α)− y)f(α) ds(α) =

∫ 2π

0

N(α) · ∇G(x(α)− y)f(α) dα.

(1.3)
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Here f(α) = F (x(α)), n(α) = nx(α), and N(α) = (x′
2(α),−x′

1(α)), so that n(α) =
N(α)/|N(α)|.

Now suppose we want to calculate u at a point y near C. Then, y is along some
normal line through C, i.e., y = x(α0) + bn(α0) for some α0 and some b ∈ R. First
we rewrite the integral to reduce the order of singularity, using the identity

∫
C

∂G

∂nx
(x− y) ds(x) =

{
1, y ∈ Ω,

0, y ∈ R2 − Ω̄.
(1.4)

Assuming we can find α0 and b, given y, we write

u(y) =

∫ 2π

0

N(α) · ∇G(x(α)− y) [f(α)− f(α0)] dα + χ(y)f(α0),(1.5)

where χ(y) = 1 for y ∈ Ω, χ(y) = 0 for y ∈ R2−Ω̄. Both formulas extend continuously
to C.

Next, before discretizing the integral, we replace ∇G with a regularized version

(1.6) ∇Gδ(x(α)− y) = (1− e−r2/δ2

)∇G(x(α)− y)

= (2πr2)−1(1− e−r2/δ2

)(x(α)− y) , r = |x(α)− y|,

where δ is a smoothing parameter to be chosen. (∇Gδ is the gradient of the indefinite

integral Gδ of (2πr)
−1(1−e−r2/δ2

). Gδ can be thought of as the convolution of G with

the approximate delta function (πδ2)−1e−r2/δ2

; see [4].) Now let S be the trapezoidal
sum for the integral in (1.5) with grid points αj = jh, 1 ≤ j ≤ J , h = 2π/J :

S =
J∑

j=1

N(αj) · ∇Gδ(x(αj)− y) [f(αj)− f(α0)] h.(1.7)

If we view S as an approximation to the integral in (1.5), there are two errors:
the smoothing error from replacing ∇G by ∇Gδ in the integral, and the quadrature
error from replacing the integral, with ∇Gδ, by the sum S. Symbolically,

Σδ −
∫

=

(∫
δ

−
∫ )

+

(
Σδ −

∫
δ

)
.(1.8)

The theory of sections 2 and 3 shows that these errors are O(δ2) and O(h),
respectively, assuming for the latter that δ = O(h) as h → 0. Moreover, corrections
are derived so that the errors can be improved to O(δ3) and O(h2). The correction
for the smoothing is

T1 = − δ2(4π)−1η
(√

πe−η2 − π|η| erfc |η|
) (

τ−2
0 f ′′

0 − τ−4
0 (x′′

0 · x′
0)f

′
0

)
.(1.9)

Here η = b/δ; x′
0 = x′(α0), f

′
0 = f ′(α0), etc; τ0 = s′(α0) = |x′(α0)|; and erfc is the

complementary error function

erfc(z) =
2√
π

∫ ∞

z

e−ζ2

dζ .(1.10)
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The correction for the quadrature is

T2 = − hf ′
0ησ

2

∞∑
n=1

sin(2nπα0/h)E(η, nπσ),(1.11)

where σ = δ/hτ0 and

E(η, ζ) = e2ηζ erfc(η + ζ) + e−2ηζ erfc(−η + ζ) .(1.12)

We summarize the conclusions in the following statement. We assume throughout
that the curve C and the integrand f are C∞; in fact, the error estimates depend on
a few derivatives of each.

Main Theorem. Let ũ(y) be the approximation to u(y) in (1.3) or (1.5), com-
puted as

ũ(y) = S + T1 + T2 + χf(α0)(1.13)

with S, T1, T2 as in (1.7), (1.9)–(1.12). Then, assuming δ = ρh with ρ constant as
h → 0,

ũ(y)− u(y) = ε1 + ε2,(1.14)

where |ε1| ≤ C1δ
3 and |ε2| ≤ C2h

2, uniformly for y near C. Here ε1 is the smoothing
error and ε2 is the quadrature error.

This theorem follows from Theorems 2.1 and 3.2. There are several remarks to be
made. We have not combined the two errors in (1.14) because in some circumstances
ε2 can be kept small so that ε1 is the dominant error; this is done by ensuring that
σ = δ/hτ0 is not too small (see below). The error bounds are inequalities, not
asymptotic equalities for fixed y. Thus, it does not seem practical to use extrapolation
to improve the order. Note, e.g., that for fixed α0, the correction T1 is a function of
(y − x(α0))/δ. The theory of section 2 suggests that the same is true for ε1.

The sum in T2 is infinite, but the terms decay very rapidly, so that only a few
terms need to be computed. Specifically, E(η, ζ) ≤ 3e−ζ2

, showing that the terms
E(η, nπσ) have Gaussian decay in n. Note that the spacing of points on the curve
is about hτ0 near α = α0, so that σ measures the radius of smoothing relative to
the point spacing. The quadrature correction T2 goes to zero rapidly as σ increases.
For example, if σ ≥ 2, it can be checked that |T2| ≤ 3h|f ′

0||η| · 10−17. Moreover,
E(η, ζ) ≤ 3e−2ηζ , and thus T2 decays rapidly as η = b/δ increases, as we should
expect, since the integrand is smooth for y away from C. For example, if σ ≥ 2 and
η ≥ 3, |T2| ≤ 4h|f ′

0| ·10−16. On the other hand, making δ large will likely increase the
smoothing error ε1. In the sine factor in T2, we could replace α0/h by the remainder
ν when α0 is divided by h, i.e., α0 = 'h + νh for some integer '; cf. section 3. We
might choose our mesh on the curve as αj = (j+1/2)h rather than jh; it can be seen
that this has the effect of reversing the sign of T2.

The double layer potential can be computed without regularization, by a similar
method, and the results are qualitatively similar. That is, we can compute the sum
S as in (1.7), but with ∇G rather than ∇Gδ. The quadrature error is again O(h). A
correction corresponding to T2 can be calculated, either by taking the formal limit of
(1.11) as δ → 0, or by a calculation similar to that of section 3. It is

T2 = −f ′
0b

τ0

∞∑
n=1

sin(2nπν) exp(−2nπ|b|/hτ0) = −f ′
0b

2τ0

sin 2πν

cosh(2π|b|/hτ0)− cos 2πν
.

(1.15)
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(It can be checked that T2/h is a bounded function.) Now we can form the corrected
approximation ũ(y) to u(y) as in (1.13), omitting T1. Then, as in the Main Theorem,
ũ(y) − u(y) = ε2, with |ε2| ≤ C2h

2, uniformly in y. This can be shown by slight
modification of the analysis of section 3.

Example. We choose C to be the unit circle, parametrized as (cosα, sinα), and
f(α) = 2 sin 3α. Choosing h so that J = 2π/h is a multiple of 25, we take α0 =
2π/25 + h/10 and y = (1 + h/10)x(α0); thus y is distance h/10 from the curve and
displaced along the curve by h/10 from the closest grid point. Computing the sum S
as in (1.7), with no regularization, for J = 2π/h = 50 · 2k, for 0 ≤ k ≤ 4, we find the
error is about .32h. After adding the correction T2 of (1.15), the error in ũ(y) is about
.020h2. On the other hand, if we compute ũ(y) as in (1.13), using the regularized
method, with σ = δ/h = 1, we find the error is about .45h3; with δ/h = 2, it is 3.5h3.

Finally, we outline the contents of the remaining sections. In section 2 we derive
the smoothing correction T1 by asymptotic analysis of the integral near α = α0.
In section 3 we compute the quadrature correction T2, after first deriving a general
result for quadrature of a nearly singular integral over a hyperplane with homogeneous
kernel. The analysis here generalizes that in [3, section 3]. In section 4 we explain the
application to the Dirichlet problem. We also give related quadrature formulas for an
integral like (1.3) with tangential gradient of G and show how the two cases can be
used to find the gradient of a single or double layer potential. In section 5 we discuss
the possible application to computing pressure gradients in fluids. Computational
examples are presented in section 6 which demonstrate the performance of the method
for computing singular integrals near the curve and of the method for solving the
Dirichlet problem.

2. The smoothing error. In this section we find the largest contribution to
the error in the double layer potential which results from replacing the fundamental
solution G by the regularized version Gδ. In other contexts the smoothing error in
a regularized kernel has been made higher order by imposing moment conditions on
the choice of the kernel [3, 4, 15], but that does not appear to be possible for the
nearly singular case. We first state the conclusion; for simplicity we assume α0 = 0,
x(0) = 0, and f(0) = 0.

Theorem 2.1. With the curve C as before, assume that x(0) = 0 and y is along
the normal line through x = 0, so that y = bn0 for some b. Also assume f(0) = 0.
Let ε be the error due to the smoothing

ε =

∫ 2π

0

N(α) · ∇Gδ(x(α)− y)f(α) dα −
∫ 2π

0

N(α) · ∇G(x(α)− y)f(α) dα .(2.1)

Then, ε = −T1 + O(δ3) as δ → 0, where T1 is given by (1.9). The error estimate is
uniform in y near C but depends on derivatives of C and f .

Proof. Writing out ∇Gδ and ∇G, we have

ε = − 1

2π

∫
n(α) · (x(α)− y)

r2
e−r2/δ2

f(α) ds(α)(2.2)

with r = |x(α)−y|. For small δ, the error is very small when r is at least O(1). Thus,
we may assume that f is zero outside a neighborhood N of x = 0, determined by the
geometry, and that y ∈ N . We can use any parametrization in the integral (2.1), and
for simplicity we will assume that the parameter α is the arclength s. At the end we
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will modify the result for arbitrary α. Thus, we write (2.1) as

ε = − 1

2π

∫
n(s) · (x(s)− y)

r2
e−r2/δ2

f(s) ds.(2.3)

To begin we approximate r = |x(s) − y| = |x(s) − bn0| for s, b near 0, using
the Taylor expansion of x(s). With ′ = d/ds, x′

0 = x′(0), etc., we have x(s) =
x′

0s+
1
2x

′′
0s

2 +O(s3). Since s is arclength, |x′(s)| = 1, and the unit normal is n(s) =
x′(s)⊥ = n0 + (x′′

0)
⊥s + O(s2), where v⊥ means (v2,−v1) for a vector v = (v1, v2).

Also x′′
0 · x′

0 = 0, so that x′′
0 = κn0, (x

′′
0)

⊥ = −κx′
0, and

x(s)− y = x′
0s+ ( 1

2κs
2 − b)n0 +O(s3),(2.4)

n(s) = n0 − κx′
0s+O(s2).(2.5)

Then,

r2 = |x− y|2 = s2 + b2 − κbs2 +O(s4) +O(bs3).(2.6)

To simplify the dependence of r, we now define a new parameter ξ on the curve so
that r2 = ξ2 + b2, i.e.,

ξ2 = (1− κb)s2 +O(s4) +O(bs3)(2.7)

or

ξ = (1− 1
2κb)s+O(s3) +O(b2s).(2.8)

Assuming that N is small enough, we can solve for s = s(ξ, b), obtaining

s = (1 + 1
2κb)ξ +O(ξ3) +O(b3).(2.9)

Now we can write the error ε as

ε = − 1

2π

∫ ∞

−∞

n(s) · (x(s)− y)

ξ2 + b2
e−(ξ2+b2)/δ2

f(s)
ds

dξ
dξ.(2.10)

When δ is small, the largest contribution will come from the lowest powers of (ξ, b) in
the Taylor expansion of the factor multiplying the radial part. To see this, we note
that for a typical term ξmbn, with m+ n ≥ 2, we have∫ ∞

−∞

e−(ξ2+b2)/δ2

ξ2 + b2
ξmbn dξ = δm+n−1M(b/δ),(2.11)

where M(b/δ) is uniformly bounded, as we find by rescaling the variables to ξ/δ, b/δ.
Thus, we will expand the integrand above in s and convert to ξ. Using (2.4), (2.5),
(2.9) we get

n · (x− y) = −b− 1
2κs

2 +O(s3) +O(b3) = −b− 1
2κξ

2 +O(ξ3) +O(b3)(2.12)

and similarly

f(s) = f ′
0s+

1
2f

′′
0 s

2 +O(s3) = f ′
0ξ +

1
2f

′
0κbξ +

1
2f

′′
0 ξ

2 +O(ξ3) +O(b3),(2.13)

ds

dξ
= 1 + 1

2κb+O(ξ2) +O(b2).(2.14)
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Multiplying these, we have

ε =
1

2π

∫ ∞

−∞

e−(ξ2+b2)/δ2

ξ2 + b2
w(ξ, b) dξ,(2.15)

where

(2.16) w(ξ, b) = − (n · (x− y)) f(s)(ds/dξ)

= f ′
0ξb+

1
2f

′
0κξ

3 + f ′
0κξb

2 + 1
2f

′′
0 ξ

2b+R(ξ, b) , R = O(ξ4 + b4).

Of the five terms in (2.16), the first three are odd in ξ and thus make zero
contribution to the error ε in (2.15). We discuss the remainder R next. It is a sum of
terms of the form p4(ξ, b)q(ξ, b), where p4 is a homogeneous polynomial and q is some
bounded function. If we set ξ = δζ and b = δη in the integral, the contribution to ε
from this term becomes

ε = δ−2+4+1

∫ ∞

−∞

e−(ζ2+η2)

ζ2 + η2
p4(ζ, η)q(ζ/δ, η/δ) dζ.(2.17)

The integral is bounded uniformly in η and δ since q is bounded, and thus the part of
the error resulting from the remainder is O(δ3). We are now left with the contribution
from the ξ2b-term in (2.16). With the same change of variables, (2.15) is now reduced
to

ε = δ2(4π)−1ηf ′′
0

∫ ∞

−∞

e−(ζ2+η2)

ζ2 + η2
ζ2 dζ + O(δ3),(2.18)

or after evaluating the integral (cf. [12, formula 3.466])

ε = δ2(4π)−1ηf ′′
0

(√
πe−η2 − π|η| erfc |η|

)
+ O(δ3).(2.19)

To finish the argument, we recall that f ′′
0 means the second derivative of f with

respect to arclength. For an arbitrary parameter α, this can be written as τ−2
0 f ′′

0 −
τ−4
0 (x′′

0 · x′
0)f

′
0, where now

′ = d/dα and τ0 = s′(0). Thus, the leading term in (2.19)
is −T1.

3. The quadrature error. The coefficient for the quadrature correction will
be derived using the Poisson summation formula: for a smooth, rapidly decreasing
function f on Rd,

(2π)−d/2
∑
j∈Zd

f(jh)hd =
∑
n∈Zd

f̂(2πn/h),(3.1)

where we write the Fourier transform as

f̂(k) = (2π)−d/2

∫
f(x)e−ikx dx .

Another general fact which will be needed is a quadrature estimate for a mildly regular
function on Rd:∣∣∣∣∣∣

∑
n∈Zd

F (nh)hd −
∫
Rd

F (x) dx

∣∣∣∣∣∣ ≤ C�h
�
∑
|γ|=�

|Dγ
xF |L1 .(3.2)
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Here ' ≥ d+1, γ is a multi-index, |γ| =∑d
j=1 γj , and C� is a universal constant. This

can be proved directly from the Poisson formula; see [2, Lemma 2.2].
We begin with a general lemma which estimates the quadrature error for an

integral over Rd with a nearly singular kernel, regularized on the scale of the grid
size. We assume the kernel K is a homogeneous function of (x, y) ∈ Rd × R, with
some degree m:

K(ax, ay) = amK(x, y) , a > 0 , (x, y) �= 0 .(3.3)

The regularized kernel will have the form

Kh(x, y) = K(x, y)s(x/h, y/h) , x ∈ Rd, y ∈ R,(3.4)

where s is chosen so that s → 1 rapidly as its argument goes to infinity.
It follows that Kh(x, y) = hmK1(x/h, y/h). We show that the error from quadra-

ture with the trapezoidal rule has an expansion in powers of h, and the leading term
can be computed explicitly. The grid points may be shifted away from the singular-
ity. The proof generalizes those of Lemmas 3.2–3.4 in [3], which in turn were inspired
by the proof of Lemma 1 in [11] for unregularized singular integrals; expansions for
errors in the latter case were derived earlier by Lyness [20]. It can be checked that
the present lemma holds without regularization (i.e., with the factor of s omitted),
provided m ≥ 0 and we require y �= 0.

Lemma 3.1. Let Kh be a smooth function on Rd+1 with the form (3.4), where
K and s are smooth for (x, y) �= 0; K is homogeneous of degree m; s(x, y) → 1
as (x, y) → ∞; and |Dγs(x, y)| ≤ C|(x, y)|−|γ| for |(x, y)| ≥ 1. Let f be a smooth
function on Rd such that f and its derivatives are rapidly decreasing. We approximate
the integral

I =

∫
Rd

Kh(x, y)f(x) dx =

∫
Rd

K(x, y)s(x/h, y/h)f(x) dx(3.5)

by the sum

S =
∑
n∈Zd

Kh(nh− νh, y)f(nh− νh)hd(3.6)

with some ν ∈ Rd. Then, with y = ηh,

S − I = hd+m
(
c0f(0) + C1h+ C2h

2 + · · ·+ C�h
� +O(h�+1)

)
,(3.7)

where the Cj depend on η, ν, and f , for j ≥ 1, and

c0 = (2π)d/2
∑
n 
=0

e−2πinνK̂1(2πn, η).(3.8)

Here K̂1(·, η) is the Fourier transform of K1(·, η), the sum is over n ∈ Zd, and ' is
large depending on the smoothness of K, s, and f . The Cj and the error term are
uniformly bounded with respect to y = ηh and ν on a bounded set, and c0 is uniformly
bounded with respect to η and ν.

Proof. We omit some details which are similar to those in [3]. First we take f
to be a cut-off function; i.e., we assume that f has compact support and f ≡ 1 in
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a neighborhood of x = 0. Using the homogeneity of K, we can write, with x = ξh,
y = ηh,

I ≡ h−(d+m)I =

∫
Rd

K(ξ, η)s(ξ, η)f(ξh) dξ(3.9)

and

S ≡ h−(d+m)S =
∑

n
K(n− ν, η)s(n− ν, η)f(nh− νh) .(3.10)

Now, using an idea from [11], we differentiate in h, keeping η fixed, and find, after
returning to (x, y) variables,

I ′(h) = h−(d+m+1)

∫
Rd

K(x, y)s(x/h, y/h)x · ∇f(x) dx(3.11)

and, with ñ = n− ν,

S ′(h) = h−(d+m+1)
∑
n

K(ñh, y)s(ñh/h, y/h) ñh · ∇f(ñh)hd.(3.12)

We have a trapezoidal sum for a function which is zero for x outside an annular region
0 < c1 < |x| < c2 with the support of ∇f ; the singularity is removed, and the shift ν
is immaterial. We can estimate the difference using (3.2); we note that by hypothesis

|Dk
x(s(x/h, y/h))| ≤ C|x|−|k| , |x| ≥ h,(3.13)

and thus the derivatives of the integrand in (3.11) are bounded uniformly for 0 < h ≤
h0 and y in a bounded set. It follows from (3.2) that |S ′(h) − I ′(h)| ≤ C�h

�−d−m−1

for h > 0 and ' suitably large. We may integrate from 0 to h, with η = y/h fixed, and
write (S − I)(h) = c0 +O(h�−d−m), where c0 is the limiting value of S − I at h = 0.
We conclude that S−I = c0h

d+m+O(h�), where the error term is uniformly bounded
and c0 depends on η and ν. In fact, c0 depends boundedly on η and ν: for |η| ≥ 1 we
can choose h boundedly so that y = ηh = O(1), and we are away from the singularity;
then the integrand in (3.5) has bounded derivatives, so that h−(d+m)(S(h)− I(h)) is
bounded for such h, and it follows that c0 is bounded. Otherwise if |η| ≤ 1, we can
choose h = O(1); then S(h) and I(h) are separately bounded, since Ks is smooth,
and again it follows that c0 is bounded.

Next we extend the result to general functions f . We write f as a Taylor expansion
about x = 0 to order ' with remainder and multiply by a cut-off function; the error
away from the singularity is high order. The jth term in f is homogeneous in x
of degree j, and the corresponding term in the integral (3.5) is similar to the case
already treated, with m replaced by m + j. Adding these terms for 0 ≤ j ≤ '
gives a sum as in (3.7). The remainder in f consists of terms of the form q(x)g(x),
where q is homogeneous of degree '+1. The resulting integrand in (3.5) is F (x, y) =
K(x, y)s(x/h, y/h)q(x)g(x). Using the homogeneity of Kq and (3.13) we can check
that |Dγ

xF |L1 ≤ Chm+d+�+1−|γ| (cf. [3, Lemma 3.3]). Then it follows from (3.2) that
the quadrature error from F is O(hm+d+�+1). We have now verified (3.7); the uniform
estimates follow from the derivation.

It remains to identify the constant c0. Since (3.7) holds for arbitrary f , we assume
f(0) = 1 and write, using (3.3),

c0 = lim
h→0

h−(m+d)(S − I) = lim
h→0

(∑
K1(n− ν, η)f(nh)−

∫
K1(ξ − ν, η)f(ξh) dξ

)
.

(3.14)
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The f -factor cuts off the diverging sum and integral at radius O(1/h). We can apply
the Poisson formula (3.1) to Fh(· − ν), where Fh(x) = K1(x, η)f(xh+ νh). The shift
by ν gives an exponential factor in the transform, and we find

c0 = lim
h→0

(2π)d/2
∑
n 
=0

e−2πinν F̂h(2πn, η).(3.15)

To verify (3.8) we need to show that as h → 0, F̂h is replaced with K̂1 in the limit.
The hypothesis for K1 implies that D

γ
xK1 decays rapidly for |γ| large; it follows that

K̂1 and its derivatives are continuous for k �= 0 and decay rapidly for large k. The
limiting argument is based on this fact; see Lemma 3.4 in [3].

Now we apply this general lemma to the specific case of the double layer potential
on a curve.

Theorem 3.2. Suppose the curve C is parametrized by x(α) with x(0) = 0. Let
τ = |x′(0)|, and let n0 the unit normal at 0, n0 = N(0)/τ . Let y = bn0 be a point on
the normal line through 0. Let f(α) be a smooth function on the curve with f(0) = 0.
With ∇Gδ as in (1.6), we write the regularized double layer potential due to f at y as

I =

∫ 2π

0

N(α) · ∇Gδ(x(α)− y)f(α) dα(3.16)

and approximate I by the sum

S =
J∑

j=1

N(αj) · ∇Gδ(x(αj)− y)f(αj)h,(3.17)

where αj = jh− νh. Suppose we let h → 0, with δ = ρh, for fixed ρ. Then

S − I = c0f
′(0)h + O(h2),(3.18)

where

c0 =
b

2hτ

∞∑
n=1

sin(2πnν)
[
e2πnb/hτerfc(b/δ + πnρ/τ) + e−2πnb/hτerfc(−b/δ + πnρ/τ)

]
.

(3.19)

The error is uniform with respect to ν and y near C, but it depends on derivatives of
C and f .

Proof. Because of the analysis above, we can expect that the largest part of the
quadrature error will come from the lowest order in α and y near the singularity.
For this reason we compute the error for a simplified integrand, using the lemma
above, and then show that the remainder contributes an error of higher order. Thus,
we replace x(α) with its linear approximation Tα, where T = x′(0), and N(α) with
N(0). We write y = βN(0), with β = b/|N(0)|. We replace f(α) by α, assuming for
simplicity that f ′(0) = 1. We multiply by a cut-off function ζ(α) such that ζ = 1
near α = 0 and ζ = 0 outside some neighborhood of α = 0. The integral and sum can
then be extended to infinity; they become

I1 =

∫ ∞

−∞
N · ∇Gδ(Tα− βN)ζ(α)αdα,(3.20)
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S1 =
∑
j∈Z

N · ∇Gδ(Tαj − βN)ζ(αj)αj h,(3.21)

where N = N(0). First we will show that S1 − I1 gives the stated O(h) quadrature
error.

Lemma 3.1 applies to (3.20), (3.21); here d = 1,m = 0, and consequently S1−I1 =
c0h+O(h2), with the coefficient c0 given by (3.8). In the lemma x, y are replaced by
α, β, and the regularized kernel Kh by N · ∇Gδ(Tα − βN)α. To find c0 we need to
derive the Fourier transform of the latter function with respect to α with h = 1 and
δ = ρh = ρ; we set

K1(α;β) = N · ∇Gρ(Tα− βN)α .(3.22)

We note for later that

A(α, β) ≡ N · ∇Gρ(Tα− βN) = −(∂/∂β) {Gρ(Tα− βN)} .(3.23)

We begin by finding the transform in (α, β) of Gρ(Tα − βN). The (α, β)-transform
of the function Gρ is

Gρ (̂k) = −(2π)−1|k|−2e−ρ2|k|2/4,(3.24)

where k = (k1, k2) ∈ R2. We can think of Gρ(Tα − βN) as the composition (Gρ ◦
M)(α, β), where M(α, β) = (Tα−Nβ). Then,

(Gρ ◦M )̂ (k) = (detM)−1Gρ (̂(M
∗)−1k).(3.25)

However, Gρˆ is radial, and |(M∗)−1k|2 = (M∗M)−1k · k = τ−2|k|2, and detM = τ2,
where τ = |T | = |N |. Thus,

(Gρ ◦M )̂ (k) = τ−2Gρ (̂τ
−1k),(3.26)

A (̂k) = (−(∂/∂β)Gρ ◦M )̂ (k) = −ik2 τ
−2Gρ (̂τ

−1k).(3.27)

Now the transform of A(α, β) in α alone is

(3.28) A(·, β)̂ (k1) = (2π)−1/2

∫ ∞

−∞
A (̂k1, k2)e

ik2β dk2

= −(2π)−1/2τ−2 ∂

∂β

∫ ∞

−∞
Gρ (̂τ

−1k1, τ
−1k2)e

ik2β dk2

= (2π)−3/2 ∂

∂β

∫ ∞

−∞

1

k2
1 + k2

2

e−ρ2k2
1/4τ

2

e−ρ2k2
2/4τ

2

eik2β dk2.

To evaluate this we use the definite integral for a, b > 0,

∫ ∞

−∞

e−b2x2

a2 + x2
e−iξx dx =

π

2a
ea

2b2
[
eaξ erfc(ξ/2b+ ab) + e−aξ erfc(−ξ/2b+ ab)

]
.

(3.29)

Substituting in (3.28) and noting some cancellation, we find

A(·, β)̂ (k1) = 2−5/2π−1/2
[
ek1β erfc(βτ/ρ+ k1ρ/2τ)− e−k1β erfc(−βτ/ρ+ k1ρ/2τ)

]
,

(3.30)
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assuming for the moment that k1 > 0. Now K1 = αA, and the α-factor transforms
to i∂/∂k1, so that

K̂1(k1, β) = i2−5/2π−1/2β
[
ek1β erfc(βτ/ρ+ k1ρ/2τ) + e−k1β erfc(−βτ/ρ+ k1ρ/2τ)

]
.

(3.31)

Finally, we substitute this into (3.8), noting that K̂1 is odd in k1, and combining
terms with ±n. Thus,

c0 = (2π)1/2
∞∑

n=1

(−2i) sin(2πnν)K̂1(2πn, β/h),(3.32)

and with β = b/τ and (β/h)τ/ρ = b/δ, we obtain the stated formula (3.19) for c0.
This completes the calculation of the O(h) term in (3.18).

Now we estimate the quadrature error arising from the difference between the
integrand in (3.16) and the one we have just treated, i.e.,

N(α) · ∇Gδ(x(α)− y)f(α) − N(0) · ∇Gδ(Tα− y)ζ(α)f ′(0)α.(3.33)

For α or y away from the singularity, the derivatives are bounded uniformly in h, and
the error is higher order. For this reason we multiply f by the cut-off function ζ(α);
we assume it is zero outside a neighborhood of α = 0 in which |x(α)− Tα| ≤ |Tα|/2.
We can write (3.33) as a sum of terms, one being (with f ′(0) omitted)

(3.34) F1 = ζ(α)α (N(α)−N(0)) · ∇Gδ(Tα− y)

= (2π)−1ζ(α)α (N(α)−N(0)) · (Tα−N(0)β) r−2
1 (1− e−r2

1/δ
2

),

where r2
1 = |Tα − y|2 = |Tα|2 + |y|2 = |T |2(α2 + β2). The leading terms in the

scalar product are O(α2) + O(αβ); we can write (3.34) as a function homogeneous
of degree one in (α, β) times the last factor, times a smooth function. We can easily
check that |Dγ

αF1| ≤ C|α|1−|γ| for |α| ≥ h, while |Dγ
αF1| ≤ Ch1−|γ| for small α. Thus,

|Dγ
αF1|L1 ≤ Ch2−|γ|, and it follows from (3.2) that the quadrature error for F1 is

O(h2).
We can check similarly that the entire quadrature error from (3.33) is O(h2). We

discuss only the most significant term, where x(α) replaces Tα in ∇Gδ:

F2 = ζ(α)αN(0) · (∇Gδ(x(α)− y)−∇Gδ(Tα− y)) .(3.35)

We can write the difference of ∇Gδ as an average of D
2Gδ, multiplied by x(α)− Tα.

The latter has the form α2 times a smooth function. Combining these facts, we can
obtain the same pointwise estimates for F2 as for F1. Again |Dγ

αF2|L1 = O(h2−|γ|),
and the quadrature error is O(h2).

4. The Dirichlet problem. As an application of the method of computing
nearly singular integrals, we describe a procedure for solving a Dirichlet problem in a
bounded, two-dimensional domain with irregular boundary. We also describe modifi-
cations of this procedure for exterior boundary value problems, or for the gradient of
a single or double layer potential.

The strategy for solving the Dirichlet problem is very similar to that of Mayo
[22] but simpler, using the method presented here to compute double layer potentials.
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Given a bounded domain Ω with smooth boundary ∂Ω, we seek a harmonic function
u on Ω with prescribed value on the boundary:

∆u = 0 on Ω , u = g on ∂Ω.(4.1)

We suppose Ω is embedded in a region covered by a rectangular grid, and we wish
to find values of u at grid points inside Ω. (See Figure 1.) By solving an integral
equation on ∂Ω and writing u as a double layer potential, we can calculate values at
grid points near the boundary. Now we form the discrete Laplacian for the unknown,
on a grid extending Ω, and then invert the discrete Laplacian on the extended region
to obtain the solution at all grid points. Now we explain the steps in more detail.

Step 1. Solve an integral equation for the dipole strength. The solution
u at a point y ∈ Ω can be written as the double layer potential

u(y) =

∫
∂Ω

∂nG(x− y)f(x) ds(x)(4.2)

for some function f giving the dipole strength, where ∂nG is the normal derivative
with respect to nx. If the boundary curve is parametrized as x(α) and we rewrite f
as a function of α, then

u(y) =

∫ 2π

0

N(α) · ∇G(x(α)− y)f(α) dα .(4.3)

The function f is the solution of the integral equation on ∂Ω

1
2f +Kf = g,(4.4)

where K is the operator on the boundary

(Kf)(α) =

∫ 2π

0

K(α, α′)f(α′) dα′ , K(α, α′) = N(α′) · ∇G(x(α′)− x(α)) .

(4.5)

We solve the integral equation by simple iteration. The spectrum of the operator K
is contained in the interval − 1

2 < λ ≤ 1
2 , and consequently the iteration

fn+1 = (1− β)fn − 2βKfn + 2βg(4.6)

converges to the exact solution for 0 < β < 1 (e.g., cf. [18, section 10.5] or [8, section
5.1]). To compute f , we choose grid points αi = ih on the curve ∂Ω and solve the
linear system

1
2fi +

∑
j

K(αi, αj)fjh = gi(4.7)

by the iteration (4.6), with initial guess f0 = 2g. Since the double layer kernel K
is smooth, the integration is accurate, and so is the solution fi (e.g., see [18, section
12.2] or [1, section 7.2]). We take the solution to have converged when successive
iterates differ in L2 norm by a prescribed tolerance, which we chose to be 10−12.

Step 2. Compute the integral for the unknown at grid points near the
boundary. We can now compute the solution u accurately at any point using the
representation (4.3) and the method of integration introduced here. However, we only
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need to do so at a few points near the boundary in order to find the solution at all grid
points inside Ω. We suppose we have a grid on some rectangular region R containing
Ω; let S be the set of grid points in R. We will assume the grid size is O(h), where
h is the spacing on ∂Ω, as both go to zero. Let I ⊆ S be the set of irregular grid
points in R, i.e., those for which ∆h requires points on both sides of ∂Ω. Also let
J ⊆ S be the larger set of points needed to find ∆h on the set I. We compute the
solution from (4.3) only on the set J ∩ Ω, using the formulas of section 1. In doing
this for a grid point y ∈ J ∩Ω, we need to write y = x(α0) + bn(α0) for some α0 and
b. Since the mapping (α0, b) �→ y is smooth with nonzero Jacobian, we can solve for
α0, b, given y, using Newton’s method. To evaluate f, f ′, f ′′ at α0 we use four-point
Lagrange interpolation from the values of f at αi = ih.

Step 3. Form the discrete Laplacian of the extended unknown. Let U
be the grid function on S which is the exact solution u in Ω and 0 otherwise. Also
let Ũ be the grid function on J which is the solution computed in Step 2 on J ∩ Ω,
and Ũ = 0 on J ∩ (R − Ω). We now approximate the discrete Laplacian ∆h of U
on the grid S. For ∆h we can use the familiar five-point Laplacian, but it is almost
as convenient to use the nine-point Laplacian ∆9

h (e.g., see [10, section 7.7.2]). Both
operators have the form

∆hwij = h−2
1∑

s,t=−1

astwi+s,j+t,(4.8)

where for ∆5
h, ast = −4, 1, 0 for |s|+|t| = 0, 1, 2, respectively, and for ∆9

h, ast = −10/3,
2/3, 1/6 for |s|+ |t| = 0, 1, 2. For a smooth function w, ∆5

hw = ∆w+O(h2). For ∆9
h,

∆9
hw(x, y) = ∆w + (h2/12)∆2w + (h4/360)(∆3w + 2D2

xy∆w) +O(h6)(4.9)

(see [5], p. 88). Thus, for harmonic functions, ∆9
hw −∆w = O(h6). Choosing one of

these ∆h, we form an approximation to ∆hU by setting

F = ∆9
hŨ on I , F = 0 on S − I .(4.10)

The second case is justified since ∆u = 0 inside Ω, so that ∆hu = O(h2) or O(h6),
and since U = 0 outside Ω.

Step 4. Invert the discrete Laplacian. Finally, we compute Uh as the
solution of ∆hU

h = F on S with zero boundary condition, using a fast solver. The
restriction of Uh to Ω is the desired approximation to the solution u of (4.1). For the
case ∆h = ∆9

h, we use the program FFT9, a fast Poisson solver; see [16]. (There is
a correction built into the program which is not needed here; e.g., see [10], section
8.6.3.) In our numerical experiments, reported in section 6, we find that the solution
computed in Ω is accurate to O(h2) with either ∆5

h or ∆
9
h for the method described

here. However, the accuracy improves if we use ∆9
h and extend the set of irregular

points to the set J defined above. We have not proved that these results hold in
general. Some analysis of this issue was given in [22, pp. 156–157].

Exterior problems. The method just described can easily be modified to solve
a Dirichlet problem exterior to a boundary curve, using the appropriate integral rep-
resentation. (This was noted by Mayo in [22, p. 149].) The solution can be found
on a grid in a rectangular region enclosing the curve, again using the fast Poisson
solver. In this case we need to compute values of the solution on the boundary of the
rectangular region R, using the double layer integral, in order to specify the boundary
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value for the Poisson solver. The trapezoidal rule for the integral is highly accurate
since ∂R is away from ∂Ω. The condition at infinity is built in through the integral
representation.

The tangential gradient of G. In further applications, we will need to compute
integrals along a curve C with the tangential, rather than normal, derivative ofG. Such
an integral has the form

v(y) =

∫
C
Gs(x− y)f(x)ds(x) = −

∫
C
G(x− y)fs(x)ds(x),(4.11)

where Gs means the arclength derivative of G; the second form shows that v is a
single layer potential with density function −fs. In parametrized form, rewriting f
as a function of α, we have

v(y) =

∫ 2π

0

x′(α) · ∇G(x(α)− y)f(α) dα.(4.12)

The integral can be computed in a manner similar to that for the normal derivative.
For y near C, we again write y = x(α0) + bn(α0) and rewrite v(y) as

v(y) =

∫ 2π

0

x′(α) · ∇G(x(α)− y)[f(α)− f(α0)] dα.(4.13)

We start by computing the sum

S =

J∑
j=1

x′(αj) · ∇Gδ(x(αj)− y) [f(αj)− f(α0)] dα(4.14)

and again add corrections for the smoothing and quadrature errors. These can be
computed as in sections 2 and 3; they are

T1 = (2π)−1δf ′
0τ

−1
0 (1 + 1

2κ0ηδ)
(√

πe−η2 − π|η| erfc |η|
)
,(4.15)

T2 = hf ′
0

∞∑
n=1

cos(2nπα0/h)

(
−ησ

2
E−(η, nπσ) +

σ√
π
e−η2

e−n2π2σ2

)
.(4.16)

In (4.15) κ0 is the curvature at x(α0), defined by xss = κ0n(α0), and in (4.16)

E−(η, ζ) = e2ηζ erfc(η + ζ)− e−2ηζ erfc(−η + ζ) .(4.17)

Then, the computed value

ṽ(y) = S + T1 + T2(4.18)

has the same accuracy as obtained previously for the double layer potential.
Gradients of potentials. The gradient of a single or double layer potential can

be found by a procedure very similar to that for the Dirichlet problem outlined above,
since the derivatives of the potential are harmonic functions. (Again this was noted
by Mayo; cf. [21, pp. 293–294]). Suppose a double layer potential u(y) is defined by
(4.2) or (4.3) with f known. Then, ∇u(y1, y2) is given by

∂u

∂y1
= N [fsx1,s]− T [fsx2,s] ,

∂u

∂y2
= N [fsx2,s] + T [fsx1,s] ,(4.19)
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where we have introduced the notation

N [µ] =

∫
C
(∂nG)µds , T [ν] =

∫
C
(∂sG)ν ds.(4.20)

Each of the four integrals can be computed accurately, since each is in one of the two
forms we have treated. On the other hand, if v(y) is a single layer potential defined
by

v(y) =

∫
C
G(x− y) g(x) ds(x),(4.21)

then ∇v(y1, y2) is given by the very similar expression

∂v

∂y1
= −N [gx2,s]− T [gx1,s] ,

∂v

∂y2
= N [gx1,s]− T [gx2,s] .(4.22)

(In fact v in (4.22) is the harmonic conjugate of u in (4.2) if g = fs.)

5. Pressure gradients due to boundaries in fluids. In computing time-
dependent, incompressible fluid flow it is often necessary to compute the pressure
gradient. When a moving boundary or interface is present in the fluid, one term in the
pressure may be written as a harmonic function with boundary condition determined
by forces at the interface. The method introduced here might then be useful for
computing the gradient of this pressure term at grid points in the fluid. The boundary
might separate two different fluids (e.g., see [6]) or it might be an elastic membrane
in one fluid [26, 27].

The Navier–Stokes equations of viscous incompressible flow have the form

ρ(vt + v · ∇v) +∇p = ν∆v + F,(5.1)

∇ · v = 0,(5.2)

where v is the velocity field, ρ the density, p the pressure, ν the viscosity, and F
is a force other than that due to pressure and viscous stress. When solutions are
computed using the projection method, a preliminary velocity v∗ is found at each
time step and projected onto the space of divergence-free vector fields. Finding this
projection amounts to subtracting a term proportional to ∇p, subject to boundary
conditions (cf. [26, 27]). If ρ is constant on each side of an interface, we can obtain ∆p
away from the interface by taking the divergence of the first equation. The pressure
is then determined by this Poisson equation and boundary conditions. Since the
boundary value problem for p is linear, we can write p as a sum of terms, with one
accounting for a prescribed jump in pressure at the interface (cf. [9]). This term will
be harmonic in the interior and have continuous normal derivative at the interface.
It can, therefore, be written as a double layer potential. For an interface between
two viscous incompressible fluids, with differing density and viscosity, the jump in
pressure is determined by the condition that the jump in the normal stress is normal
and proportional to the force of surface tension (see [19, 6]). If the fluid occupies R2

and the interface is a closed curve C, and if there is no viscosity, the pressure term is
prescribed by the problem

∆φ = 0 in R2 − C , φ+ − φ− = σκ on C , φn+ − φn− = 0 on C(5.3)

with a decay condition at infinity, where κ is the curvature at the interface and σ is
the coefficient of surface tension, assumed constant (cf. [6]). With viscosity, the jump
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in φ has a further term involving ∇v. Periodic boundary conditions could be imposed
in the method proposed here; see below.

To be specific, we discuss further the case of an elastic membrane in a viscous
fluid, the case for which Peskin’s immersed boundary method [26, 27] is designed.
Assume for now that the fluid occupies R2. We return to (5.1), (5.2) and assume that
the force F is due to a membrane located on the curve C. That is, F will have the
form

F = (f (n)n+ f (t)t)δC ,(5.4)

where f (n), f (t) are scalar-valued functions on the curve, n is the unit outward normal,
and t is the unit tangent to the curve. Here δC is the delta function on the curve C. We
use the notation 〈·, ·〉 to indicate the action of a distribution or generalized function
on a test function, i.e., a smooth function on R2 of bounded support; this action
generalizes the integral of a product of functions on R2. Thus, the action of δC on a
test function ψ is

〈δC , ψ〉 =
∫
C
ψ ds.(5.5)

The contribution to the pressure p from the membrane force F (assuming constant
density) is the distributional solution of

∆p(M) = ∇ · F.(5.6)

We show that the solution of (5.6) with F concentrated on C can be written in
terms of single and double layer potentials on C. We separate p(M) into two terms
corresponding to those in F ,

∆p(n) = ∇ · (f (n)δCn) , ∆p(t) = ∇ · (f (t)δCt) .(5.7)

We verify that

p(n)(y) = −
∫
C
∂nG(x− y)f (n)(x) ds(x) .(5.8)

From the definition of distributional derivatives, we have

〈∇ · (f (n)δCn), ψ〉 = −〈f (n)δCn,∇ψ〉 = −
∫
C
f (n)n · ∇ψ ds = −

∫
C
f (n)∂nψ ds.

(5.9)

On the other hand, with p(n) the function on R2 defined by (5.8) we find (again
starting with the definition of distributional derivative)

(5.10) 〈∆p(n), ψ〉 = 〈p(n),∆ψ〉 =
∫

Ω∪(R−Ω)

p(n)∆ψ

=

∫
C

(
[p(n)]∂nψ − [∂np

(n)]ψ
)
ds = −

∫
C
f (n)∂nψ ds .

Here [p(n)] is the boundary value from inside minus that from outside, which from the
properties of the double layer potential is −f (n). We have used Green’s identity and
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the fact that ∆p(n) = 0 on each side of C. Since (5.9) and (5.10) agree with arbitrary
ψ, we have verified that p(n), as defined by (5.8), satisfies the equation in (5.7); it is
the unique solution with the appropriate behavior at infinity. In an entirely similar
way we can show that

p(t)(y) = −
∫
C
∂sG(x− y)f (t)(x) ds(x) .(5.11)

Combining this result with the formulas (4.19), (4.22) for gradients of potentials, we
can express ∇p(n)(y1, y2) and ∇p(t)(y1, y2) as

∂p(n)

∂y1
= T

[
f (n)
s x2,s

]
−N

[
f (n)
s x1,s

]
,

∂p(n)

∂y2
= −N

[
f (n)
s x2,s

]
− T

[
f (n)
s x1,s

]
,

(5.12)

∂p(t)

∂y1
= −N

[
f (t)
s x2,s

]
− T

[
f (t)
s x1,s

]
,

∂p(t)

∂y2
= N

[
f (t)
s x1,s

]
− T

[
f (t)
s x2,s

]
.

(5.13)

Now suppose that the curve C is contained in a region covered by a rectangular
grid. It follows from the representation above that each term in ∇p(n),∇p(t) can be
computed at the grid points using the method of section 4. In this case we need to
compute ∆h at irregular points on both sides of C. We also need to compute values
at the boundary of the grid to furnish the boundary condition for the Poisson solver;
these values can be computed routinely since they are given by nonsingular integrals.

A simple modification will allow us to compute pressure gradients with periodic
boundary conditions, rather than the free space condition of the layer potentials. Let
wfree be one of the pressure gradient terms above, and let wper be the corresponding
term with periodic boundary condition. Then ∆(wper − wfree) = 0 across C, so that
wper−wfree is smooth across C, even though the separate terms are not. Consequently,
∆h(w

per − wfree) is high order accurate in h. To compute wper at the grid points,
we compute ∆hw

free at the irregular points as before, and then solve the Poisson
equation with periodic boundary conditions to obtain wper to high accuracy. If we
need values of wper on the curve C, we can first compute wfree directly from (5.12),
(5.13) and then add the value of wper − wfree interpolated from the grid; the latter
will be accurate since wper−wfree is smooth near C. A similar strategy for computing
a periodic solution using values of the free space solution was used in [9].

6. Computational examples. First we illustrate the method of integration in
the simplest case, a double layer potential with one mode on a circle. We take C
to be the unit circle, parametrized by α = θ, the angle in polar coordinates. We
choose f(θ) = 2 sin 3θ; then the potential u of (1.3) is u(r, θ) = r3 sin 3θ for r < 1
and −r−3 sin 3θ for r > 1. We use the method described in section 1 to calculate
u(r, θ) for θ = .7 and r slightly greater than 1. Then, u is close to − sin 2.1 ≈ −.86.
(Results for r < 1 are similar.) Table 1 shows the errors and correction terms (1.9),
(1.11) for various choices of M , the number of points on the circle, and ρ = δ/h, with
r− 1 about h/3. Here Raw Err means the error S−u in approximating u by the sum
S of (1.7) without corrections. Corr Err means the error after the corrections, i.e.,
(S + T1 + T2)− u. We include the case without smoothing, labeled as δ/h = 0.

In each case the corrected error is smaller than the raw error, and in most cases
considerably so. WithM = 800 the errors in the corrected values are all smaller by at
least a factor of 100 than that for the sum S without smoothing. It is evident that the
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Table 1
The double layer potential on a circle.

M r − 1 δ/h Raw Err T1 T2 Corr Err

.0 -3.73E-3 0.00E00 3.75E-3 1.68E-5

.2 -3.65E-3 1.46E-6 3.67E-3 1.41E-5

.5 -6.80E-4 8.66E-5 5.72E-4 -2.18E-5
200 .01 1.0 -3.50E-4 3.69E-4 2.40E-7 1.88E-5

1.5 -6.29E-4 6.90E-4 7.56E-13 6.13E-5
2.0 -8.82E-4 1.02E-3 1.84E-20 1.42E-4
3.0 -1.24E-3 1.70E-3 4.63E-42 4.65E-4
.0 6.50E-4 0.00E00 -6.27E-4 2.28E-5
.2 6.47E-4 3.65E-7 -6.25E-4 2.32E-5
.5 1.05E-4 2.17E-5 -1.13E-4 1.37E-5

400 .005 1.0 -8.97E-5 9.22E-5 -4.75E-8 2.41E-6
1.5 -1.65E-4 1.73E-4 -1.50E-13 7.69E-6
2.0 -2.38E-4 2.56E-4 -3.64E-21 1.78E-5
3.0 -3.66E-4 4.25E-4 -9.16E-43 5.86E-5
.0 -8.90E-4 0.00E00 8.84E-4 -5.99E-6
.2 -8.21E-4 9.11E-8 8.15E-4 -6.18E-6
.5 -1.13E-4 5.41E-6 1.04E-4 -3.36E-6

800 .0025 1.0 -2.28E-5 2.30E-5 4.38E-8 2.87E-7
1.5 -4.22E-5 4.32E-5 1.38E-13 9.63E-7
2.0 -6.17E-5 6.40E-5 3.35E-21 2.23E-6
3.0 -9.89E-5 1.06E-4 8.44E-43 7.34E-6

Table 2
The double layer potential on an ellipse.

M Dist δ/h Raw Err T1 T2 Corr Err

.0 7.29E-3 0.00E00 -7.43E-3 -1.37E-4

.5 3.50E-3 -1.33E-4 -3.49E-3 -1.24E-4
200 .01 1.0 6.48E-4 -5.65E-4 -9.19E-5 -9.35E-6

2.0 1.67E-3 -1.57E-3 -9.77E-11 1.02E-4
3.0 2.94E-3 -2.61E-3 -1.90E-20 3.39E-4
.0 2.28E-3 0.00E00 -2.27E-3 1.16E-5
.5 6.80E-4 -8.30E-6 -6.60E-4 1.16E-5

800 .0025 1.0 5.32E-5 -3.53E-5 -1.68E-5 1.09E-6
2.0 9.96E-5 -9.80E-5 -1.78E-11 1.56E-6
3.0 1.68E-4 -1.63E-4 -3.47E-21 5.10E-6

two corrections are complementary: For small δ/h, the error is mostly canceled by the
quadrature correction T2, and T1 is insignificant, whereas for δ/h ≥ 1, the smoothing
correction T1 mostly compensates for the error and T2 is negligible. Here τ = 1, so
that σ = ρ, and the behavior for σ ≥ 2 is consistent with the remarks in section 1.
With δ/h = 2, the error for each M is .57h3, confirming the expectation from section
1 that the error at a fixed angle has the form δ3 times a function of (r − 1)/δ.

Since the circle is a special case, we present a similar example where the curve
is the ellipse (x/2)2 + y2 = 1. We parametrize the ellipse as x = 2 cosα, y = sinα.
We choose f in (1.3) so that the double layer potential u is Im (x+ iy)3 = 3x2y − y3

inside; f has the form A sinα+B sin 3α, with coefficients A,B determined by matching
formulas for u inside and out. (We are grateful to Gregory Baker for pointing out this
class of examples.) In Table 2 we report results where the point of evaluation is inside
the ellipse, at distance Dist along the normal line through the point with α = .7.
Here u ≈ 4.25 and τ ≈ 1.5. The results are similar to those for the circle. Again with
M = 800 all corrected errors are better by more than a factor of 100 than for the
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Table 3
The single layer potential on an ellipse.

M Dist δ/h Raw Err T1 T2 Corr Err

.0 -3.76E-3 0.00E00 3.49E-3 -2.72E-4

.5 1.42E-3 -3.78E-3 1.83E-3 -5.27E-4
200 .01 1.0 1.57E-2 -1.61E-2 1.34E-4 -2.57E-4

2.0 4.43E-2 -4.46E-2 5.33E-10 -3.13E-4
3.0 7.30E-2 -7.41E-2 2.31E-19 -1.09E-3
.0 -3.37E-3 0.00E00 3.39E-3 2.09E-5
.5 -1.67E-3 -1.89E-3 3.61E-3 5.25E-5

400 .005 1.0 7.74E-3 -8.03E-3 3.13E-4 2.29E-5
2.0 2.22E-2 -2.23E-2 1.24E-9 -3.88E-5
3.0 3.69E-2 -3.70E-2 5.37E-19 -1.36E-4
.0 1.36E-3 0.00E00 -1.38E-3 -2.21E-5
.5 2.32E-3 -9.42E-4 -1.40E-3 -2.96E-5

800 .0025 1.0 4.12E-3 -4.01E-3 -1.19E-4 -1.17E-5
2.0 1.11E-2 -1.11E-2 -4.71E-10 -4.84E-6
3.0 1.85E-2 -1.85E-2 -2.04E-19 -1.69E-5

Table 4
A pressure gradient outside a circle.

M r − 1 δ/h Raw Err 1 Corr Err 1 Raw Err 2 Corr Err 2

.0 1.93E-2 -1.75E-4 -7.18E-3 -7.35E-5
200 .01 1.0 -4.68E-2 4.06E-5 -5.71E-2 4.85E-5

2.0 -1.29E-1 4.14E-4 -1.58E-1 5.73E-4
.0 3.08E-3 2.41E-5 8.96E-3 -4.58E-5

400 .005 1.0 -2.35E-2 5.58E-6 -2.89E-2 6.43E-6
2.0 -6.51E-2 5.23E-5 -8.02E-2 7.28E-5
.0 1.30E-3 -1.09E-5 -5.73E-3 5.81E-6

800 .0025 1.0 -1.18E-2 5.72E-7 -1.45E-2 7.28E-7
2.0 -3.26E-2 6.58E-6 -4.04E-2 9.17E-6

sum without smoothing. The next example illustrates the corrections (4.15)–(4.17)
for the single layer potential. We use a test problem similar to the last one, with the
same ellipse. We choose f(α) in the same form, with coefficients so that the single
layer potential v of (4.11) is Re (x+ iy)3 = x3 − 3xy2 inside the ellipse. We calculate
values of v at the same locations as before, using (4.18). The value of v is about 1.67.
The results are displayed in Table 3. They are qualitatively similar to the results for
the double layer potential. However, the smoothing correction T1 is larger, reflecting
the fact that it is O(δ) in the present case but O(δ2) in the double layer case. The
corrected error with larger values of δ/h is O(h3).

Next we illustrate the pressure gradient of section 5. With C the unit circle and
f(θ) = −2 sin 3θ, let p be the solution of ∆p = ∇· (fδCn), as in (5.7). That is, ∆p = 0
away from C; p+ − p− = f on C; and ∂np is continuous across C. The exact solution,
as in the first example, is p = r3 sin 3θ for r < 1 and p = −r−3 sin 3θ for r > 1. We
calculate ∇p using (5.12) for θ = .7 and r slightly greater than 1. The integrals of
(4.20) are calculated as in the previous examples, with corrections as in (1.9), (1.11),
(4.15), (4.16). The exact value of ∇p is close to (1.00, 2.83). The results are shown in
Table 4; raw and corrected errors are shown for each component of ∇p = (∂1p, ∂2p).
In each case the corrected value has a much smaller error. Once again we see O(h3)
convergence with δ/h = 2.

Our final example is the solution of a Dirichlet problem using the method of
section 4. We take the domain to be the ellipse x2/a2 + y2/b2 = 1 with a =
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Table 5
Errors in the Dirichlet problem.

Max Err at Bdry Case I Case II Case III
N Raw Corr Max Err L2 Err Max Err L2 Err Max Err L2 Err

32 2.96E-3 3.10E-4 8.84E-4 4.84E-4 6.01E-4 1.44E-4 3.14E-4 5.07E-5
64 6.99E-4 4.10E-5 2.29E-4 1.24E-4 1.27E-4 2.86E-5 4.80E-5 5.22E-6

128 1.70E-4 5.03E-6 5.89E-5 3.18E-5 2.90E-5 6.52E-6 5.92E-6 5.31E-7
256 4.36E-5 6.27E-7 1.50E-5 8.08E-6 6.52E-6 1.46E-6 1.26E-6 1.09E-7
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Fig. 1. Irregular points and their stencils.

cosh(1), b = sinh(1), embedded in a computational square with side 2a + .5. We
prescribe the boundary value on the ellipse to be the harmonic function exp((x +√
3y)/2) cos((−√

3x+y)/2). The computed solution will be compared with this exact
solution in the interior. We introduce a grid in the square with N points on each
side. With N chosen, we use M = 4N points to discretize the ellipse, parametrized
as x = a cosα, y = b sinα, with αi = (i + 1

2 )h, h = 2π/M . (The sign of T2 must be
reversed, as mentioned in section 1.) We present results in Table 5 with three vari-
ants of the method of section 4: Case I is the method as described with the five-point
Laplacian; Case II is the same but with the nine-point Laplacian. Case III also uses
the nine-point Laplacian, but the set of irregular points, on which ∆9

h is computed
using the integral representation, is extended to the set J of section 4, consisting of
all points which occur in any stencil crossing the ellipse. In all cases, the integral (1.3)
must be computed at each point inside the ellipse which occurs in the stencil of some
irregular point. Figure 1 shows this set of points, with the irregular points marked
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by dotted circles, in the case of the five-point Laplacian with N = 32. That is, the
points shown are the sets I and J of section 4 in the five-point case.

In the first two columns of Table 5 we give the maximum errors in the solution,
before and after the corrections T1, T2, for the set of points for which the solution is
computed from the integral. This set of points depends on N , but for each N the
maximum error was found to be independent of the variant I, II, or III. We chose
δ = 2h, so that the smoothing error should be dominant in computing the integral.
The maximum corrected error is clearly O(N−3), confirming this expectation.

For each of the three variants of the Dirichlet problem, we display the maximum
error and L2 error, on the set of grid points inside the ellipse, for the solution obtained
from the Poisson solver. In all cases we see convergence as N increases, to about
O(N−2) or better. In Case I, with five-point Laplacian, the order of both errors is
slightly worse than O(N−2). However, the maximum error is considerably larger than
that for the smaller set of values computed from the integral. In Case II, with the
nine-point Laplacian, the errors are improved somewhat, especially in the L2 norm,
and the order of convergence is better than O(N−2), but we still see a larger maximum
error on the grid. In Case III, with the nine-point Laplacian and the extended set of
irregular points, the maximum error on the grid is now comparable to that computed
from the integrals. The errors are improved considerably. The convergence appears
to be about O(N−3) up to N = 128, but it is closer to O(N−2) when we reach
N = 256. If we repeat the last case with δ/h = 1 rather than 2 (not displayed) we
find slightly smaller errors with convergence about O(N−2). The accurate solutions
obtained demonstrate the feasibility of this method for solving elliptic boundary value
problems.
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