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ADAPTIVE MESH REFINEMENT FOR ELLIPTIC INTERFACE
PROBLEMS USING THE NON-CONFORMING IMMERSED
FINITE ELEMENT METHOD

CHIN-TIEN WU, ZHILIN LI, AND MING-CHIH LAI

Abstract. In this paper, an adaptive mesh refinement technique is developed
and analyzed for the non-conforming immersed finite element (IFE) method
proposed in [27]. The IFE method was developed for solving the second order
elliptic boundary value problem with interfaces across which the coefficient
may be discontinuous. The IFE method was based on a triangulation that
does not need to fit the interface. One of the key ideas of IFE method is to
modify the basis functions so that the natural jump conditions are satisfied
across the interface. The IFE method has shown to be order of O(h2?) and
O(h) in L? norm and H' norm, respectively. In order to develop the adaptive
mesh refinement technique, additional priori and posterior error estimations are
derived in this paper. Our new a-priori error estimation shows that the generic
constant is only linearly proportional to ratio of the diffusion coefficient 8~
and BT, which improves the corresponding result in [27]. We also show that a-
posteriori error estimate similar to the one obtained by Bernardi and Verfiirth
[4] holds for the IFE solutions. Numerical examples support our theoretical
results and show that the adaptive mesh refinement strategy is effective for the

IFE approximation.
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1. Introduction

The main purpose of this paper is to develop adaptive mesh refinement tech-
niques for the immersed finite element (IFE) method proposed in [27]. Along this
line, we also discuss a-priori and a-posteriori error estimates for the immersed fi-
nite element method. The IFE method was developed for the following interface
problem:

—V(BVU) =/ (x,y) €

U lao =g,

(1)

together with the natural jump conditions across the interface I':

2) ] [¢=0,
(3) [Bun] |7= 0.
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Here, Q C R? is a convex polygonal domain, the interface r is a curve separating
Q into two sub-domains Q~, Q% such that Q = Q= U QT UT, and the coefficient
B(x,y) is a piecewise continuous function

— 67(.%, )’ (I’ )6977
pla.y) —{ (o), (og) € QF.

see the diagram in Fig. 1 for an illustration.
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FIGURE 1. A rectangular domain 2 = QT UQ~ with an immersed
interface I'. The coefficients (x) may have a jump across the
interface.

The interface problem considered here appears in many engineering and science
applications. The immersed finite element (IFE) space was first introduced in
[27], in which some preliminary analysis and numerical results are reported. The
new IFE method has been developed for non-homogeneous jump conditions (with
nonzero right hands of (2) and (3) ) in [25]. Some related work can be found
in [19,20,24,28].

The basic idea of the immersed finite elements is to form a partition Sp in-
dependent of interface I' so that partitions with simple regular structures can be
used to solve an interface problem with a rather complicated or varying interface.
Obviously, triangles in a partition can be separated into two classes:

e Non-interface triangles: The interface T’ either does not intersect with this
triangle, or it intersects with this triangle but does not separate its interior into
two nontrivial subsets.

o Interface triangles: The interface I' cuts through its interior.

In a non-interface triangle, the standard linear polynomials is employed as local
basis functions. However, in an interface triangle, a piecewise linear polynomial is
defined in the two subsets formed by the interface in a way that the functions sat-
isfy the natural jump conditions (either exactly or approximately) on the interface
and retain specified values at the vertices of the interface triangle. The immersed
finite element space defined over the whole domain 2 can then be constructed
through the standard finite element assembling procedure. We refer the readers
to [9-12,15,18,23,26] for more background materials about immersed interface and
immersed finite element methods as well as their applications.

Without loss of generality, we assume that the triangles in the partition have the
following features:
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(Hy): If ' meets one edge of a triangle at more than two points, then the edge
is part of T.

(Hs): If [ meets a triangle at two points, then these two points must be on
different edges for this triangle.

In order to obtain error estimates, we assume that the underlying mesh is fine
enough such that the interface can be approximated by a line segment with a small
perturbation in a magnitude of O(h?). Furthermore, the source function f and the
interface I' are assumed to be smooth enough such that the weak solution of the
problem (1) can be approximated by a piecewise C? function. These requirements
lead to our third hypothesis:

(Hs): The segment of the interface I in a triangle T' € Sy, is defined by a piece-
wise C? function and the function space C?(T') is dense in H*(T).

It is well known that the standard finite element method (FE) with linear finite
elements can be used to solve such elliptic interface problems, see [3,5,6] and the
references therein. However, in order to achieve the optimal O(h?) accuracy in the
numerical solutions, an interface fitted grid is needed. In applications with nontriv-
ial interfaces or the time-varying interfaces, this restriction prevents the Galerkin
method with linear finite elements from working efficiently since mesh moving or re-
meshing is required. On the other hand, although the mesh moving and re-meshing
may produce extra technical difficulties and computation overhead for the standard
FE method, the standard FE method has a great advantage on increasing the ac-
curacy of the numerical solutions at low cost through the adaptive mesh refinement
process. In the adaptive mesh refinement process, first an error indicator iy used
to pin point the locations with large error is computed on each element in a given
triangulation. Second, the elements in which the error indicator has large value are
marked for refinement according to a given marking strategy. A heuristic marking
strategy is the maximum marking strategy where an element T will be marked for
refinement if np« > 0 maxpcg, nr, with a prescribed threshold 0 < 8 < 1. Some
other marking strategies can also be seen in [14]. Finally, the marked triangles are
divided into sub-triangles by rules such as the regular refinement algorithm or the
longest side bisection algorithm [16,17]. An approximate solution is then computed
on the refined mesh. The above procedure can be repeatedly applied until the ac-
curacy of the approximated solution is satisfied. The theoretical foundation of the
mesh refinement strategy is based on the a-posteriori error estimation proposed
by Babuska and Rheinboldt [1] and further developed by many researchers such
as Zienkiewicz [29], Bank and Weiser [2], and Verfiirth [21,22]. The convergence
of the adaptive mesh refinement process has been shown by Morin, Nochetto and
Siebert [13].

It has been shown that the IFE interpolation errors on a uniform fixed (such
as Cartesian) partition is of the order of O(h) in the H' norm and of the order
of O(h?) in the L*> and L? norms under the hypothesis (H1), (Hz) and (Hs) [28].
In this work, we obtain the same order of the error estimations and further show
that the generic constants in these estimations are linearly proportional to the ra-
tio max {p, 1/p} of the diffusion coefficients, here p = 87 /8". The a-posteriori
estimations of the finite element solutions mentioned above are obtained mostly
on fitted grids. Recently, A. Hansbo and P. Hansbo propose an unfitted finite el-
ement method for the elliptic interface problem. The same order of a-priori error
estimations is obtained and an a-posteriori estimator is proposed [8]. Here, we also
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derive an a-posteriori error estimation for the IFE method based on the method-
ology developed by Verfiirth [4]. Our numerical results support the effectiveness of
the proposed a-posteriori error estimation.

This paper is organized as follows. In section 2, we show the existence and
uniqueness of the element IFE basis function and derive some auxiliary inequali-
ties that are needed for the error estimation in section 3. We derive the a-priori
error estimations and the a-posteriori error estimation in section 3 and present our
numerical results in section 4. Finally, we draw our conclusions in section 5.

2. Review of the immersed finite element space

First we present a brief review of the immersed finite element space and the
construction of the basis functions.

Given a regular mesh Sy on the domain 2, let T be an interface triangle in
S with vertices A, B and C where the interface passes through the interior of
T and intersect with the edges of T at points D and E. Let T'p = TN7T. In
the immersed finite element method, the interface I'p is commonly approximated
by the line segment DE, denoted by I'z. The formulation of the immersed finite
element method follows the idea that similar to the Hsieh-Clough-Tocher macro
element [7] in which the piecewise polynomial in each element is required to satisfy
certain constrains to ensure the C'-continuity on the whole domain. The immersed
finite element space on a triangle T, denoted by S,IL(T), is the linear space of all
piecewise linear functions that satisfy the continuity condition [¢]r, = 0 and the
homogeneous flux jump condition [0, d)]FT = 0 on the approximate interface I'r.
Assume the element basis functions on the reference triangle have the following
form:

¢" = ag + ayr + agy for (z,y) € T*
@~ =bg + bz + by for (z,y) € T™.

It has been shown that the coefficients a; and b;, ¢ = 1---3, can be determined
uniquely. In [27], the continuity condition [¢]r, = 0 is satisfied by enforcing the
continuity on the intersection points D and E, i.e., ¢ (D) = ¢ (D) and ¢ (E) =
¢~ (E). In this work, we replace the condition ¢T(E) = ¢~ (E) by - vt =
i V¢~ , here ¢ is the unit tangent of the approximated interface I'y. The existence
and uniqueness of the immersed finite element basis functions are reassured in the
following theorem. The interpolation errors in the L>°, L? and H' norms will be
estimated in the next section.

Theorem 2.1. Let T denote a triangle with vertices (z;,y;), @ = 1---3 in a
giwen uniform mesh, the associated IFE basis functions ¢ € Sé(T) consisting of
¢t and ¢~ on the reference triangle are uniquely determined by the nodal values

Proof: Let ® be the affine transformation that maps the reference triangle to
the triangle T via ®(0,0) = (z1,y1), ®(1,0) = (x2,y2) and ®(0,1) = (r3,ys3). Let
d(zi,y;) = ¢i, © = 1---3. From the nodal values and the continuity at node D, we
have

(4) ¢3 = ¢T(0,1) =ag+as = ap = ¢3 — as
(5) ¢1 = ¢ (0,0)=bo

(6) 2 = ¢ (1,0)=bo+b1=br=0d2— ¢
(7) ap +azf1 = by + bajs.
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FIGURE 2. A typical triangle element with an interface cutting
through. The arc DME is part of the interface curve I’ which is
approximated by the line segment DE. In this picture, T is the
triangle AABC, TT = AADE, T~ =T—T7, and T* is the region
enclosed by the DE and T.

Plugging equations (4) and (5) into equation (7) implies
(8) (=1+g1)az — §1b2 = ¢1 — 3.

Moreover, from the flux continuity condition and the continuity of the solution
along the tangential direction of the interface, we have

. (@ )T vet = pii(@) Ve~
©) HoyT 96+ = o) 94

where n = (n1,n2) and t = (—n2,n;) are the normal and tangent vectors of the
interface respectively, and p = 87 /BT. Let (m1,mz) = (@17 and (ms3,my) =
t(®1)T. The two equations in (9) can be rewritten as following:

(10) miaj + moas — pmaby =  —pmid1 + pmips

(11) maar +maaz = ma(d2 — ¢1) + mabo.

Plugging (8) into (10) and (11) and writing the resulted equations in the matrix

form, we have

[ migr me(g1 + p(1 —91)) ] [ ai ]

mg?jl ma ag
. " o1
(12) _ | (=pm2—prmugn) pmagy pma b
—my — msfi mag1r My b5

:[Pmlﬂl pma ][¢2¢1 ]

msyi M4 ¢3 — 1
To prove the theorem, we only need to show the metric

A migr  me(th + p(1 — G1))
mafi my

is non-singular. Let p* = g1 + p(1 — 7). We can see clearly that p* > 1 when p > 1
and 0 < p* <1 when p < 1. Since mymy — mamg = det(®) > 0, mams < 0 and
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myimy > 0, we have

(13) det(A) = g1 ((mima — mamg) — (p* — 1)mamg) >0, if p>1
and

(14) det(A) = mima(l — p*)g1 + p*J1(mima — mams) > 0, if 0 < p < 1.

Now from (13) and (14), we can conclude the matrix A is nonsingular and the
theorem holds.

Remark 2.2. We can further estimate

det(A) = Gu(h™ + (p* — ny) = h™>(41p")
= h72 (GG + p(1 = §n))) > min{1, p} 1872, for p > 1, and
det(A) = h7%j > min{l,p}1h™ 2, for0<p<I,

from the equations (13) and (14), respectively. Therefore, the following estimation
of det(A) holds

(15) det(A) > g1h~? min{1, p}.

Moreover, Let A¢y = ¢g — ¢1, Apo = ¢3 — ¢1, and B = [ pryr Pz ]
mayr M4

The equation (12) implies

o [580] - ro-a[ 2]

el o, o (3]

Yimams  —yimams
Also, from the equations (6), (8), and (16), we have
bh—-A¢ ] [ 0
(17) { by — Ads ] = [ D=1 (a3 — Agy) }
@ -1k -1) [ 0 0 } { Ay ]

det (A) —mamgz  —Mmams Ay

By applying the estimation (15) to the equations (16) and (17), we can easily show
that the following inequalities hold:

a2 — Ag Ny
(sl s ermmn (551,

by — A¢ _ 1 Ag¢
[(rzao)| semasto 2 (82)]

where ¢ and ¢~ are constants independent with p.

(18)

3. The priori and posteriori error estimations

In this section, we define the IFE solution of the interface problem (1) and derive
the priori and posteriori error estimations of the IFE solution. We first introduce
some notations in the following:

e Let &, denote the regular mesh that satisfies the usual admissibility and the
shape regularity. Let Sy be the set of elements intersect with the interface,
and %h: S\ §h. For 7 € $y,, let 97 denote the set of boundary segments
of the element 7 and &, = U,eg,07. Let gh be the set of edges intersect
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with the interface and E’ n=2En \g‘h Moreover, N, = the set of all vertices

in Sy, N, = vertices of an element 7 and N, = vertices of an edge e € &,.

Also, for any element 7 € Jy, edge e € € and node z € Ny, let

w; = U ' O = U T we = U 7, wZ:UT'
T'NTEIT T'NT#p N-NN #g' zeT!

e We denote by H® and H*, the usual Lebesgue L2-integrable space and
the Sobolev spaces equipped with the standard norms | f||, for f € H”,
k = 0---2. The notations | f[|, o, , k¥ = 0---2, and [|f[|5 ¢, denote the
usual Sobolev norms and the energy norm of f on a sub-domain ¢ C .
The piecewise linear polynomial space on a sub-domain 2 is denoted by
Sh(Qo). The immersed finite element space on the domain €2, is denoted
by SI(Q), is defined by SE(Q) = {¢|¢|. € Si(r), for all T € Sy, and
¢l7(2) = ¢|+(2), for z € N- N N/}, The notation S} ,(€2) denote the sub-
space in S} () with homogeneous boundary condition, {¢ € S}(Q) | ¢loq =
0}.

e For each vertex z € Np, let ., denote the linear nodal basis function. With
every element 7 and every edge e, we associate the bubble functions 1, =
27]L.en, ¢- and Yo = 4[]y, ¥-. Let I, denote the nodal interpolant,
7, denote the L? orthogonal projection onto the piecewise linear function
space in w,, and I, denote the quasi-interpolant of a function u defined as
Lou= Zze%h (mou)p,.

For any function ¢ € H?(Q), the IFE interpolant of ¢ is denoted by ¢; € S/ that
satisfies ¢, (¢1) = ¢(2) for all z € Nj,. The IFE solution of problem (1) denoted by
ul satisfies the standard variation formulation of (1) as following:

(BVv, Vu{b) =, f), forallve S,I%O(Q),

where (-, -) is the usual inner product in the H°(Q2). To derive the a-priori error
estimations of Hu - u{lﬂo and Hu - u{sz we need to estimate the interpolation
errors of ¢ — ¢y for any ¢ € HY(Q) N C(Q), here ¢; € SL(T) denote the IFE
interpolant of ¢. In the following theorem, we first estimate the errors of ¢ — ¢;
and V¢ — V¢ in the L°° norm.

Theorem 3.1. Let T be a triangle in a uniform mesh Sj, and the interface T
satisfies the hypothesis (H1), (H2) and (H3). Let I'r denote the line segment that
approzimates U'r. Let ¢ be an arbitrary function in C*(T) and ¢; € Si(T) be the
IFE interpolant of ¢. The following error estimates hold.
ch || D*¢|| when (z,y) € Q\T*
_ < OO,T
(19) HV(ZS(:L’,y) vd)l(xay)Hoo,T = { C||D2¢HOOT when (xvy) e T*

IN

wr S ch?[|D%]

o, T’
1 .

where ¢ = O(max{—, p}) and T* is the region enclosed by I'r and I'p.
p

Proof: First, we estimate the error of V¢ — V¢ at element nodal points of the
reference triangle in the following: From the Taylor expansion of ¢, we have

1) @) = son+veren| 7 ] v
(22) @) = o 00+ 0.0 § e
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where e1 < (1 —1)(||D?¢]| _ (51 —1)h?) and e < §1 || D?¢||__ §1h*, and |es — 1] <
2maxye (i, |15 -1} {vT | D?¢|| v}h?. By imposing the continuity at node D, from
(21) and (22), we have

$(0,91) = ¢7(0,1) + ¢, (0,1)(1 — 1) +ex
¢7 (07 0) + ¢;(Oa O)(yl) + ea.

The above equation implies
(23) (—1+91)65 (0,1) — g1, (0,0) = d1 — ¢3 + €2 — €1

Next, from the flux continuity and tangential continuity on the interface, we
have

mioF +magy = p(migy +mady)

(24) - _
m3@y +mady =mad; +mad; .

By differentiating (21) and (22), and evaluating (22) at (1,0), we have

(b%('?a :'2) = (b%(oa 1)+ e3
(25) fl@(:f, ?{) = 52531(0, 1) +eq
?; (?ay) =9, (0,0) + e5

here e; = o(h), i =3---6, and
(26) (b; (07 0) - (bi(la 0) — ¢ (07 0) + e.

Now plugging (23), (25) and (26) into (24), the equation (24) can now be rewrit-
ten in a matrix form as following:

migr ma( + p(1 —71)) ¢j{(0a 1)
msg my 0,1)
(27) . .
_ | —pm2—pmayr pmuyr pm2
—ms—mayi  mzfi  Ma
where & = o(1), fori = 1,2. Let 6] = (¢])z — ¢7, 6 = (¢])y — (b;{, é; =
(¢7)2 — oz and &, = (¢ )g — @5 - Recall that a1 = (¢} )z, az = (¢} )g, b1 = (67 ),
by = (d)[_)@a and

A migr  me(th + p(1 — G1))
mafi my

Subtracting (12) from (27) leads to the following equation
6;:_ (Oa 1) 5 é1
(28) A |: 5+(0, |- v &

By applying the lower bound of det(A) in Remark 2.2 on the solution of the
equation (28), we have
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o n(maér — (1 + p(1 — g1))maés)
650, 1)] = | det(A) |

h2
< (Imaeal + @1+ p(1 = 1)) Imaal) mm—

max{1, p} 1
2 ——h . -th
(29) < Cmin{l,p} <c max{p,p}
may1€1 + m13}1é2)|
det(A)

sro) = (&

_ - h?
< fi(lmaér| + |m1€2|)m
1
(30) < cfp - max{p, ;}h

Similarly, by subtracting (6) from (26) and subtracting (8) from (23), we have
the following inequalities

(31) 16-(0,0) < ch?
0,01 < EE o422
(32) < cmax{p,%}tho(hQ).
As a result of (25), (29), (30)-(32), the following error estimates hold
gy [0~ ODEI < 1616.9) ~ 6011+ 162~ (6120, < eah
65 = 6P @) <165 2,9) ~ 6701 + (67 ~ (6)5)(0 )| < eah,

for (2,9) € TT\ T*, and
(05 — (67)2)(#,9)] < |5 (2,9) — 05 (0,0)| + |(¢5 — (67 )2)(0,0)] < esh
(05 — (67)9)(&, 9)| < o5 (2,9) — ¢4 (0,0)[ + (65 — (¢7)9)(0,0)] < cahr
for (2,9) € T~ \ T*, where ¢; = o (max{p, 1/p} ||D2u||oo), fori=---4.
Finally, for (&, ) € T*, we have
VO(E,9) = Vor (&, §) = Vo(@,§) — Vor(Z,§) + 01 + b2,

for some (z,9) € T, where 61 = V(¢(2,9) — ¢(Z,7)) and 63 = V(] — ¢7)(Z, 7).
Since ||V(¢ — ¢1)(Z,9)|| < cah and ||81]] < csh, from (34) and Taylor formula,
where c5 depends on HD2¢HOO, we only need to estimate ds to control the error

|V¢(§c,g)) - V(bf(‘%vg)l

Recall that from the flux continuity and tangential continuity, we have
mi  Ma ar | _ | pm1i pmy by
ms My as ms My by |-
We can clearly see that,

62l = 1Iv(¢7 — o7)(a, ”H[a2—b2]H
H([mm Pm2] {ml mQ}—I)

(34)

IN

(35)

el

ms3 my ms3 My
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From (33) and the assumption ¢ € CQ( , we have

oo lall=lla]-Ta 10 a

for some constant cg depends on HD2¢)HOO. Moreover, since

< Cg,

-1
pm1 pmz myomg | < e 1-p mimg  Mmamy
ms3 1My - 7 ph72 —mims —mams
— 1
< o p‘s@max{—,p},
p

for some constant ¢z, because m1,ma, mz and my are O(h~1). From (35), (36) and
(37), we can conclude that

(38) V(& 5) — Vr(d, gl < cs max{%,p} for (4,9) € T,

where the constant cg depends on ||D2<Z)||OO. Finally, from (33), (34) and (38), we
can conclude the inequality (19) holds. The inequality (20) can then be proved by
following the same argument as shown in the Theorem 2.3 [27]. g

With the help of the above theorem, we can easily obtain the traditional inter-
polation error estimation in the L?-norm and H'-norm.
Theorem 3.2. The following interpolation error estimates hold. For function ¢ €

H?(Q), if ¢ is a piecewise C? function on any interface element T, for all T € I,
then there exist constants co and ¢ such that

(39) l¢—o1lly, < coh® |4l
(40) o =orll, < eahldls,
where co and c¢1 are O(max{1/p, p}).

Proof: We first prove inequality (39). It is clear that

o=orle® = ([ 1o=orPin) = (3 [ 10— orin)

TES
< Yle- ¢I|W/|¢ o1lda
TESK
< max ¢ —¢rll, . Z ¢ — o1l /1dac , by the Hélder inequality,
e@
TESH

< max |[¢ — é1r|l o, |6 — orllo €2, by the Schwartz inequality.
TESK ’

By theorem 3.1, this implies ||¢ — ¢1]|, < ch?||¢||,, where ¢ depends on ||
and max{1/p, p}. Next, we show the estimation (40). It is well known that the
inequality

(41) ¢ — o1

[e]
holds, for elements 7 € ¥y, that do not intersect with interface. For an element
T € 3y, that intersects with the interface, we have

[ve—envio—onie= [ 96-envi—snirs [ w6970 onds

I 11
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By Theorem 3.1, we can clearly see that,

196 =60l [ 1 V/T@— TG~ g
T\T*

esh|T[||V(6 — 1) D*9| 7

=
A

—
N
©

-
A\

0,T\T*

~

~
SN~—

A

1966 = o)l | 1-V/T0= 01906 = dr)da
(43) < V(6 = 6wt 196~ 60 loz-IT7]

Recall that I' denotes the approximate line segment of the interface [ in an
element. Let M be an arbitrary point in 'y and M=+ be the orthogonal projection
of M onto the line segment I". Based on the assumption (Hs), I can be represented
by a C? function in each element. It has been shown in [28] that there exists a
constant ¢ such that ||M — M=| < éh?. We can see clearly that,

A

Tl _
(44) |T*| = /O IT(s) — I'(s)|ds < éh®.

Plugging (44) into (43), and using Theorem 3.1, we can get
(45) (1) < enT|[|D?*¢|| 1 19(6 — é1)llo7--
Combining (42) and (45), we have

(46) 19(6 = ¢n)llor < h|T.[ || D?9| 1
Finally, from (41) and (46), we have

1/2
lp—orlf < <ZIIV(¢¢1)IIO,T2)

TES

1/2
< ch ( > |T|2> 6 = ¢1ll, |1 D¢l -

TESY,

here ¢ depends on max{p,cl/p} and |Q2|. As a result, the inequality (40) holds. g

Remark 3.3. Let u and ul denote the weak solution and the IFE solution of the
interface problem (1) on the mesh . The a-priori error estimate

[|lu— u{LHO < ch?||ull, and [|u— u,Il||ﬂ < ch|lully

follows directly from the interpolation error estimates in theorem 3.2 and the Galerkin
orthogonal property.

To obtain posteriori error estimations, we follow Verfiirth’s work in [4]. By using
the seminal inequalities, we know that

1
lollo,r < 3 ||wie]| .
. 0,7

lbrlly - < ohi o]
(47) lolly.e <75 v,

0,77

Y
,€e

_1
el < e ol
el < 5hé oo,

where v and o are arbitrary polynomials of degree k, Verfiirth has proposed an
residual-based a-posteriori error indicator and shown that, for the finite element
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solutions on an interface fitting grid, the effective constant between the local lower
bound and the global upper bound is independent with the ratio p = 7 /8% of
the flux jump across the interface. The analysis can be extended to higher order
finite elements approximation as mentioned in [4]. In the following, we would like
to show that with minor modification on the Verfiirth’s error indicator, the same
estimates hold for the IFE solution.

Let ¢ = u — u} and ¢, = I;s be the quasi-interpolant of ¢ in S;,(2). By the
theorem 2.1, there exist ¢! € S}(Q) such that ¢I(z) = ¢;(z) for all z € U N-.
By the orthogonality of the IFE solutions, we have

TESY,

(48) u —ub |2 = /QﬂV(ufuii)V(ufufi)

= / BY(u—up) [V(S = 6n) + Vg + V(sr — 5p)] da
Q

/Bv(u—ufl)v@—%)dx—i—/ BY (u — ul )V (s — l)dx .
Q Q

(ITI) (Iv)

First, we estimate (III) by the following Verfiirth argument:

(111 = > [ (=div(BVu) + divBVun)(s — ox)dx
TeSL T
(49) - / [BOhun]. (s = sx)ds

e€&p V€

< Y pe|f + divBvag|, et s = sallo.
TESY

+ > nE [|1B0nui] g, se Nl = <xllo
e€lp

< {3 2|+ divpvad o+ 3 e || [Bonud] |5}
TES), ecéy,
U w2l = el 30 w2t s = el 32,
TES), ecéy,

here, p; and . are parameters to be determined. It has been shown in [4] that the
following inequalities

IN

1
Clhrﬁr 2 H§| B,or

11
c2hé Be * [l<llg w, »

(50) lls = <xllo.-
(51) lls = sxllo,e

IN

hold, where 8. = maxor,nary=e{Br:0r - Combining the estimates (49)-(51), an

estimation of (I17) independent with the diffusive coefficients can be derived for the
1

interface fitted grids by choosing p, = h, 7 % and pe = he; ' in (49). Therefore,

by partition the mesh <, into a regular interface fitted mesh and applying the zero

flux jump condition on the interface I', we can easily show that the inequality (49)

implies

(AT < el > w2 || f +divBvuf o+ > pe|[80nuf] o 32 llslls

TES), ec&y
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where, for the element 7 € %h with T =7tuUr™,
o Hf + divﬁVu{LH;T =h2(pT)! Hf + divﬁ*‘VquH;ﬁ—i-hg(ﬁ_)_l Hf + diUB_Vu{LH;T, ,

for the edge e € £ with e = et Ue™, here et c 97t \T and e~ c 97~ \ T,

2 2

pe l[[80wf], g, = he(B*) " 118%0nut] g+ (heB) (| [ 0neih], g,

Next, we estimate (IV). By employing the usual homogenization arguments and
the inequalities (18) in the remark 2.2, we have

||§7r - §7Ir||0,7_ § h'r ||§7r - §7Ir||1,7_ < c{hT ||v§77||0,-r

(53) < chhr (196 = o,y +176lo.,)
< d (||§7r —sllor + B~ %h, ||§||57T> , by the inverse estimation,
< eheBTE sllg g, by (50),

where the constant ¢/ = O(max{p,1/p}). Similarly, by invoking the trace inequal-
ity, it can be shown that the following inequality holds

(54) lor =2 lly., < AREB sl

where ¢} = O(max{p, %})
By following the same arguments in (49) and (52) with (50) and (51) replaced
by (53) and (54), we can conclude that the following estimate holds:

(55) (V) < e Y i2 || +divgvud o+ > pel|[Bowuh] Iy 3 lislls

7€ ec&y

where Cry = O(max{p, %}) The global a-posteriori error bound then follows from
the estimates (48), (52) and (55), and is stated in the following theorem.

Theorem 3.4. Let u and ul be the solutions of the interface problem (1) in H(Q)
and S,{(Q), respectively, and f, denote the piecewise constant of the L?-projection
of the function f on element 7. Let T = 7 UT~, for any element T € S, and Ot T
and O~ 1 denote the sets of boundary line segments of the element T that belong to
the sets O \T and 07~ \T, respectively. Assume that u has H? regularity on each
element. There exist a constant c, independent with the diffusive coefficients such
that the following a-posteriori error bound holds.

(56) Ju—uhlly < el Y 2+ 12871 1f = Fllo 137,

TES},
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where

1 3
Nr = {h'72'/87'1 Hfh + divﬁrVU{LH;T + 5 Z heﬂ;l Hﬂ'r [aneu}ﬂ H(Q)’e} )

e€oT

o
for T € Sp, and

1
o= {max{p, =} | D BZES|fa+ divGr vl +

T'e{rt,r—}

N

1 B 2
LY ksl andlll )

e’e{dtr,0-71}
Bt ife edtr
B~ ifeed T’

4. Numerical examples

forT e §h, here Be/:{

We now present some numerical results that support our theoretical results.
Errors in the L2 and H' norms of the IFE solutions to an interface problem will
be given both on uniform triangular meshes and adaptively refined meshes. For
simplicity, we solve the problem (1) in the rectangular domain Q = (—1,1)x (-1, 1).
The interface curve T is a circle with radius 7o = 0.5, which separates Q into two
sub-domains 2~ and Q7 with

O ={(z,y): 2? +y* <1}
The exact solution considered here is as following,

7.,05

(57) uey) =1 f
CERR R
whererzmaa:?’andﬁ(x’y):{ g;: g:zgig;

The interface problems demonstrated here have diffusive coefficients:

1, x,y) €O~
Bk(xvy):{ 1Olc7 EI,Z§€Q+ Jk=1---3.

A sample uniform mesh and adaptive mesh over the domain {2 with the interface
curve I', together with a typical IFE solution on the adaptive mesh for the case

if r <rg,

[e3

)Jro® otherwise,

~os| -0s|

(a) uniform mesh (b) adaptive mesh after (¢) Solution u on the
3 refinement adaptive mesh

FIGURE 3
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TABLE 1. Errors for problems with various diffusive coefficients in
the L? norm.

C. T. WU, Z. LI, AND M. C. LAI

B — 5 — s —
ho| =10 Be =102 | B =107
T 3.689¢-03 | 3.676¢-03 | 4.164¢-03
11 0.897e-04 | 9.998¢-04 | 1.110e-03
| 2700e-04 | 267304 | 3.370-04
L | 6.766e-05 | 6.318¢-05 | 7.567¢-05

ho| S =101 | 2 =1072 | Lo =107
1 2 3

% 1.922¢-01 | 4.677e-01 | 1.471e-00

75 | 8-314e-02 | 1.439e-01 | 4.390e-01

35 | 4.526e-02 | 8.726e-02 | 2.686e-01

57 | 2:222¢-02 | 2.942e-02 | 8.394e-02

TABLE 2. Errors for problems with various diffusive coefficients in
the energy norm.

BT = 1000 and B~ = 1, are shown in figure 3. Tables 1 and 2 contains the errors
of the IFE solutions in the L? norm and the energy norm, respectively, on uniform
meshes with grid size varies from % to &

3 51 Using linear regression, we can see that
the data in the table 1 obey

|u—up||, = 02557, |lu—ujl|, ~ 0.27h*>* and, |ju—uj||, ~ 0.28n"%,
and the data in the table 2 obey

Hu - u{luﬁl ~ 1.71h1%5,

’u — u,ILHB2 ~ 6.89n*% and ||u — qulHﬂ:, ~ 6.75h"0.

These results clearly indicate that the IFE solutions u,IL converge to the exact so-

lution u with convergence rates O(h?) and O(h) in the L? norm and the energy
norm, respectively, as mentioned in the remark 3.3.

g*=10and =1

0.18 0: error on uniform meshes
Nl [T, [ e, P
324 1.922e-01 4.117e-00
557 1.338e-01 2.316e-00
899 1.217e-01 1.756e-00
2516 | 6.281e-02 1.054e-00
3527 | 6.116e-02 7.515e-01
10482 | 3.097e-02 3.842e-01

0.5

1 15

2

number of points
FIGURE 4. The errors in the energy norm and the a-posteriori

error bounds on adaptive meshes for the case 7 = 10 and 8~ = 1.

x10*
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B*=100 and p=1
05 .

0: error on uniform meshes

|Nh| Hu _ uiILHB (ZTE%}L 7772_)1 2 04 X: error on adaptive meshes
324 4.677e-01 1.136e+01

466 1.958e-01 1.538e+01 = 03

682 | 1.341e-01 2.280e-00 ]

1507 | 5.495e-02 1.088¢-00 0z
4171 | 3.139¢-02 5.201e-01
10243 | 2.188e-02 3.134e-01

0.1

% 05 1 15 2
number of points x10°

FiGURE 5. The errors in the energy norm and the a-posteriori

error bounds on adaptive meshes for the case 37 = 100 and =~ =

1.

B=100 and p=1
05 .

T 173 0: error on uniform meshes
— X: error on adaptive meshes
| V| ||u uhHﬁ (Zregh 777—) 04 i

324 | 1.471e-00 1.592e+02
410 | 6.378e-01 1.659e+02
626 | 5.332¢-01 8.339e-00
1066 | 2.057e-01 3.673e-00
1923 | 1.251e-01 1.572e-00
4021 | 4.105e-02 6.986e-01

0 015 i 1‘.5 2

number of points «10°
FiGURE 6. The errors in the energy norm and the a-posteriori
error bounds on adaptive meshes for the case 3+ = 1000 and =~ =

1.

Next, we compute the IFE solutions for the cases i, k = 1---3 on adaptively
refined meshes. To generate the adaptive meshes, the heuristic maximum marking
strategy with threshold value 0.25 is employed. An element 7 € &y, will be marked
for refinement if the associated error indicator value n, > 0.25 max,cg, n-. A
regular mesh refinement scheme divides each marked triangle into 4 child triangles.
Here, six levels of regular mesh refinement are performed on an initial 9 x 9 mesh.
The tables on the left of the Figures 4, 5 and 6 contains the errors of the IFE
solutions in the energy norms and the a-posteriori error bounds defined in the
theorem 3.4 on the adaptive meshes. Comparisons of the errors on uniform meshes
and adaptive meshes are shown on the right in each figure. From these figures, we
can see that, on adaptive meshes, the accuracy of the IFE solutions is significantly
increased and much less grid points are needed for the IFE solutions to reach a

given error tolerance, when * > B~. In addition, the ratios of (3 g, 2)1/2
to ||u — u,IlH P tends to an order of 10 for all three cases when the number of mesh

refinement is increased. This result suggests that the proposed a-posteriori error
bound in theorem 3.4 is indeed independent with the diffusive coefficients.
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5. Conclusions

In this paper, we have developed an adaptive mesh refinement technique for the
non-conforming immersed finite element (IFE) method. The underlying triangula-
tion and local mesh refinement does not need to fit the interface. The accuracy of
the solution and its gradient is significant improved with the local adaptive mesh
refinement. Some improved a-prior error estimate is also derived for the original
non-conforming IFE method along with an a-posteriori error estimation needed for
the adaptive mesh refinement technique.
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