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Dynamical System 

動態系統是要研究運動方程的解。
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Computational Dynamical System

（1）離散動態系統:（1）離散動態系統:

連續動態系統（2）連續動態系統:(ode45,... in MatLab)

4



Computational Dynamical System

（1）離散動態系統的解:（1）離散動態系統的解:
發散(infinity) 、固定點、週期解、
擬週期(quasi periodic) ?擬週期(quasi-periodic)、?

（2）連續動態系統的解:（2）連續動態系統的解:
發散(infinity) 、平衡點、週期解、
極限環(li it l )極限環(limit cycle) 、
擬週期(quasi-periodic)、
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Computational Dynamical System

•0-D: equilibrium points 
(radial spiral saddle)(radial, spiral, saddle)

•1-D: limit cycles (closed loops)y ( p )
•2-D: 2-toruses (quasiperiodic surfaces) 
•N-D: N-toruses (hypersurfaces) 
•Non integer D: strange attractors (fractal)•Non-integer D: strange attractors (fractal) 

(attractor dimension < system dimension)
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Chaos

混沌理論認為在混沌系統中，初始混沌理論認為在混沌系統中 初始
條件十分敏感，其微小的變化，在經過
不斷放大 對未來狀態會造成極其巨大不斷放大，對未來狀態會造成極其巨大
的差別。的差別
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Devanvey's chaos

•敏感性(sensitivity)：( y)
對初始條件非常敏感，差之毫釐失之千里。

•傳遞性(transitivity)：
可到處遍歷。可到處遍歷。

•週期解稠密性(density)：週期解稠密性(density)：
存在任意週期。
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Examine Chaos

• bifurcation diagram 
( i d d bli bif l i ti(period doubling bif.: logistic map,
intermittence: tent map)

• Feigenbaum constant
δ= 4.66920160910299067185320382…

• spectrum analysis (fft)
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FFT 
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FFT 
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Examine Chaos

• Poincaré mapPoincaré map
(conti. D.S.)
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Poincaré map 
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Poincaré map 

•發散(infinity)、平衡點

•週期解

•極限環(limit cycle) 

•擬週期(quasi-periodic)

•chaos
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Poincaré map 
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Poincaré map 
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Poincaré map 
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Poincaré map 
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Examine Chaos

• Lyapunov exponent (Lyapunov y p p ( y p
characteristic exponent)

• Poincaré recurrence

• homoclinic orbit
(snapback repellor)(snapback repellor)
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Lyapunov exponent 
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Lyapunov exponent 

• [     Definition] global Lyapunov exponent

• [Computation] local Lyapunov exponent
(average the phase-space volume expansion(average the phase-space volume expansion 
along trajectory)
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Local Lyapunov exponent 
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Local Lyapunov exponent 
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Poincaré recurrence 

positive topological entropypositive topological entropy
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Homoclinic orbit
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MLM: modified logistic map
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Logistic map
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Modified Logistic map
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Properties of MLM

Chaotic map• Chaotic map 
• No windows
• Uniform distribution

E i l t• Equivalent 
• PseudorandomPseudorandom
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MLM: chaotic map
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MLM: no windows
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MLM: no windows
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MLM: Poincaré recurrence
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MLM: uniform distribution (FFT)
r = 5.9
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MLM: equivalent (bits error rate analysis)
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MLM: pseudorandom
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MLM: pseudorandom (SP 800-22)
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Random vs. Chaos
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Random vs. Chaos

Distinction：
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 2D charged particles
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3 vortices system
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3 vortices system
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3 vortices system
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Thank you for your attention!Thank you for your attention!
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