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Abstract Let F
n
q be a n-dimensional vector space over Fq . In this paper we construct

a new family of inclusion matrices associated with subspaces of F
n
q , and exhibit their

disjunct properties.
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1 Introduction

The basic problem of group testing is to identify the set of defective items in a large
population of items. Suppose we have n items to be tested and that there are at most r

defective items among them. Each test (or pool) is (or contains) a subset of items. We
assume some testing mechanism exists which if applied to an arbitrary subset of the
population gives a negative outcome if the subset contains no positive and positive
outcome otherwise. Objectives of group testing vary from minimizing the number of
tests, limiting number of pools, limiting pool sizes to tolerating a few errors. It is
conceivable that these objectives are often contradicting, thus testing strategies are
application dependent. A group testing algorithm is non-adaptive if all tests must
be specified without knowing the outcomes of other tests. A non-adaptive testing
algorithm is useful in many areas such as DNA library screening.

A group testing algorithm is error tolerant if it can detect some errors in test
outcomes. A mathematical model of error-tolerance designs is an se-disjunct matrix.
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A binary matrix M is said to be se-disjunct if given any s + 1 columns of M with one
designated, there are e + 1 rows with a 1 in the designated column and 0 in each of
the other s columns. An s0-disjunct matrix is said to be s-disjunct.

The constructions of se-disjunct matrices were given by many authors (see Bald-
ing and Torney 1996; Du and Hwang 2006; Du et al. 2006; D’yachkov et al. 2005;
Huang and Weng 2004; Macula 1996, 1997; Ngo 2008; Ngo and Du 1999, 2002). In
this paper we construct a new family of inclusion matrices associated with subspaces,
and exhibit their disjunct properties. (See Theorems 3.2 and 3.3).

2 The finite vector space

In this section we will first introduce the concepts of finite vector space, and then
introduce some counting formulas in the vector space.

Let Fq be a finite field with q elements, where q is a prime power. Let F
n
q be the

n-dimensional row vector space over the finite field Fq . The set GLn(Fq) of all n×n

nonsingular matrices over Fq forms a group under matrix multiplication, called the
general linear group of degree n over Fq . Clearly, GLn(Fq) is transitive on the set
of all subspaces of the same dimension in F

n
q (Wan 2002).

Let m1,m2 be two integers. Then the Gaussian coefficient

[
m2
m1

]
q

=
∏m2

t=m2−m1+1(q
t − 1)∏m1

t=1(q
t − 1)

.

By convenience
[ m2

0

]
q

= 1 and
[ m2

m1

]
q

= 0 whenever m1 < 0 or m2 < m1.

Proposition 2.1 (Wan 2002, Theorem 1.7) Let 0 ≤ m ≤ n. Then the number of m-
dimensional subspaces of F

n
q is

[ n
m

]
q
.

Proposition 2.2 (Wan et al. 1966, Chap. 1, Theorem 5) The number of m × n matri-
ces with rank i over Fq is

N(i;m × n) = qi(i−1)/2
[

m

i

]
q

n∏
t=n−i+1

(qt − 1).

Proposition 2.3 For 1 ≤ m,r ≤ n and max{0,2m − n} ≤ i ≤ m, let P and Q be
two fixed m-dimensional subspaces of F

n
q with dim(P ∩ Q) = i. Then the number of

r-dimensional subspaces S of F
n
q satisfying dim(P ∩ S) = dim(S ∩ Q) = j is

pi
j,j (m, r;n) =

∑
β+γ=j≤α+β,α+β+ρ+γ=r

qω
α∏

l=j−β+1

(ql − 1)

×
[

m − i − γ

α + β − j

]
q

[
m − i

α

]
q

[
i

β

]
q

[
m − i

γ

]
q

[
n − 2m + i

ρ

]
q

,
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where ω = j (j +1)/2+α(α−1)/2+β(β −1)/2+2mρ+ i(α+γ −ρ)−j (α+β)−
(βγ + ρα + ρβ + ργ ). In particular, for a given m-dimensional subspace P of F

n
q ,

the number of r-dimensional subspaces intersecting P at j -dimensional subspaces
of F

n
q is

pm
j,j (m, r;n) = q(r−j)(m−j)

[
n − m

r − j

]
q

[
m

j

]
q

.

Proof Denote by P i
j,j (m, r;n) the set of r-dimensional subspaces S of F

n
q satisfying

both dim(P ∩ S) = dim(S ∩ Q) = j . By the transitivity of GLn(Fq) on the set of
subspaces with the same dimension, we may assume

P = (I (m) 0), Q =
(

0(i,m−i) I (i) 0 0
0 0 I (m−i) 0

)
.

For any S ∈ P i
j,j (m, r;n), write S in block as

S = ( m−i i m−i n−2m+i

S1 S2 S3 S4
)
.

Suppose rank S4 = ρ, rank (S1, S4) = ρ + α, rank (S1, S3, S4) = ρ + α + γ and
β = r − (ρ + α + γ ). By suitable row elementary transformations, we may pick S as

⎛
⎜⎜⎝

m−i i m−i n−2m+i

S11 S12 S13 0
0 S22 0 0
0 S32 S33 0

S41 S42 S43 S44

⎞
⎟⎟⎠

α

β

γ

ρ

,

where rank S44 = ρ, rank S11 = α, rank S33 = γ and rank S22 = β . Note that there
are [

m − i

α

]
q

,

[
i

β

]
q

,

[
m − i

γ

]
q

and

[
n − 2m + i

ρ

]
q

choices of subspaces S11, S22, S33 and S44, respectively. By the transitivity of
GLn(Fq) on the set of subspaces with the same dimension, the number of S’s does
not depend on the particular choices of S11, S22, S33, S44. Without loss of generality
we may assume

S11 = (I (α)0), S22 = (I (β)0),

S33 = (I (γ )0), S44 = (I (ρ)0).

Then S has a matrix presentation of the form

⎛
⎜⎝

I 0(α,m−i−α) 0 S122 0 S132 0 0
0 0 I 0(β,i−β) 0 0 0 0
0 0 0 S322 I 0(γ,m−i−γ ) 0 0
0 S412 0 S422 0 S432 I 0(ρ,n−2m+i−ρ)

⎞
⎟⎠ . (1)
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Note that the matrix representation of S of the form (1) is unique. By dim(P ∩S) = j

and dim(Q ∩ S) = j , we deduce that β + γ = j ≤ α + β and rank S132 = α + β − j .
By Proposition 2.2, the desired result follows. �

3 The construction

In this section, we construct a family of inclusion matrices associated with subspaces
of F

n
q , and exhibit its disjunct property. Let M(m,n) be the set of all m-dimensional

subspaces of F
n
q .

Definition 3.1 Given integers 1 ≤ r,m ≤ n − 1 and max{0, r + m − n} ≤ j ≤
min{r,m}. Let M(r,m;n) be the binary matrix whose rows (resp. columns) are in-
dexed by M(r, n) (resp. M(m,n)). We also order elements of these sets lexicograph-
ically. M(r,m;n) has a 1 in row i and column l if and only if the i-th subspace of
M(r, n) intersect the l-th subspace of M(m,n) at j -dimensional subspaces of F

n
q .

By Propositions 2.1 and 2.3, M(r,m;n) is a
[ n

r

]
q

× [ n
m

]
q

matrix, whose con-

stant row (resp. column) weight is pr
j,j (r,m;n) = q(r−j)(m−j)

[ n−r
m−j

]
q

[ r
j

]
q

(resp.

pm
j,j (m, r;n) = q(r−j)(m−j)

[ n−m
r−j

]
q

[ m
j

]
q
).

Theorem 3.2 Let 1 ≤ r,m ≤ n − 1 and max{0, r + m − n} ≤ j ≤ min{r,m}. If 1 ≤
d ≤ �pm

j,j (m, r;n)/α�+1, then M(r,m;n) is de-disjunct, where e = pm
j,j (m, r;n)−

dα − 1, α = max{pl
j,j (m, r;n) | max{0,2m − n} ≤ l ≤ m − 1} and pi

j,j (m, r;n) is
given by Proposition 2.3.

Proof Let C,C1,C2, . . . ,Cd be d + 1 distinct columns of M(r,m;n). To obtain
the maximum numbers of subspaces P of M(r, n) satisfying dim(P ∩ C) = j and
dim(P ∩ Ci) = j , by Proposition 2.3 we may assume that the number of subspaces
P of M(r,n) satisfying dim(P ∩ C) = j and dim(P ∩ Ci) = j is

α = max{pl
j,j (m, r;n) | max{0,2m − n} ≤ l ≤ m − 1}.

Hence the number of subspaces P of M(r, n) satisfying dim(P ∩ C) = j and
dim(P ∩ C1), . . . ,dim(P ∩ Cd) �= j is at least

pm
j,j (m, r;n) − dα.

It follows that e = pm
j,j (m, r;n) − dα − 1. Since e ≥ 0, we obtain

d ≤
⌊

pm
j,j (m, r;n)

α

⌋
+ 1. �

Remarks If j = min{r,m}, then M(r,m;n) is studied in D’yachkov et al. (2005),
Ngo (2008), Ngo and Du (2002). If j < min{r,m}, then M(r,m;n) can not be ob-
tained from pooling space (Huang and Weng 2004).
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Theorem 3.3 Let 1 ≤ r,m ≤ n − 1 and max{0, r + m − n} ≤ j ≤ min{r,m}. Then
the following (i)–(iv) hold:

(i) If d ≤ 1 + q + · · · + qm−1 and m − 1 > r , then there exists a j such that
M(r,m;n) is de-disjunct, where e ≥ [ m

r

]
q

− d
[

m−1
r

]
q

+ (d − 1)
[

m−2
r

]
q
.

(ii) If 1 + q + · · · + qm−1 ≥ d ≥ q + 2 and m > r ≥ 2, then there exists a j such
that M(r,m;n) is de-disjunct, where e ≥ [ m

r

]
q
− d

[
m−1

r

]
q
+ (2d − 3)

[
m−2

r

]
q
−

(d − 2)
[

m−3
r

]
q
.

(iii) If 1 + q + · · · + qm−1 ≥ d ≥ q + 3 and m > r ≥ 2, then there exists a j such
that M(r,m;n) is de-disjunct, where e ≥ [ m

r

]
q
− d

[
m−1

r

]
q
+ (3d − 7)

[
m−2

r

]
q
−

(2d − 6)
[

m−3
r

]
q
.

(iv) If 1 + q + · · · + qm−1 ≥ d ≥ q + 4 and m > r ≥ 2, then there exists a j such
that M(r,m;n) is de-disjunct, where e ≥ [ m

r

]
q
−d

[
m−1

r

]
q
+ (4d −13)

[
m−2

r

]
q
−

(3d − 12)
[

m−3
r

]
q
.

Proof (i) Let j = r , by [Ngo 2008, Theorem 2.1], the desired result follows.
(ii)–(iv) Let j = r , by [Ngo 2008, Corollaries 3.3–3.5], the desired results fol-

low. �
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