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Abstract In this paper, we construct a dz-disjunct matrix with the orthogonal spaces
over finite fields of odd characteristic. We consider the arrangement problem of d

(m−1,2(s −1), s −1)-subspaces and the tighter bounds for an error-tolerant pooling
design. Moreover, we give the tighter analysis of our construction by the results of the
arrangement problem. Additionally, by comparing our construction with the previous
construction out of vector spaces, we find that our construction is better under some
conditions.

Keywords Orthogonal space · dz-disjunct · Arrangement problem · Tighter
analysis · Test efficiency

1 Introduction

The basic problem of group testing is to identify the set of positive (defective) objects
in a large population of items. There are two kinds of group testing algorithms, adap-
tive algorithm and non-adaptive algorithm. A group testing algorithm is non-adaptive
(NGT) if all tests must be specified without knowing the outcomes of other tests.

Designing a good error-tolerant pooling design is a central problem in the area of
non-adaptive group testing. It is known that a mathematical model of this problem
is a dz-disjunct matrix, and that its capability of error-tolerant and error-correction
is determined by z. So it is significant to address the value of z, i.e., the problem of
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designing and analyzing the error-tolerant capability of a pooling design (see Du and
Hwang 2006).

To describe this problem, we need a few definitions. A (0,1)-matrix is d-disjunct
if no union of any d columns covers another column. A d-disjunct matrix is dz-
disjunct if a column has at least z + 1 1-entries not covered by the union of any other
d columns. A d-disjunct matrix is d0-disjunct. A dz-disjunct can detect z − 1 errors
and correct � z−1

2 � errors (see D’yachkov et al. 2005; Huang and Weng 2004). The
error-correcting capability is doubled by the addition of at most d confirmatory and
guaranteed tests as compared to the number of tests required by, and error correcting
capability of, the purely nonadaptive case in D’yachkov et al. (2007).

To date, some constructions of dz-disjunct matrix have been given. For example,
Ngo and Du further extended the construction to some geometric structures like sim-
plicity complexes and some graph properties like matchings in Ngo and Du (2002).
Macula et al. (2004) constructed a α-almost d-disjunct matrix on the group test-
ing for complexes problem. Fu and Hwang (2006) constructed with t-packings. A.G.
D’yachkov et al. constructed with subspaces of GF(q) in D’yachkov et al. (2005),
and so on. Ngo and Du (2002) introduced a non-adaptive pooling design based on
finite vector spaces, which was d-disjunct. D’yachkov et al. (2005) found that this
construction in Ngo and Du (2002) can tolerate a lot of errors and the bound was
tight for d ≤ q + 1. Ngo (2008) gave the tighter analysis for d > q + 1 by addressing
the hyperplane arrangement problem.

If we consider the type of the subspaces rather than only the dimension of them
as we do before, we think that we can get some better conclusions about the pooling
design constructed by the orthogonal spaces. It is known that, when the number of
the detective items is fixed, the small the number of the tests is, the better a pooling
design is. In order to chose the number of the tests effectively, we address the peak
of the number of the tests, i.e., the number of the rows in the dz-disjunct matrix.
In addition, We call the ratio between the number of the rows and the number of
columns in the dz-disjunct matrix by test efficiency. We denote it by R. According to
the definition of R, we know that the less R is, the better the construction is. So we
give some parameters which have effect on R. we compare the test efficiency of our
design with the other designs such as in D’yachkov et al. (2005), and find our design
is more effective under certain conditions.

We know that the dimension of the intersection of two m-dimensional subspaces
is at most m − 1. In order to discuss the tighter analysis of an error-tolerance pooling
design, in general vector spaces, we only need to discuss the (m − 1)-dimensional
subspace of a m-dimensional subspace, i.e., the hyperplane arrangement problem in
Ngo (2008). However, in the orthogonal space, let P be a (m,2s, s)-subspace. Then,
there are two kinds of (m − 1)-dimensional subspace of P which are (m − 1,2s, s)-
subspace and (m− 1,2(s − 1), s − 1)-subspace. Hence, for an arrangement problem,
we need to consider not only the dimension of a subspace but also the type of the
subspace. Therefore it is more complex in the orthogonal space.

At the beginning, we plan to consider two subclasses of each type, one is
(m,2s, s), the other is (r,2(s − i), s − i), i = 0,1,2, . . . , s. When i = 0, the two
subspaces have the same type, it has been studied in Ngo and Du (2002) in fact. Note
that when i = 2,3, . . . , s, the intersection of the two subspaces has many cases, which
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it makes difficult to discuss the containing relation about the two subspaces, so we
only discuss the case when i = 1 in the rest of this paper.

In this paper, we construct a dz-disjunct matrix based on the orthogonal space
over finite field of odd characteristic, and consider the arrangement problem of d

(m−1,2(s −1), s −1)-subspaces motivated by the need to give tighter bounds for an
error-tolerant pooling design in Sects. 3 and 4. Moreover, we give the tighter analysis
of our construction by the results of the arrangement problem in Sect. 5. Addition-
ally, in Sect. 6, we give the comparison of test efficiency in our construction and in
D’yachkov et al. (2005).

2 Preliminary

In order to construct a dz-disjunct matrix with the orthogonal space over finite fields
of odd characteristic, we introduce several basic conceptions and notes of orthogonal
geometry. For more results of the orthogonal geometry, the reader can refer to the
6-th chapter of Wan (2002).

Fq is a finite field of odd characteristic with q elements, where q is a prime or a
prime power, w is a fixed non-square element of F

∗
q . Assume

S2ν =
(

0 I (ν)

I (ν) 0

)
, S2ν+1,1 =

⎛
⎜⎜⎝

0 I (ν)

I (ν) 0

1

⎞
⎟⎟⎠ ,

S2ν+1,z =

⎛
⎜⎜⎝

0 I (ν)

I (ν) 0

w

⎞
⎟⎟⎠ , S2ν+2 =

⎛
⎜⎜⎜⎜⎜⎝

0 I (ν)

I (ν) 0

1

−w

⎞
⎟⎟⎟⎟⎟⎠ .

We introduce the notation S2ν+δ,�, where ν is its index and � denotes its definite
part, i.e.,

� =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∅, if δ = 0,

(1) or (w), if δ = 1,(
1

−w

)
, if δ = 2.

The orthogonal group of degree 2ν + δ with respect to S2ν+δ,� over Fq will be
denoted by O2ν+δ,�(Fq), which consists of all (2ν + δ) × (2ν + δ) matrices T

over Fq satisfying T S2ν+δ,�T T = S2ν+δ,�. The vector space F
(2ν+δ)
q together with

the right multiplication action of O2ν+δ,�(Fq) is called the (2ν + δ)-dimensional
orthogonal space over Fq with respect to S2ν+δ,�. Clearly, since O2ν+1,1(Fq)

and O2ν+1,z(Fq) are isomorphic, actually only three types of orthogonal groups,
O2ν(Fq), O2ν+1,1(Fq), O2ν+2,1(Fq), need to be considered.
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Let A and B be two n×n matrices over Fq . If there is an n×n nonsingular matrix
Q over Fq such that QAQT = B , we say that A is cogredient to B . Let M(m,2s, s)

represent following form,

M(m,2s, s) =

⎛
⎜⎜⎝

0 I (s)

I (s) 0

0(m−2s)

⎞
⎟⎟⎠ .

An m-dimensional vector subspace P of F
(2ν+δ)
q is said to be of type (m,2s, s),

if PS2ν+δ,�P T is cogredient to M(m,2s, s), denoted by (m,2s, s)-subspace. We
denote by M(m,2s, s;2ν + δ,�) the set of subspaces of type (m,2s, s) in F

(2ν+δ)
q .

Let N(m,2s, s;2ν + δ,�) = |M(m,2s, s;2ν + δ,�)|.
Let P be a fixed subspace of type (m,2s, s) and Q be a fixed subspace of

type(m2,2s2, s2) in P . Denote by M(m1,2s1, s1;m,2s, s;2ν + δ,�) the set of sub-
spaces of type (m1,2s1, s1) contained in P . Let N(m1,2s1, s1;m,2s, s;2ν + δ,�) =
|M(m1,2s1, s1;m,2s, s;2ν+δ,�)|. Denote by M(m1,2s1, s1;m2,2s2, s2;m,2s, s;
2ν+δ,�) the set of subspaces of type (m1,2s1, s1) contained in Q. Let N(m1,2s1, s1;
m2,2s2, s2;m,2s, s;2ν + δ,�) = |M(m1,2s1, s1;m2,2s2, s2;m,2s, s;2ν + δ,�)|.

Let
[ n

m

]
q

be the Gaussian coefficient, i.e.,
[ n

m

]
q

=
∏n

i=n−m+1(q
i−1)∏m

i=1(q
i−1)

.

Additionally, two Anzahl theorems which are used in this paper are as follows.
According to Theorems 6.33 and 6.35 in Wan (2002) respectively, we can obtain
them directly.

Lemma 2.1 Let k be an integer with max{0,−s − s1 +m1} ≤ k ≤ min{m−2s,m1 −
2s1}. Then

N(m1,2s1, s1;m,2s, s;2ν + δ,�)

=
∑

k

q2s1(s+s1−m1+k)+(m1−k)(m−2s−k)

×
∏s

i=s+s1−m1+k+1(q
i − 1)(qi−1 + 1)

∏m−2s
i=m−2s−k+1(q

i − 1)∏s1
i=1(q

i − 1)
∏s1−1

i=0 (qi + 1)
∏m1−2s1−k

i=1 (qi − 1)
∏k

i=1(q
i − 1)

.

Lemma 2.2 If M(m1,2s1, s1, k1;m,2s, s, k;2ν + δ + l,�) is non-empty, then

N(m1,2s1, s1, k1;m,2s, s, k;2ν + δ + l,�)

= N(m1 − k1,2s1, s1;2s + (m − k − 2s),0) × N(k1, k)q(m1−k1)(k−k1).

N(m1 − k1,2s1, s1;2s + (m − k − 2s),0) and N(k1, k) are given in Corollary 6.31
and Theorem 1.7 in Wan (2002).



J Comb Optim

3 The construction and motivation

In this section, we will construct a (0,1)-matrix with the orthogonal space over Fq of
odd characteristic, and give the reason why we consider the arrangement problem of
d (m−1,2(s −1), s −1)-subspaces of a (m,2s, s)-subspace in the orthogonal space.

Definition 3.1 Let A(m,2s, s; r,2(s − 1), s − 1;2ν + δ) be the (0,1)-matrix whose
rows are indexed by (r,2(s − 1), s − 1)-subspaces and columns are indexed by
(m,2s, s)-subspaces in the orthogonal space over Fq . A(m,2s, s; r,2(s − 1), s −
1;2ν + δ) has a 1 in row R and column C if and only if R is a subspace of C.

For any (m,2s, s)-subspace P in the orthogonal space over Fq , let P denote the
set of all (r,2(s − 1), s − 1)-subspaces of P . We assert that

P ∩ Q = P ∩ Q.

This is because a (r,2(s − 1), s − 1)-subspace contained in P and Q must be con-
tained in P ∩ Q, and that a (r,2(s − 1), s − 1)-subspace contained in P ∩ Q must be
contained in P and Q.

In order to prove A(m,2s, s; r,2(s − 1), s − 1;2ν + δ) is dz-disjunct, we only
need to find z, z = min{|C0 \⋃d

i=1 Ci |}, for any d + 1 different (m,2s, s)-subspaces
C0,C1, . . . ,Cd in the orthogonal space over Fq .

For any i ∈ {1,2, . . . , d}, let Hi = Ci ∩ C0. Then∣∣∣∣∣C0 \
d⋃

i=1

Ci

∣∣∣∣∣=
∣∣∣∣∣C0 \

d⋃
i=1

(Ci ∩ C0)

∣∣∣∣∣=
∣∣∣∣∣C0 \

d⋃
i=1

Hi

∣∣∣∣∣.
To minimize |C0 \⋃d

i=1 Ci |, we should assume all Hi are (m − 1,2(s − 1), s −
1)-subspaces of C0. However considering that there are two kinds of (m − 1)-
dimensional subspaces of C0, which are (m − 1,2s, s)-subspaces and (m − 1,2(s −
1), s − 1)-subspaces, we give the lemmas as follows to explain why we chose the
(m − 1,2(s − 1), s − 1)-subspaces rather than the (m − 1,2s, s)-subspaces.

By Lemma 2.2, the following two lemmas can be easily obtained.

Lemma 3.2 If q is a prime or a prime power with q > 2, 2s − 1 ≤ r ≤ m − 3, then

N(r,2(s − 1), s − 1;m − 1,2s, s;m,2s, s;2ν + δ,�)

= q2(s−1)(m−r−2)(qs − 1)(qs−1 + 1)

2(q − 1)
·
∏m−2s−1

i=m−r−1(q
i − 1)∏r−2s+1

i=1 (qi − 1)

×
[

2qm−r−2 + qm−r−2 − 1

qr−2s+2 − 1

]
.

Lemma 3.3 If q is a prime or a prime power with q > 2, 2s − 1 ≤ r ≤ m − 2, then

N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)
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= q2(s−1)(m−r−1) ·
∏m−2s

i=m−r (q
i − 1)∏r−2s+1

i=1 (qi − 1)

[
qm−r−1 + qm−r−1 − 1

qr−2s+2 − 1

]
.

Lemma 3.4 If q is a prime or a prime power with q > 2, 2s − 1 ≤ r ≤ m − 3, then

N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

> N(r,2(s − 1), s − 1;m − 1,2s, s;m,2s, s;2ν + δ,�).

Proof According to Lemma 3.2 and Lemma 3.3, we have that

N(r,2(s − 1), s − 1;m − 1,2s, s;m,2s, s;2ν + δ,�)

N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

= q2(s−1)(m−r−2)(qs − 1)(qs−1 + 1)

2(q − 1)
·
∏m−2s−1

i=m−r−1(q
i − 1)∏r−2s+1

i=1 (qi − 1)

×
[

2qm−r−2 + qm−r−2 − 1

qr−2s+2 − 1

]

/q2(s−1)(m−r−1) ·
∏m−2s

i=m−r (q
i − 1)∏r−2s+1

i=1 (qi − 1)

[
qm−r−1 + qm−r−1 − 1

qr−2s+2 − 1

]

= (qs − 1)(qs−1 + 1)

2q2(s−1)(q − 1)
· qm−r−1 − 1

qm−2s − 1
· 2qm−2s + qm−r−2 − 1

qm−2s+1 + qm−r−1 − 1
.

In order to discuss conveniently, we denote (qs−1)(qs−1+1)

2q2(s−1)(q−1)
by a, qm−r−1−1

qm−2s−1
by b, and

2qm−2s+qm−r−2−1
qm−2s+1+qm−r−1−1

by c. Obviously, for c, because q > 2, we have c < 1; for b, because

r + 1 ≥ 2s, we have b ≤ 1; for a, when q > 2, by computing, we know that 2q2(s−1) ·
(q − 1) − (qs − 1)(qs−1 + 1) > 0. So a < 1. i.e., abc < 1.

Hence,

N(r,2(s − 1), s − 1;m − 1,2s, s;m,2s, s;2ν + δ,�)

N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)
< 1,

i.e.,

N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

> N(r,2(s − 1), s − 1;m − 1,2s, s;m,2s, s;2ν + δ,�). �

By Lemma 2.1, we get the following two lemmas directly.

Lemma 3.5 If q is a prime or a prime power, then

N(m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�) = (qs − 1)(qs−1 + 1)

q − 1
.
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Lemma 3.6 If q is a prime or a prime power, then

N(m − 2,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

= q2(s−1)(qs − 1)(qs−1 + 1)

q − 1
·
[
q(qm−2s − 1)

q − 1
+ 1

2

]
.

As has been mentioned above, if we want |C0 \⋃d
i=1 Ci | to be minimized, i.e.,

|⋃d
i=1 Hi | to be maximized, we can assume that all Hi are (m − 1,2(s − 1), s − 1)-

subspaces of C0. This is because, given d (m − 1,2(s − 1), s − 1)-subspaces of C0,
we can take the span of each of them with a vector v /∈ C0 to reconstruct Ci . For the

group testing problem, we will address the case when d >
(qs−1)(qs−1+1)

q−1 in Sect. 5.

In Sect. 4, we only consider the case when d ≤ (qs−1)(qs−1+1)
q−1 . The above discussion

motivates the following problem.

Problem 1 Given a (m,2s, s)-subspace C0 in the orthogonal space over Fq , and an

integer d such that 1 ≤ d ≤ (qs−1)(qs−1+1)
q−1 , find (m − 1,2(s − 1), s − 1)-subspace Hi

(i = 1,2, . . . , d) of C0 that maximizes |⋃d
i=1 Hi |. At least, find good upper bounds

for the quantity.

4 The packing arrangement and tighter bounds

In order to solve the Problem 1, i.e., the arrangement problem of d (m − 1,2(s −
1), s − 1)-subspaces, we need some lemmas and formulas. By inclusion-exclusion
principle, we have∣∣∣∣∣

d⋃
i=1

Hi

∣∣∣∣∣
=

d∑
i=1

(−1)i−1
∑

T ⊆{1,...,d}
|T |=i

⋂
t∈T

Ht

=
d∑

i=1

(−1)i−1
∑

T ⊆{1,...,d}
|T |=i

⋂
t∈T

Ht

=
d∑

i=1

(−1)i−1
∑

T ⊆{1,...,d}
|T |=i

N

(
r,2(s − 1), s − 1;

⋂
t∈T

Ht ,2(s − 1), s − 1;

m,2s, s;2ν + δ,�

)
.
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But it is difficult to obtain
∑

T ⊆{1,...,d}
|T |=i

N(r,2(s − 1), s − 1;⋂t∈T Ht ,2(s − 1), s −
1;m,2s, s;2ν + δ,�), so we consider it inductively.

For any two (m1,2s1, s1)-subspaces P and Q in the orthogonal space over Fq , we
know that

dim(P ) + dim(Q) = dim(span(P ∪ Q)) + dim(P ∩ Q).

Additionally, suppose C to be a (m,2s, s)-subspace in the orthogonal space over
Fq , X to be a (m − 1,2(s − 1), s − 1)-subspace of C, and Y to be a (m1,2s1, s1)-
subspace of C and Y ⊂ C. Assume X ∩ Y to be a (r,2s2, s2)-subspace. Then the
relation between X and Y is as follows: Y ⊆ X or m1 = r + 1, s1 = s2 or s2 + 1.

This conclusion leads to the following important lemma.

Lemma 4.1 Let H1, . . . ,Hx be x (m − 1,2(s − 1), s − 1)-subspaces of a (m,2s, s)-
subspace C in the orthogonal space over Fq , whose intersection is I , i.e., I = H1 ∩
· · · ∩ Hx . Let H be any (m − 1,2(s − 1), s − 1)-subspace of C not containing I , and
set Yi = H ∩ Hi , i ∈ {1,2, . . . , x}. Then, for any subset S ⊆ {1,2, . . . , x}, we have

dim

(⋂
i∈S

Hi

)
= dim

(⋂
i∈s

Yi

)
+ 1.

If
⋂

i∈S Hi is a (mi,2si , si)-subspace, then
⋂

i∈S Yi is a (mi −1,2si, si)-subspace or
a (mi − 1,2(si − 1), si − 1)-subspace.

Proof For any S, since
⋂

i∈S Hi � H , we have

dim

(⋂
i∈S

Hi

)
= dim

(
H ∩
(⋂

i∈S

Hi

))
+ 1

= dim

(⋂
i∈S

(H ∩ Hi)

)
+ 1

= dim

(⋂
i∈S

Yi

)
+ 1.

i.e.,

dim

(⋂
i∈S

Hi

)
− dim

(⋂
i∈S

Yi

)
= 1.

Therefore, if
⋂

i∈S Hi is a (mi,2si, si)-subspace, then
⋂

i∈S Yi is a (mi − 1,2si , si)-
subspace or a (mi − 1,2(si − 1), si − 1)-subspace. �

Actually, Yi contained in H is a (m − 2,2(s − 1), s − 1)-subspace or a (m −
2,2(s − 2), s − 2)-subspace, and dim(H)− dim(Yi) = 1. This lemma tells us that the
inter-relationship (in terms of dimensions of intersections) between Y1, . . . , Yx is the
same as the inter-relationship between H1, . . . ,Hx .
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Consider a (m − 2,2(s − 2), s − 2)-subspace X of a (m,2s, s)-subspace C in the
orthogonal space over Fq , where s ≥ 2. Then, the number of (m−1,2(s −1), s −1)-
subspaces of C containing X is

[ 2
1

]
q

= q + 1. Let Y be a (m − 3,2(s − 3), s − 3)-
subspace or a (m − 3,2(s − 2), s − 2)-subspace of C. Then the number of (m −
1,2(s − 1), s − 1)-subspaces containing Y is[

3
2

]
q

=
∏3

i=2(q
i − 1)∏2

i=1(q
i − 1)

= q2 + q + 1.

In the following, we will compute |⋃x
i=1 Hi | for all arrangement of x (m −

1,2(s − 1), s − 1)-subspaces, where 2 ≤ x ≤ q2 + q + 1.
Suppose C0 to be a (m,2s, s)-subspace in the orthogonal space over Fq . Denote

H to be any set of (m−1,2(s −1), s −1)-subspaces of C0 (at least two). Let x(H) be
the maximum number of (m − 1,2(s − 1), s − 1)-subspaces in H whose intersection
is a (m − 2,2(s − 2), s − 2)-subspace. Note that 2 ≤ x(H) ≤ q + 1. Also define
g(H) = |⋃H∈H H |.

Lemma 4.2 Suppose q is a prime or a prime power with q > 2, 2s − 1 ≤ r ≤
m−3. Assuming that the number of (m−1,2(s−1), s−1)-subspaces of a (m,2s, s)-
subspace in the orthogonal space over Fq is x, then

g(H) = xN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

− kN(r,2(s − 1), s − 1;m − 2,2(s − 1), s − 1;m,2s, s;2ν + δ,�),

where 2 ≤ x ≤ (qs−1)(qs−1+1)
q−1 , and k is an integer with

0 ≤ k ≤ q2(s−1)(qs − 1)(qs−1 + 1)

q − 1

[
q(qm−2s − 1)

q − 1
+ 1

2

]
.

In particular, if k = 0, for any x, g(H) gets the top value xN(r,2(s − 1), s −
1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�).

Proof According to Lemma 4.1, for two (m − 1,2(s − 1), s − 1)-subspaces P1 and
P2 of a (m,2s, s)-subspace from the orthogonal space over Fq , we know that P1 ∩
P2 is a (m − 2,2(s − 2), s − 2)-subspace or a (m − 2,2(s − 1), s − 1)-subspace
(s ≥ 2). Therefore, the intersection of any two (m − 2,2(s − 2), s − 2)-subspaces
or (m − 2,2(s − 1), s − 1)-subspaces is a (m − 3,2(s − 2), s − 2)-subspace or a
(m − 3,2(s − 3), s − 3)-subspace. According to inclusion-exclusion principle, we
obtain g(H) = xN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�) −
kN(r,2(s − 1), s − 1;m − 2,2(s − 1), s − 1;m,2s, s;2ν + δ,�).

The number of (m − 1,2(s − 1), s − 1)-subspaces, i.e., the value of x is at most
N(m−1,2(s −1), s −1;m,2s, s;2ν+δ,�), i.e., the number of (m−1,2(s −1), s −
1)-subspaces contained in a fixed (m,2s, s)-subspace.

By Lemma 3.5, we know that

N(m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�) = (qs − 1)(qs−1 + 1)

q − 1
.
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Hence,

2 ≤ x ≤ (qs − 1)(qs−1 + 1)

q − 1
.

By Lemma 3.6, we know that

N(m − 2,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

= q2(s−1)(qs − 1)(qs−1 + 1)

q − 1
·
[
q(qm−2s − 1)

q − 1
+ 1

2

]
.

Hence,

k ≤ q2(s−1)(qs − 1)(qs−1 + 1)

q − 1
·
[
q(qm−2s − 1)

q − 1
+ 1

2

]
.

Obviously, when k = 0, g(H) gets the top value xN(r,2(s−1), s−1;m−1,2(s−
1), s − 1;m,2s, s;2ν + δ,�). �

We will discuss tighter bounds of the arrangement and the packing arrangement.
Firstly, we consider the simplest case when r = 1 and s = 1. The number of

(1,0,0)-subspaces contained in a (m,2,1)-subspace from the orthogonal space over
Fq is N(1,0,0;m,2,1;2ν + δ,�).

According to Lemma 2.1, we know

N(1,0,0;m,2,1;2ν + δ,�) = 2qm−1 + qm−2 − 1

q − 1
.

Let C0 be a (m,2,1)-subspace from the orthogonal space over Fq , V be any (m−
2,0,0)-subspace of C0, and H1, . . . ,Hq+1 be the set of all (m − 1,0,0)-subspaces
containing V . Then, by the inclusion-exclusion principle, we obtain

∣∣∣∣
q+1⋃
i=1

Hi

∣∣∣∣
= (q + 1)N(1,0,0;m − 1,0,0;2ν + δ,�)

− qN(1,0,0;m − 2,0,0;2ν + δ,�).

According to Lemma 2.1, we know

N(1,0,0;m − 1,0,0;2ν + δ,�) = qm−1 − 1

q − 1
,

N(1,0,0;m − 2,0,0;2ν + δ,�) = qm−2 − 1

q − 1
.

Hence, ∣∣∣∣∣
q+1⋃
i=1

Hi

∣∣∣∣∣= (q + 1) · qm−1 − 1

q − 1
− q · qm−2 − 1

q − 1
= qm − 1

q − 1
.
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Assuming that
⋃x

i=1 Hi cover C0, then |⋃x
i=1 Hi | ≥ |C0|, i.e.,

x · qm−1 − 1

q − 1
− (x − 1) · qm−2 − 1

q − 1
≥ 2qm−1 + qm−2 − 1

q − 1
.

By computing, we obtain

x ≥ 2q

q − 1
.

Because x is an integer, it is at least  2q
q−1�. In order to discuss it conveniently, we

denote  2q
q−1� by u.

The following theorem follows immediately.

Theorem 4.3 When r = 1, s = 1, m ≥ 4 and d ≥  2q
q−1�, |⋃u

i=1 Hi | is larger than
the number of (1,0,0)-subspaces contained in C0. Hence, one way to obtain the
maximum of |⋃d

i=1 Hi | is to find  2q
q−1� (m − 1,0,0)-subspaces containing a (m −

2,0,0)-subspace of C0.

We aim for a good upper bound for |⋃d
i=1 Hi |. Firstly, the definition of a particular

arrangement is given as follows.

Definition 4.4 (Packing arrangement) Suppose 2 ≤ d ≤ q2 + q + 1. Let C0 be a
(m,2s, s)-subspace, V be a (m − 2,2(s − 2), s − 2)-subspace of C0, and W be any
(m− 3,2(s − 3), s − 3)-subspace of V . The packing arrangement of d (m− 1,2(s −
1), s − 1)-subspaces is an arrangement in which q + 1 (m − 1,2(s − 1), s − 1)-
subspaces, say H1, . . . ,Hq+1, all contain V and the rest of (m − 1,2(s − 1), s − 1)-
subspaces contain W .

The following theorem tells the “cost” of this arrangement.

Theorem 4.5 Suppose q is a prime or a prime power, q > 2, and 2s −1 ≤ r ≤ m−3.
Let 2 ≤ d ≤ q2 + q + 1, and let H1, . . . ,Hd be in the packing configuration. Then∣∣∣∣∣

d⋃
i=1

Hi

∣∣∣∣∣= dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�).

Proof Without loss of generality, assume that H1, . . . ,Hq+1 intersect at a (m −
2,2(s − 2), s − 2)-subspace V and the rest of the (m − 1,2(s − 1), s − 1)-subspaces
all contain a (m − 3,2(s − 3), s − 3)-subspace W , W ⊂ V . Consider any Hi ,
where q + 1 < i ≤ d . Let Vj = Hi ∩ Hj , for any j ∈ {1, . . . , i − 1}. We first show
{V1, . . . , Vq+1} = {V1, . . . , Vi−1}. Note that all Vj contain W , by Lemma 4.1, we
know that V1, . . . , Vq+1 are different (m−2,2(s −2), s −2)-subspaces of Hi . More-
over, the total number of (m − 2,2(s − 2), s − 2)-subspaces in Hi containing W is[

s − 1 − (s − 3)

s − 2 − (s − 3)

]
q

=
[

2
1

]
q

= q + 1.
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Therefore,

{V1, . . . , Vq+1} = {V1, . . . , Vi−1}.
Next, because Vi is a (m− 2,2(s − 2), s − 2)-subspace and N(r,2(s − 1), s − 1;m−
1,2(s − 2), s − 2;m,2s, s;2ν + δ,�) = 0, we have Vi = 0, (i = 1, . . . , q + 1).

Then,∣∣∣∣∣Hi \
i−1⋃
j=1

Hj

∣∣∣∣∣ =
∣∣∣∣∣Hi \

i−1⋃
j=1

(Hj ∪ Hi)

∣∣∣∣∣=
∣∣∣∣∣Hi \

i−1⋃
j=1

Vj

∣∣∣∣∣
=
∣∣∣∣∣Hi \

q+1⋃
j=1

Vj

∣∣∣∣∣= |Hi | −
∣∣∣∣∣
q+1⋃
j=1

Vj

∣∣∣∣∣= |Hi |

= N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�).

Finally,∣∣∣∣∣
d⋃

i=1

Hi

∣∣∣∣∣ =
∣∣∣∣∣
q+1⋃
i=1

Hi

∣∣∣∣∣+
d∑

i=q+2

∣∣∣∣∣Hi \
i−1⋃
j=1

Hj

∣∣∣∣∣
= (q + 1)N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

− qN(r,2(s − 1), s − 1;m − 1,2(s − 2), s − 2;m,2s, s;2ν + δ,�)

+ (d − q + 1)N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;
m,2s, s;2ν + δ,�)

= dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�). �

Theorem 4.6 Suppose q is a prime or a prime power, q > 2, 2s − 1 ≤ r ≤ m − 3,

2 ≤ d ≤ t , t = (qs−1)(qs−1+1)
q−1 and s ≥ 2. Consider any d (m − 1,2(s − 1), s − 1)-

subspaces H1, . . . ,Hd of a (m,2s, s)-subspace in the orthogonal space over Fq . Then

∣∣∣∣∣
d⋃

i=1

Hi

∣∣∣∣∣≤ dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�).

Moreover, when 2 ≤ d ≤ q + 1, there exists an arrangement of (m − 1,2(s − 1), s −
1)-subspaces achieving the right hand side.

Proof∣∣∣∣∣
d⋃

i=1

Hi

∣∣∣∣∣ ≤ dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

− (d − 1)N(r,2(s − 1), s − 1;m − 1,2(s − 2), s − 2;m,2s, s;2ν + δ,�)

= dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�).
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When 2 ≤ d ≤ q + 1, let d (m − 1,2(s − 1), s − 1)-subspaces intersect at a (m −
2,2(s − 2), s − 2)-subspace. Moreover, any two (m − 1,2(s − 1), s − 1)-subspaces
don’t intersect at a (m − 2,2(s − 1), s − 1)-subspace. Thus, the left is equal to the
right in the above formula, i.e., there exists an arrangement of (m−1,2(s−1), s−1)-
subspaces achieving the right hand side. �

According to Theorem 4.5 and Theorem 4.6, it is easy to obtain the following
corollary.

Corollary 4.7 Suppose q is a prime or a prime power, q > 2, 2s − 1 ≤ r ≤ m − 3,
and

d ≥ max

{
(qs − 1)(qs−1 + 1)

q − 1
, q2 + q + 1

}
.

Then∣∣∣∣∣
d⋃

i=1

Hi

∣∣∣∣∣≤ dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�).

5 The tighter analysis of A(m,2s, s;r,2(s − 1), s − 1;2ν + δ)

At first, we will show that A(m,2s, s; r,2(s − 1), s − 1;2ν + δ) is not a good design
under some cases.

Theorem 5.1 If 2s −1 ≤ r ≤ m−3, d ≥ t and t = (qs−1)(qs−1+1)
q−1 , then A(m,2s, s; r,

2(s − 1), s − 1;2ν + δ) is not d-disjunct.

Proof Consider any (m,2s, s)-subspace C0 in the orthogonal space over Fq . Let
H1, . . . ,Ht be the all (m − 1,2(s − 1), s − 1)-subspaces of C0. Let vi be any
(1,0,0)-subspace in the orthogonal space over Fq , and vi /∈ C0, (1 ≤ i ≤ t). For any
i = 1, . . . , t , define Ci = span{Hi, vi}. Then every Ci is a (m,2s, s)-subspace in the
orthogonal space over Fq . For i = t + 1, . . . , d , choose arbitrarily d − t (m,2s, s)-
subspaces Ci , which are different from C1, . . . ,Ct . Since any (r,2(s − 1), s − 1)-
subspace of C0 is contained in some Hi , i = 1, . . . , t , it is also contained in Ci . Then

C0 \
d⋃

i=1

Ci = C0 \
t⋃

i=1

Ci = ∅.

Namely A(m,2s, s; r,2(s − 1), s − 1;2ν + δ) is not d-disjunct. �

Corollary 5.2 If m ≥ 4, d ≥ k and k =  2q
q−1�, then A(m,2,1;1,0,0;2ν + δ) is not

d-disjunct.

In the following, we consider the tighter analysis of A(m,2s, s; r,2(s − 1), s −
1;2ν +δ) under some cases. By Theorem 4.3, we get the following corollary directly.
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Corollary 5.3 If 2 ≤ d ≤ u, u =  2q
q−1�, then A(m,2,1;1,0,0;2ν + δ) is dz-

disjunct, but it is not dz+1-disjunct, where z = N(1,0,0;m,2,1;2ν + δ,�) −
dN(1,0,0;m − 1,0,0;2ν + δ,�).

Theorem 5.4 If 2s − 1 ≤ r ≤ m − 3, 2 ≤ d ≤ t and t = (qs−1)(qs−1+1)
q−1 , then

A(m,2s, s; r,2(s − 1), s − 1;2ν + δ) is dz-disjunct, where z = N(r,2(s − 1), s −
1;m,2s, s;2ν + δ,�) − dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν +
δ,�). Moreover, when 2 ≤ d ≤ q2 + q + 1, A(m,2s, s; r,2(s − 1), s − 1;2ν + δ) is
not dz+1-disjunct.

Proof By Theorem 4.6, when d ≤ t , it is easy to obtain that A(m,2s, s; r,2(s −
1), s − 1;2ν + δ) is dz-disjunct. By Theorem 4.5, when d ≤ q2 + q + 1, it is easy to
obtain that A(m,2s, s; r,2(s − 1), s − 1;2ν + δ) is not dz+1-disjunct.

We will show that z > 0 as follows. By Lemma 3.3, we know

N(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

= q2(s−1)(m−r−1) ·
∏m−2s

i=m−r (q
i − 1)∏r−2s+1

i=1 (qi − 1)

[
qm−r−1 + qm−r−1 − 1

qr−2s+2 − 1

]
.

Additionally, according to Lemma 2.1

N(r,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

= q2(s−1)(m−r−1) · (qs − 1)(qs−1 + 1)

2(q − 1)
·
∏m−2s

i=m−r (q
i − 1)∏r−2s+1

i=1 (qi − 1)

×
[

2qm−r−1 + qm−r−1 − 1

qr−2s+2 − 1

]
.

Then,

z = N(r,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

− dN(r,2(s − 1), s − 1;m − 1,2(s − 1), s − 1;m,2s, s;2ν + δ,�)

= q2(s−1)(m−r−1) · (qs − 1)(qs−1 + 1)

2(q − 1)
·
∏m−2s

i=m−r (q
i − 1)∏r−2s+1

i=1 (qi − 1)

×
[

2qm−r−1 + qm−r−1 − 1

qr−2s+2 − 1

]

− d · q2(s−1)(m−r−1) ·
∏m−2s

i=m−r (q
i − 1)∏r−2s+1

i=1 (qi − 1)

[
qm−r−1 + qm−r−1 − 1

qr−2s+2 − 1

]
.

By computing, we know that z > 0. �
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6 The discussions of test efficiency

The basic problem of group testing is to identify most positive items with least tests.
Therefore it is significant to discuss how to make the ratio R smaller. In our dz-
disjunct matrix, we denote the number of the rows by nr , and the number of the
columns by nc. Then according to the construction of our pooling design, we get that
nr = N(r,2(s − 1), s − 1;2ν + δ,�) and nc = N(m,2s, s;2ν + δ,�).

In Wan (2002), we know that

nr = N(r,2(s − 1), s − 1;2ν + δ,�)

= q2(s−1)(ν+s−r−1)+δ(s−1)

∏ν
i=ν+s−r (q

i − 1)(qi+δ−1 + 1)∏s−1
i=0(qi − 1)

∏s−2
i=0(qi + 1)

∏r−2(s−1)
i=1 (qi − 1)

,

nc = N(m,2s, s;2ν + δ,�)

= q2s(ν+s−m)+δs

∏ν
i=ν+s−m+1(q

i − 1)(qi+δ−1 + 1)∏s
i=1(q

i − 1)
∏s−1

i=0(qi + 1)
∏m−2s

i=1 (qi − 1)
.

We address the peak of the rows in the dz-disjunct as follows. Because nr has
two parameters, s and t , we may assume that s has been fixed at first. The following
theorem tells us how to choose r so that the number of tests is not much too large.

Theorem 6.1 When s is fixed, for 2(s − 1) < r , the sequence nr = N(r,2(s − 1), s −
1;2ν + δ,�) is unimodal and gets its peak at r = [ 2ν+2s+δ−3

3 ].

Proof Assume r1 < r2. Then

nr1

nr2

= N(r1,2(s − 1), s − 1;2ν + δ,�)

N(r2,2(s − 1), s − 1;2ν + δ,�)

= q2(s−1)(r2−r1) ·
∏ν

i=ν+s−r1
(qi − 1)(qi+δ−1 + 1)

∏r2−2s+2
i=1 (qi − 1)∏ν

i=ν+s−r2
(qi − 1)(qi+δ−1 + 1)

∏r1−2s+2
i=1 (qi − 1)

= q2(s−1)(r2−r1) ·
∏r2−2s+2

i=r1−2s+3(q
i − 1)∏ν+s−r1−1

i=ν+s−r2
(qi − 1)(qi+δ−1 + 1)

= q2(s−1)(r2−r1) ·
r2−r1∏
i=1

qr1−2s+2+i − 1

(qν+s−r2+i−1 − 1)(qν+s−r2+δ+i−2 + 1)

= q2(s−1)(r2−r1) · qr1−2s+3 − 1

(qν+s−r1 − 1)(qν+s−r1+δ−2 + 1)

· qr1−2s+4 − 1

(qν+s−r1−2 − 1)(qν+s−r1+δ−3 + 1)

· · · qr2−2s+2 − 1

(qν+s−r2 − 1)(qν+s−r2+δ−1 + 1)
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= q2(s−1)(qr1−2s+3−1)

(qν+s−r1−1 − 1)(qν+s−r1+δ−2 + 1)
· q2(s−1)(qr1−2s+4−1)

(qν+s−r1−2 − 1)(qν+s−r1+δ−3 + 1)

· · · · · q2(s−1)(qr2−2s+2−1)

(qν+s−r2 − 1)(qν+s−r2+δ−1 + 1)
.

We know that

q2(s−1)(qr1−2s+3−1)

(qν+s−r1−1 − 1)(qν+s−r1+δ−2 + 1)

<
q2(s−1)(qr1−2s+4−1)

(qν+s−r1−2 − 1)(qν+s−r1+δ−3 + 1)

< · · ·

<
q2(s−1)(qr2−2s+2−1)

(qν+s−r2 − 1)(qν+s−r2+δ−1 + 1)
.

So we have that if

q2(s−1)(qr2−2s+2−1)

(qν+s−r2 − 1)(qν+s−r2+δ−1 + 1)
< 1,

i.e., 0 < r1 < r2 < 2ν+2s+δ−1
3 , then nr1 < nr2 ;

if

q2(s−1)(qr1−2s+3−1)

(qν+s−r1−1 − 1)(qν+s−r1+δ−2 + 1)
> 1,

i.e., 2ν+2s+δ−4
3 < r1 < r2 ≤ m, then nr1 > nr2 .

So the sequence nr = N(r,2(s − 1), s − 1;2ν + δ,�) is unimodal and gets its
peak at r = [ 2ν+2s+δ−3

3 ]. �

In our construction, we denote nr

nc
by R.

When r < m − 2,

R = nr

nc

= q2sm+2r−2ν−4s−2sr+2−δ(qs − 1)(qs−1 + 1)

×
∏m−2s

i=r−2s+3(q
i − 1)∏ν+s−r−1

i=ν+s−m+1(q
i − 1)(qi+δ−1 + 1)

.

When r = m − 2,

R = nr

nc

= (qs − 1)(qs−1 + 1)

q2ν+2+δ−2m(qν+s−m+1 − 1)(qν+s−m+δ + 1)
.

When r = m − 1,

R = nr

nc

= (qs − 1)(qs−1 + 1)

q2(ν+s−m)+δ(qm−2s+1 − 1)
.
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When r = m,

R = nr

nc

= (qν+s−m − 1)(qν+s−m+δ−1 + 1)(qs − 1)(qs−1 + 1)

q2ν+4s+δ−2m−2(qm−2s+1−1)(qm−2s+2−1)
.

Because the formula of R has three parameters, in order to address m’s effect on
R, we can assume that s and r have been fixed firstly.

Theorem 6.2 When r < m−2, for the fixed s and r , the sequence R is unimodal and
gets its valley at m = [ 2ν+2s+δ

3 ].

Proof Assume m1 < m2, we denote nr

nc
by Rm1 (Rm2) when m = m1 (m = m2). Then

Rm1

Rm2

=
∏ν+s−m1

i=ν+s−m2+1(q
i − 1)(qi+δ−1 + 1)

q2s(m2−m1) ·∏m2−2s
i=m1−2s+1(q

i − 1)

= (qν+s−m2+1 − 1)(qν+s−m2+δ + 1)

qm2 − 1
· (qν+s−m2+2 − 1)(qν+s−m2+δ+1 + 1)

qm2−1 − 1

· · · (qν+s−m1 − 1)(qν+s−m1+δ−1 + 1)

qm1+1 − 1
.

We know that

(qν+s−m2+1 − 1)(qν+s−m2+δ + 1)

qm2 − 1

<
(qν+s−m2+2 − 1)(qν+s−m2+δ+1 + 1)

qm2−1 − 1
< · · ·
<

(qν+s−m1 − 1)(qν+s−m1+δ−1 + 1)

qm1+1 − 1
.

So we have that if

(qν+s−m1 − 1)(qν+s−m1+δ−1 + 1)

qm1+1 − 1
< 1,

i.e., [ 2ν+2s+δ
3 ] ≤ m1 ≤ m2 ≤ 2ν + δ, then Rm1 < Rm2 ;

if

(qν+s−m2+1 − 1)(qν+s−m2+δ + 1)

qm2 − 1
> 1,

i.e., 0 < m1 < m2 ≤ [ 2ν+2s+δ
3 ], then Rm1 > Rm2 .

So the sequence R = nr

nc
is unimodal and gets its valley at m = [ 2ν+2s+δ

3 ]. �

Secondly, we assume that s and m have been fixed and address r’s effect on R in
our construction by the similar way as we do in the above theorem.
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Theorem 6.3 When r < m − 2, for the fixed s and m, the sequence R is unimodal
and gets its peak at r = [ 2ν+2s+δ−3

3 ].

Moreover, we find that the ratio efficiency R in this paper is smaller than that in
D’yachkov et al. (2005) under some conditions.

In D’yachkov et al. (2005) constructed a dz-disjunct matrix with subspaces of
vector space. Each of the columns (rows) is labeled by a m(r)-dimensional subspace,
mij = 1 if and only if the label of row i is contained in the label of column j . We
denote the test efficiency in D’yachkov et al. (2005) to be R̃. In order to compare R

with R̃, let the dimension of the vector space be 2ν + δ.
Then when r < m − 2,

R̃ =

[
2ν + δ

r

]
q[

2ν + δ

m

]
q

=
m−r∏
i=1

qr+i − 1

q2ν+δ−m+i − 1
.

When r = m − 2,

R̃ =

[
2ν + δ

m − 2

]
q[

2ν + δ

m

]
q

= (qm−1 − 1)(qm − 1)

(q2ν+δ−m+1 − 1)(q2ν+δ−m+2 − 1)
.

When r = m − 1,

R̃ =

[
2ν + δ

m − 1

]
q[

2ν + δ

m

]
q

= qm−1 − 1

q2ν+δ−m+1 − 1
.

When r = m,

R̃ =

[
2ν + δ

m

]
q[

2ν + δ

m

]
q

= 1.

According to the formulas of R and R̃, we get the following two theorems through
computing.

Theorem 6.4 For r < m − 2, when s < r + 1 < ν + 1 and 2sm + ν + r + 4 ≤
2m + 4s + 2sr , R < R̃.

Theorem 6.5 For r = m and r = m − 1, R < R′.
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For r = m − 2, we do not find some good conclusion about the relation between
R and R̃.

Acknowledgement The authors express their gratitude to the referee for his helpful suggestions and
comments.

References

Du D-Z, Hwang FK (2006) Pooling designs and nonadaptive group testing. World Scientific, Singapore
D’yachkov AG, Hwang FK, Macula AJ, Vilenkin PA, Weng C-W (2005) A construction of pooling designs

with some happy surprises. J Comput Biol 12:1129–1136
D’yachkov AG, Macula AJ, Vilenkin PA (2007) Nonadaptive and trivial two-stage group testing with error-

correcting de-disjunct inclusion matrices. In: Boylai society mathematical studies, vol 16. Springer,
Berlin, pp 71–83

Fu H-L, Hwang FK (2006) A novel use of t-packings to construct d-disjunct matrices. Discrete Appl Math
154:1759–1762

Huang T, Weng C-W (2004) Pooling spaces and non-adaptive pooling designs. Discrete Math 282(1–
3):163–169

Macula AJ, Rykov VV, Yekhanin S (2004) Trivial two-stage group testing for complexes using almost
disjunct matrice. Discrete Appl Math 137:97–107

Ngo HQ (2008) On a hyperplane arrangement problem and tighter analysis of an error-tolerant pooling
design. J Comb Optim 15:61–76

Ngo HQ, Du D-Z (2002) New constructions of non-adaptive and error-tolerance pooling designs. Discrete
Math 243:161–170

Wan Z-X (2002) Geometry of classical groups over finite fields, 2nd edn. Science Press, Beijing


	The arrangement of subspaces in the orthogonal spaces and tighter analysis of an error-tolerant pooling design
	Abstract
	Introduction
	Preliminary
	The construction and motivation
	The packing arrangement and tighter bounds
	The tighter analysis of A(m,2s,s;r,2(s-1),s-1;2nu+delta)
	The discussions of test efficiency
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


