Available online at www.sciencedirect.com
sc:euce@mnec-r@ LINEAR ALGEBRA

AND ITS
APPLICATIONS

ELSEVIER  Linear Algebra and its Applications 409 (2005) 153-165
www.elsevier.com/locate/laa

A sharp upper bound on the largest Laplacian
eigenvalue of weighted graphs™

Kinkar Ch. Das*, R.B. Bapat

Indian Statistical Institute, New Delhi 110 016, India

Received 16 August 2004; accepted 19 June 2005
Available online 24 August 2005
Submitted by D. Olesky

Abstract

We consider weighted graphs, where the edge weights are positive definite matrices. The
Laplacian of the graph is defined in the usual way. We obtain an upper bound on the largest
eigenvalue of the Laplacian and characterize graphs for which the bound is attained. The
classical bound of Anderson and Morley, for the largest eigenvalue of the Laplacian of an
unweighted graph follows as a special case.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Let G = (V, E) be a simple connected graph with vertex set V = {1,2,...,n}
and edge set E. A simple graph has no loops or multiple edges and therefore its
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edge set consists of distinct pairs. A weighted graph is a graph in which each edge
is assigned a weight, which is usually a positive number. An unweighted graph, or
simply a graph, is thus a weighted graph with each of the edges bearing weight 1.

In this paper we consider weighted graphs, where the edge weights are positive
definite matrices. All weight matrices will be assumed to have the same size.

We now introduce some notation. Let G be a weighted graph on n vertices. Denote
by w;; the positive definite weight matrix of order p of the edge ij. We write i ~ j if
vertices i and j are adjacent. Let w; = Zj:j~i w;;, and we think of w; as the weight
matrix of the vertex i.

The Laplacian matrix of a graph G is denoted by L(G) and is defined as L(G) =
(lij), where

wj ifi = j,
lij = —w;y ifi~j,
0 otherwise.

Thus, using the notation introduced earlier, L(G) is a square matrix of order np.
For any symmetric matrix A, let A{(A) denote the largest eigenvalue of A. We set
At = M (L(G)).

Upper and lower bounds for the largest Laplacian eigenvalue for unweighted
graphs have been investigated to a great extent in the literature [1-10,12]. For most of
these bounds, Pan [11] has characterized the graphs which achieve the upper bound of
the largest Laplacian eigenvalue. The main result of this paper, contained in Section
2, gives an upper bound on the largest Laplacian eigenvalue for weighted graphs,
where the edge weights are positive definite matrices. We also characterize graphs
for which equality holds in the upper bound. The results clearly generalize the known
results for unweighted graphs. Some related results are proved in Section 3.

Let G = (V, E). If V is the disjoint union of two nonempty sets V; and V, such
that every vertex i in V| has the same largest eigenvalue 1| (w;) and every vertex j
in V, has the same largest eigenvalue A1 (w;), then G will be called a semiregular
graph. (Occasionally we might say explicitly that G isa (A1 (w;), A1 (w))-semiregular
graph.)

2. Main result

In this section we find an upper bound on the largest Laplacian eigenvalue and
characterize the graphs for which the largest Laplacian eigenvalue is equal to the
upper bound. For this we need the following Lemmas.

Lemma 2.1 (Rayleigh-Ritz [13]). If A is a symmetric n x n matrix with eigenvalues
AM = Ay =+ = Ay then forany x € R" (x # 0),

iTAX > Ax0x. (1)
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Equality holds if and only if x is an eigenvector of A corresponding to the least
eigenvalue X,,.

The following is a consequence of the Cauchy—Schwarz inequality.

Lemma 2.2. If A is a symmetric positive definite n x n matrix with eigenvalues X, >
Ay =+ =2 Ay, thenforanyx € R" (x #£0), y e R" (y #0)

IXTAF| < MVETE/ TS, )

Equality holds if and only if X is an eigenvector of A corresponding to the largest
eigenvalue A1 and y = ax for some a € R.

Theorem 2.3. Let G be a simple connected weighted graph. Then

A1 < max § A (Z wik) + Z r(wir) ¢ (€)]
k

i~j . .
k:k~i k~j
where w;j is the positive definite weight matrix of order p of the edge ij. Moreover
equality holds in (3) if and only if

(i) G is a bipartite semiregular graph;
(i) w;j have a common eigenvector corresponding to the largest eigenvalue A1 (w; ;)
foralli, j.

Proof. Let M(G) be the block diagonal matrix diag (y11p,p, v2Ip.p,---s Vulp,p)
where y; = Y i A(win), i =1,2,...,n.

LetX = ()E]T, )EZT .-, X)T be an eigenvector corresponding to the largest eigen-
value A1 of M(G)~'L(G)M(G). We assume that %; is the vector component of X
such that )EiT)Ei = max ey {)E]T)Ej}. Since X is nonzero, so is X

The (i, j)th block of M(G)~'L(G)M(G) is

w; ifi =j,
Uiy ifi ~

0 otherwise.
We have
MG)'L(G)M(G)X = 1 X. 4)
From the ith equation of (4), we have
_ _ YiWwij _
)»1)6,' = w;X; — Z / l]x]', (5)
. Vi
Jri~i
i.e.,
_ yiwii _
Ailp,p —wixi = — Z ]y,l] Xj»
1

jij~i
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i.e.,
_ _ Vi - _
xiT(MIp,p — WX = — Z —‘{xlTw,-jxj
jui~i 7
Vi =T, -
< ) i wix) (6)
ji~i 1t
Vi T- [oT-
< D Ty FE5E, by @) ™
ji~i 1
<i5 Y Yoy, asilE > 5TE,  forall ).
jui~i M
®)
From (8), we get
_T -
x:(Mlp p —wi)k; i
i Cilpp — % 3 Dy, as&x >0
X; Xi S
Jij~i
i.e.,
_T -
X (Mlp,p, —wi)x; Vi
a=awy) < B N ), by (D) ©)
X; X Y
Jijri
ie.,
1
<) +— Y yihi(wi))
i ji~i
1
<ha(w) + - max(y;) D Miwig) (10)
- i

jij~i

= Ar(w;) + r11]_a>ci E A(wig) ¢, asy; = E A1(wij)
J . =
k:k~j Jij~i

< max { A (Z w,-k> + Z A (wjir)

"y kek~i Kok~

This completes the proof of (3). Now suppose that equality in (3) holds. Then all
inequalities in the above argument must be equalities.
From equality in (8), we get
i xe=x]%, forallk, k~i.
From this we get x; 0 for all k, k ~ i as x; 0.
From equality in (7) and using Lemma 2.2, we get that X; is an eigenvector of w;;
for the largest eigenvalue A{(w;;) and for any j, j ~ i, X; = b;;X;, for some b;;.
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For vertex j such that j ~ i,

ie.,
2 “T= - -
(bij_l)xi Xi ZO, asxj:b,'jx,-,
i.e.,
bij =+1, asi'x > 0.

Since w;; is a positive definite matrix and X; is an eigenvector of w;; for the largest
eigenvalue A1 (w;;), we have

fwiix > 0. (11)

From equality in (6), we have

. o vi i i
Z y_j_|bij||x,'Twijxi| =— Z —j_bij(x,'Twijxi)» by x;j = bijXi,
i jii~i M
i.e.,
N YizT, <y _ =
Z(b,j+l)7(xi w;;%) =0, by (11) and |b;| = 1. (12)
1

Jij~i
Since b;; = *£1, therefore from (12), we get b;; = —1, for all j, j ~i. Hence
Xj = —x;,forall j, j ~i.
From equality in (9) and using Lemma 2.1, we get that x; is an eigenvector of w;
corresponding to the largest eigenvalue A1 (w;).
From equality in (10), we get

D i) = hwa),
kik~j k:k~s
ie., yj =ys, forall j, ssuchthat j ~1i, s ~i.

From the jth equation of (4) and the just established relation x; = —X;, for j ~ i,

_ _ VW jik
—ME = —wiE - Y R,
kk~j VI

ie.,
VW jk

AMX; = wjX; + Z ) X
Kk~j Vi
Applying the same technique on the above equation as in Eq. (5), we get that
Xy = x;, forallk, k ~j, j~i; ye=vy, forallk, k ~j, j~1i;
and Xx; is a common eigenvector of w; and w i corresponding to the largest eigen-
values A (w;) and Ay (wjg), forall k, k ~ j, j ~i.
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For every vertex k, where k ~ j and j ~ i, we have, using Xy = X;,

_ - YiWkl _
MX; = WX — Z Xj.
ri~k Yk

and we proceed as before to obtain
x; = —x;, forl~k, wherek ~ j, j~i.

Denote by N; the neighborhood of the vertex i.
By employing similar procedures, we obtain the following:

)Ejz—)_c,-, foralljeN,-,
Xk =%;, forallk € Nj, where j € N;,
X = —x;, foralll € Ny, wherek € N;, j € N,

and so on.

LetU =1{k: xy =x;}and W = {k: Xy = —X;}.So, N; C U and N; C W. Fur-
ther, for any vertex r € Ny, (where Ny, is the neighbor of neighbor set of vertex
i), there exists a vertex p € N; such thati ~ p & r ~ p. Therefore x, = —x; and
X = x;.Hence Ny, C U.By asimilar argument, we can show that N N; S W. Contin-
uing the procedure, it is easy to see, since G is connected, that V. = U U W and that the
subgraphs induced by U and W respectively are empty graphs. Hence G is bipartite.
Moreover, y; is constant over each partite set and x; is a common eigenvector of w;
and w;; corresponding to the largest eigenvalues A1 (w;) and A1 (w;;) for all 7, j.

Therefore

_ _ YiWwij _
Alxizwix,-+2 J ]xi

1

jij~i
= w;X; + ﬁwiii, as y; is constant over each partite set
Vi
= (1 + ﬁ) WiX;.
Vi

Fori,k e U,
hF = (1 + ﬁ) ik = (1 - ﬁ) Wi,
Vi Vi

wiX; = WiX;,

ie.,

i.e.,

(A (w;) — A1 (wg)) x; =0, asx; is an eigenvector of

w; corresponding to the largest eigenvalue A1 (w;) for all i.
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Since x; +* 0, therefore A1 (w;) is constant for all i € U. Similarly we can show
that A1 (w;) is constant for all j € W.

Hence G is a bipartite semiregular graph.

Conversely, suppose that conditions (i)—(ii) of the Theorem hold for the graph G.
We must prove that

Al =max { A i A i
1= maxy <Z wzk) + Z 1(w k)
k:k~i k:k~j
Let x be a common eigenvector of w;; corresponding to the largest eigenvalue
A1(w;;) for all i, j. Then

w,-i: E w,'j)f
Jij~i
= E Ar(wij)x.
Jij~i

Thus Zj:j~i A1(w;;) is an eigenvalue of w;. So,

D7 hawij) < Ap(wy). (13)
jij~i
Since w;;’s are positive definite matrices, we have

Ar(w;) < Z A1 (wij). (14)
jii~i
From (13) and (14), we get

M) =Y hiw). (15)
Jjij~i
Thus each w; also has eigenvector x corresponding to the largest eigenvalue A1 (w;).
Let U, W be the partite sets of G. Also, let Aj(w;) = « fori € U and A1 (w;) = B
fori e W.
The following equation can be easily verified:

) _B . _B
w1 0 %wlk-H gwln

x 0 : 0 —qW2k41 + —g W2 X

. 0 . Wi —gwkm : —gwkn .

X X

o - = -
(@+p) | _; 5
—X —FWktll - T FWkrik Wil 0 —X

- —FWkt2l T E Wkt 2k 0 : 0 B

_x ... . _x

_%wnl _%wnk 0 : Wp

Thus o + B is an eigenvalue of M(G) ' L(G)M(G). So, a + B < A1.
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We have
A (Z wik) + Z M(wjk) = A1 (wi) + A (wj), by (15)
k:k~i k:k~j
=a+p fori~j. (16)

Since

M < A ] A i

1 rlngjx 1 (Z wlk) + Z 1(wjix)
k:k~i k:k~j

=a+pB, by(l6).

Thus A1 = o + B = max;~ {Al (Zk:k'vi wik) + Zk;k~j Al (wjk)].
Hence the theorem is proved. [

3. Some related results

In this section we obtain some consequences of Theorem 2.3 and prove certain
related results.

Corollary 3.1. Let G be a simple connected weighted graph and let w;; be the positive
definite weight matrix of the edge ij. Then

A= max Z Ar(wik) + Z Ar(wjik)
k:k~i k:k~ j
if and only if
(i) G is a bipartite semiregular graph;

(i) w;j have a common eigenvector corresponding to the largest eigenvalue A1 (w; )
foralli, j.

Proof. We have

A1 < max § A (Z wik) + Z AM(wjr) ¢, by (3)

"y kek~i Kk~ j

< max Z A (wik) + Z A(wik) ¢, by (14).

" ki ik~
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First we suppose that the equality holds. Then we can see that the two inequalities
in the above argument must be equalities. In particular, we have

A :1}13;( M (Z w,'k) + Z Ar(wjik)

k:k~i k:k~j
Using Theorem 2.3, we see that (i)—(ii) of the Corollary hold.

Conversely, suppose that (i)—(ii) all hold for the graph G. Using Theorem 2.3, we
get

X1 = max { A (Z wik) + Z Ar(w k)

o Kek~i kek~j
Since w;; have a common eigenvector corresponding to the largest eigenvalue
A1(w;;) for all i, j, then

A (Z wik) =Y awa).

k:k~i k:k~i
Hence we get the required result. [

Corollary 3.2. Let G be a simple connected weighted graph and let each weight w;
be a positive number. Then

A1 < max{w; + w;},
i~j

with equality if and only if G is a bipartite regular graph or G is a bipartite semiregular
graph.

Proof. When w;;’s are positive numbers in place of matrices,
AM(wij) =wi;  and  Ap(w;) = w;.

Hence we get the required result. [l

The classical inequality of [1] is an immediate consequence of the preceding result
and is stated next.

Corollary 3.3 [1]. Let G be a simple connected unweighted graph and let d; be the
degree of vertex i. Then

A1 < max{d; +d;},
i~j

with equality if and only if G is a bipartite regular graph or G is a bipartite semiregular
graph.

Proof. For undirected graph, w;; = 1fori ~ j. Therefore w; = d;. Using Corollary
3.2 we get the required result. [
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Lemma 3.4. Let G be a (A1 (w;), A (w;))-semiregular bipartite graph of order n with
firstl vertices of the same largest eigenvalue L1 (w;) and the remaining m vertices of
the same largest eigenvalue L (w ;). Also let X be a common eigenvector of w;j cor-
responding to the largest eigenvalue A1 (wj;) foralli, j; where w; =) ..; Wik, for
alli. Then Ay (w;) + A1(w;) is the largest eigenvalue of L(G) and the corresponding
eigenvector is

T
(R @0 2 @) @)FT = @)FT, = @R —awpE” )

! m

Proof. Since x is a common eigenvector of w;; corresponding to the largest eigen-
value A1 (w;;) for all 7, j; from earlier calculations (15) we have

A(w) = Z Ar(w;j), foralli.
Jij~i
Also we have w; has eigenvector x corresponding to the largest eigenvalue A1 (w;),
for all i.
From (3), we get

A1 < r;lggi{Kl(wr) + A1 (wy)} = A (wi) + A (wj). (17
We can see easily that A = Ay (w;) + A1 (w;) satisfies
L(G)X =X,
where
X = (xl(w,-)xT,x.(w,-)fT, o w)ET, = wET, = w)ET —A](wj)iT>T.
l m
Thus
Al 2 Ar(wi) + A (wj). (13)

From (17) and (18), we get the required result. [

In the remainder of the paper we assume that the vertices are ordered such that
Y1 = V2 = - = Vn, Where y; is defined, as before, by

Yi = Z A1 (wij).

Jij~i

Theorem 3.5. Let G be a simple connected weighted graph and let y; =
> kk~i M Wik). Then ky = y1 + 2 (y1 > v2) if and only if

(i) G is a star graph whose edge weights all have the same largest eigenvalue or
G is a bipartite regular graph;

(i) w;j have a common eigenvector corresponding to the largest eigenvalue A1 (w; )
foralli, j.
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Proof. We have

A1 < max § A (Z wik> + Z A(wjg) ¢, by (3)

I kik~i kik~j
< max kkz_xl(wik>+kk2_x1(w,-k> . by (14)
k~i k~j

< Z Ar(wig) + Z A(wa) =y1+y2, a8SY1 222 2 Vo
kik~1 kik~2

First we suppose that A; = y; 4 y» holds. Then we can see that all inequalities in
the above argument must be equalities. In particular, we have

A ZI,HNan Z A1 (wig) + Z Ar(w k)

k:k~i k:k~ j

Using Corollary 3.1, we get

(i) G is a bipartite semiregular graph;
(i) w;; have acommon eigenvector corresponding to the largest eigenvalue A1 (w; ;)
foralli, j.

From earlier calculations (15), we get
vi = A1(w;), foralli.

We can assume that V =U U W, where U ={i : yy=yi}and W={i: y; =
y2}. Two cases arise (i) 1 ~ 2, (ii) 1»2.

Case (i) 1 ~ 2.

Two subcases arise (a) |U| = 2, (b) |U| = 1.
Subcase (a) |U| = 2.

In this subcase there exists vertex k (s 1) € U such that y; = y;. Since yx < y»,
therefore y; = y». Thus G is a bipartite regular graph.
Subcase (b) |U| = 1.

In this subcase G is a star graph whose edge weights all have the same largest
eigenvalue.

Case (ii) 1<2.

In this case both vertices 1 and 2 are in the same partite set. So, y; = y». Hence
G is a bipartite regular graph.

Conversely, suppose that the two conditions hold for the graph G. We have to show
that A1 = y1 + 2.
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Since w;; have a common eigenvector corresponding to the largest eigenvalue
A1(w;;) for all i, j, then we have

Yi =M (Z wij) = Ar(w;). 19)

k:k~i
Using Lemma 3.4 we get that
A= 2ri(wi) + A (w))
=y +vyj, i~j, by(d9). (20)

Also, we have y; = A1(wy;) is constant for each partite set. For star graph whose
edge weights all have the same largest eigenvalue, we get from (20),

A =y1+ 72
For bipartite regular graph, y;,i = 1, 2, ..., n are equal. From (20), we get
M=y1+ 0.
Hence the theorem is proved. [
Corollary 3.6. Let G be a simple connected weighted graph where each vertex weight
wj is a positive number and suppose wy = - -+ 2 wy. Then A1 = w1 + wy if and only
if G is a star graph with equal edge weights or G is a bipartite regular graph.
Proof. When w;;’s are positive numbers in place of matrices,
A(wij) = wij.

Si.nce Wi =D mi
required result.

w;;j and using the above result in Theorem 3.5, we get the

Corollary 3.7 [3]. Let G be a simple connected unweighted graph and let d; be the
degree of vertex i and suppose dy = - -- > d,,. Then Ay = dy + dy if and only if G is
a star graph or G is a bipartite regular graph.

Proof. The proof follows directly from Corollary 3.6. [
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