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1. Introduction

Let G = (V,E) be a connected graph with vertex set V = {v{,V5,..., vy} and edge set E. Let A(G) be
the adjacency matrix of G. Since A(G) is symmetric, its eigenvalues are real. Without loss of generality,
they can be written in descendant order as A1 (G) = A3(G) = --- > Ay(G) and called the eigenvalues of
G. Denote the degree of vertex v; by d(v;). Let §(G) and A(G) be the minimum degree and the maximum
degree of the vertices of G, respectively. The Laplacian matrix L(G) is defined as D(G) — A(G), where
D(G) = diag(d(vy),d(vy),...,d(vp)) is the diagonal matrix of the vertex degrees of G. It is obvious that
L(G) is positive semidefinite symmetric and singular. Moreover, since G is connected, L(G) isirreducible.
We denote its eigenvalues by
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Fig. 1. Tree T} and unicyclic graph U},

w1(G) 2 ua(G) = - 2 un(G) =0

and call u(G) the kth largest Laplacian eigenvalue of G. The eigenvalues 1 (G) and pu,_1(G) are called
the Laplacian spectral radius and the algebraic connectivity of the graph G, respectively.

The study of the eigenvalues of the Laplacian matrix have long been attracting researcher’s attention,
and there are several monographs and a lot of research papers published continually (see [1,3-5] and
their cited references). The eigenvalues of L(G) can be used in various areas of mathematics, mainly
discrete mathematics and combinatorial optimization, with interpretation in several physical and
chemical problems [12,13,18]. In many applications, good lower bound and upper bound of the kth
largest eigenvalue of L(G) are essential.

In [19], Pati explored the relationship between the third smallest Laplacian eigenvalue and the graph
structure. Let G denote the complement of the graph G. Since L(G) + L(G) = nl — J, where I and ] denote
the identity matrix and the matrix with all entries equal to 1, respectively. Clearly, 15 (G) + pn_2(G) = n.
Thus, while studying the third smallest Laplacian eigenvalue of a graph G, some information about
the second largest Laplacian eigenvalue of its complement G is useful. There is another motivation for
studying the second largest Laplacian eigenvalue of G. Guo [9] investigated the second largest Laplacian
eigenvalue of trees, provided the smallest three values of the second largest Laplacian eigenvalue for
any tree, and characterize the trees attaining those values. However, there are only very limited results
on the unicyclic graphs.

Throughout this paper, we denote the set of trees and unicyclic graphs of order n by .7, and i,
respectively. Let T} (2 < 2i < n+ 1) denote the tree obtained from the star K; ,_; by joining i — 1
pendant vertices of Ky ,_; to i — 1 edges (obvious Kq,_1 = T1). Let U, (4 < 2i < n+1) denote the
unicyclic graph of order n obtained from C; by attaching n — 2i + 1 pendant edges and i — 2 paths of
length 2 together to one of three vertices of C3. Both T and U, are shown in Fig. 1.

We also denote by @(B) = @ (B; x) = det(xI — B) the characteristic polynomial of the matrix B. Other
undefined notations are referred to [2].

The rest of this paper is organized as follows. In Section 2, we present some properties of the
Laplacian spectral radii of graphs. In Section 3, as motivated by [9], we discuss the second largest
Laplacian eigenvalue of unicyclic graphs and show that ., (U) > 3 for all unicyclic graphs U except
two graphs, and characterize all unicyclic graphs with u,(U) = 3. We also give an “asymptotically
good” upper bound for the second largest Laplacian eigenvalue of unicyclic graphs. In Section 4, we
use the results obtained in Section 3 to show that U? is the unique graph with maximum (Laplacian)
separator among all graphs in %,. Moreover, trees with maximum (Laplacian) separator will also be
discussed in this section. In Section 5, we determine U? is the unique graph with maximum Laplacian
spread among all graphs in % 5,. The definitions of (Laplacian) separator and (Laplacian) spread will be
introduced in Sections 4 and 5, respectively.

2. Laplacian spectral radii of graphs

Let G be a graph of order n and let G’ = G + e be the graph obtained from G by adding a new edge
e to G. Then L(G') = L(G) + zzT, where z is a column n-vector with two non-zero entries 1 and —1
in the corresponding places and z! is the transpose of z. The next lemma follows the well-known
Courant-Weyl inequalities (see [4, p. 51, Theorem 2.1]) and the fact that u,(zz") = 0.

Lemma 2.1. For e ¢ E(G), the Laplacian eigenvalues of G and G' = G + e interlace, i.e.,
p1(G) Z n1(G) Z ua(G) 2 12(G) 2 - 2 pun(G’) = pun(G) = 0.
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Fig. 2. Trees T(a,b) and T (a, b).

Fig. 3. Trees T and T*.

Lemma 2.2 [12]. Let G be a graph containing at least one edge. Then 111 (G) = A(G) + 1. Moreover, for G
connected on n > 1 vertices, the equality holds if and only if A(G) =n — 1.

Lemma 2.3 [1]. Let G be a graph. Then u1(G) < max{d(u) + d(v)|uv € E(G)}.
2.1. Results on trees

LetT € I »(n > 4),and e = uvbe anon-pendant edge of T. Suppose X and Y are the two components
of T — esuch thatu € X and v € Y. We define Tj to be the graph obtained from T in the following ways:

Contract the edge e such that u and v are identified to form a new vertex w, and then add a pendant
edge to w. This procedure is called the Edge-Growing Transformation of T (on the edge e), or EGT of T
(on the edge e) for short.

Proposition 2.4 [15]. Let T € 7 n(n > 4) be a tree with at least one non-pendant edge e = uv. If Ty is
obtained from T by an EGT on e, then u1(T) < 1 (Tp).

The following lemma can be obtained directly from Proposition 2.4.

Lemma 2.5. Let T be a tree and uv € E(T). Suppose a and b are orders of the two components of T — uv.
Then 111 (T) < 1(T(a, b)), where T(a,b) is shown in Fig. 2. Moreover, the equality holds if and only if
T =T(a,b).

Lemma 2.6 [8]. Let T and T* be the trees in Fig. 3, where Ty is a tree with at least two vertices,s > 2,t > 0,
ors=1,t > 1. Then u1(T) < uq(T*).

Making use of Lemmas 2.5 and 2.6, we establish the following proposition for trees with perfect
matchings.

Proposition 2.7. Let T be a tree and uv € E(T). Suppose Ty and T, are the two components of T — uv such
that both of them contain perfect matchings. Suppose T; and T, are of orders 2a and 2b, respectively. Then
w1(T) < u1(T*(a,b)) (T*(a,b) is shown in Fig. 2). Moreover, the equality holds if and only if T = T+ (a, b).

Proof. Let M; and M, be perfect matchings of Ty and T,, respectively. Then |M| = a and |M;| = b.
Let M = M; U M5. Note that uv ¢ M. If M contains a non-pendent edge xy of T, then let Ty be the tree
obtained from T by performing EGT on xy. Then Ty contains a perfect matching My = M U {eg} \ {xy},
where eg is the new edge added into T after performing EGT. Repeat this procedure until there is no non-
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pendent edge in the most updated perfect matching. Let T’ be the resulting tree and the corresponding
perfect matching be M’. By Proposition 2.4 we have u1(T) < u1(T'). Note that the equality does not
hold if at least one EGT is preformed. Moreover, each edge in M’ is a pendent edge.

Claim 1. degy (u) = 2 (resp. degyp (v) = 2) ifand only ifa = 1 (resp. b = 1).
Claim 2. If there are two adjacent vertices of degree 2 in T, then T’ =T = T+(1,1).

If a=b =1, then by Claims 1 and 2 we have pu1(T) = u1(T*(1,1)). When a > 1 (b > 1), by Claim
1, we have degp (1) > 3 (degr (v) = 3). Suppose there is a vertex of at least degree 3 in V(T') \ {u, v}.
Without loss of generality, we assume that T; contains such vertex. Let w € V(T) of degree at least 3
such that the distance between u and w is maximum. Let u - - - xw be the path between u and w. Note
that degy (x) > 3 and x is incident with a pendent edge. By Lemma 2.6, we obtain the tree T* from T’
(in this case, s = 1). Then 1 (T*) < w1 (T’). Note that the number of vertices of degree at least 3 in T* is
one less than that in T" and M’ is still a perfect matching of T*. Applying Lemma 2.6 repeatedly, until
there is no vertex of degree at least 3 except u and v. Then the resulting tree is T* (a, b). Combining the
previous results, we have p1(T) < u1(T) < u1(TT(a,b)).

Proof of Claim 1. It is because that if an EGT is performed in Ty, then the degree of u will increase by
one.

Proof of Claim 2. Suppose there are two vertices of degree 2 in T', say x’ and y'. Let Ny (X') = {y/, w}
and N1/ (y') = {x/,z}, where X', y’, w and z are distinct. Since each edge in M’ is a pendent edge, X'y’ ¢ M'.
Since M’ is perfect, xw,y’z € M'. Then w and z are pendents. Hence the order of T’ is of order 4. Then
we have the claim, and the proof is complete. [

With Proposition 2.7, the Corollary 6 in [10] becomes an obvious corollary.

Corollary 2.8 [10]. Let T be a tree on n = 2k vertices with a perfect matching. Then u1(T) < uq (Té‘k), and
the equality holds if and only if T = Té‘k.

2.2. Results on unicyclic graphs

A matching of a graph G with maximum cardinality is called a maximum matching in G. The cardi-
nality of a maximum matching of G is called the matching number of G and denoted by B(G).

Lemma 2.9 [22]. Let U € %, with matching number g(U) = i. Then uq(U) < r, where 1 is the maximum
root of the equation

X3 —m—-i+5x2+3Bn-3i+7)x-n=0,
and the equality holds if and only if U = U,

Corollary 2.10. Let U be a unicyclic graph on n = 2t vertices with a perfect matching. Then u(U) <1,
where r is the maximum root of the equation

X3 t+5x%+@3t+7x -2t =0,
and the equality holds if and only if U = Uﬁt.

Proposition 2.11. The Laplacian spectral radius of the unicyclic graph U} is a decreasing function on i, i.e.,
11

n=pu1UH > mUs) > > (Un )

Proof. Since A(U!) =n —i+ 1, by Lemmas 2.2 and 2.3, we have uq(UL) > n—i+2 and uq(Uit!) <
n—i+2fori=2,3,..., L%J. Moreover, when i = 2, 1 (U2) = n. Hence the assertion holds. [J
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G,
Fig. 4. Unicyclic graph Cj.

By using Lemma 2.9 and Proposition 2.11 we have

Corollary 2.12. Let U € %y, then w1 (U) < n, with the equality holds if and only if U = UZ.
3. The second largest Laplacian eigenvalues of unicyclic graphs
It is easy to see that §(U) < 2 for all U € %, with n > 3. Moreover, §(U) = 2 if and only if U = ;.

Lemma 3.1 [4]. Forn > 3,

2(1+cos%)  ifnisodd,

u2(Gp) = {2 <1 + cos 2#) ifnis even.

By Lemma 3.1, we have u5(Cp) = 3 (n #+ 4) and uy(Gy) = 3 if and only if n = 3,6.

So, the second largest Laplacian eigenvalue of unicyclic graph with minimum degree 2 is totally
determined. In the following, for considering the lower bound of the second largest Laplacian eigen-
value of unicyclic graph U e %, with n > 4, we assume §(U) = 1. For convenience, we let 4 be the
set of unicyclic graphs of order n with minimum degree 1.

Lemma 3.2. Fori > 2, uy(Ul) =

Proof. Fori = 2, the characteristic polynomial of L(U?) is
DLUZ),x) = XX — 3)(x —n)(x — )" 3.
Hence 1y (U2) =3 '
For i > 3, by some computations, the characteristic polynomial of L(U},) is equal to
DLUL),X) = x(x — 3)(x — )2+ (x2 — 3x 4 1)1 3
x X3 —(m—i+5x%+@n-3i+7)x—nl.

Let f(x) =x3 — (n — i+ 5)x2 + (3n — 3i + 7)x — n. We have
fy=@G-2)n%>—-3n) >0 (since i>3,n>2i—1>5),

f3)=3-n<0,
fQ=n-2i+2>0 n=2i-1),
1 57 8

2i
1 1 8. 1 5 7 2 1 8

Bl I R SR TP Rt SR 2yl 2
f<3) 9" 5t 9T3Sgitg gt g T3S 7 <0
So, the three roots of equation f(x) = 0 lie in (3, n), (2,3) and (% 2), respectively.

And the equation x2 — 3x + 1 = 0 has two roots # and % which are less than 3.
Hence up(U) =3. O

From the tables of the Laplacian spectra of all unicyclic graphs of order n (3 < n < 6) in [4], we
know that 1, (U) > 3 for U € %, except U = C‘} (see Fig. 4) and the equality holds if and only if U is
isomorphic to one of graphs, H; (1 < i < 5) (see Fig. 5), and U, (i > 2).
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Fig. 5. Unicyclic graphs H; (1 <i < 5).

[ ]

G,

Fig. 6. Unicyclic graph G;.

Thus, from now on, we only consider the cases of n > 7.

Theorem 3.3. For n > 7, u3(U) > 3 for U € %;"; and the equality holds if and only if U = UA(Z <i<
L)),

Proof. Let C; be the unique cyclein U, > 3.

If | # 4, then U contains C; + N,,_; as a spanning subgraph, where Ny, is the null graph of order m.
By Lemmas 2.1 and 3.1, we have uy(U) = p(Cp+ Ny = 3.

If | = 4, then U contains one of the graphs H; + N,_g (i = 3,4,5) or G; + N,_g as a spanning sub-
graph, where H; (i = 3,4,5) are shown in Fig. 5 and G; is shown in Fig. 6. Since uy(H3 + Np_g) =
u2(Hg +Np_g) = ua(Hs + Ny_g) = 3 and uy(Gq + Np_g) = 3.414. By Lemma 2.1, we have uyU) >
minzgi<s{ua(H; + Nn_g), 12(G1 + Ny_g)} = 3.

Hence we have uy(U) > 3.

In the following, we shall show that for each U e @/,f ua(U) =3 ifand only if U = U,ﬂ for some i.

From Lemma 3.2, we know that MZ(U};) =3forn>7.

Let C; be the unique cycle in U. Then C; + N,,_; is a spanning subgraph of U,n > 7and n > [ > 3. By
Lemma 2.1, uy(U) 2 u2(G + Np_p) = pa(Cp). Since uy(U) = 3, by Lemma 3.1 we have [ = 3,4 or 6.

Supposel = 6.Sincen > 7, Cé + N,_7 isaspanning subgraph of U. By Lemma 2.1 again, 3 = pu(U) >
12(Cl + Np_7) = o (Cl) = 3.414 > 3.1t is impossible.

If | = 4, then U contains one of the graphs G; + (n — 6)K; or G; + (n — 7)Ky (i=2,3,4,5,6) as a
spanning subgraph, where Gy is shown in Fig. 6 and G; (i = 2, 3,4, 5, 6) are shown in Fig. 7. By Lemma
2.1, wehave pu(U) 2 minygice{p2(Gr + (1 — 6)Ky), n2(Gi + (n — 1H)K1)} = u2(Ga + (n — 7)K7) = 3.058.
It is impossible too.

Suppose | = 3. If U% U,';, then U contains one of the graphs G7 + (n — 5)K; or G;+ (n — 7)K; (i =
8,9,10, 11) as a spanning subgraph (n > 7), where G; (i = 7, 8,9, 10, 11) are shown in Fig. 8. By Lemma
2.1, we have uy(U) > minKKu {12(G7 + Np—_s5), u2(Gj + Np_7)} = u2(Gg + Np_7) = 3.117. It is impos-
sible. So by Lemma 3.2, for any U € %, if up(U) = 3, then U = Ui,

From the above discussions, the proof is completed. [l

Consequently, the second largest Laplacian eigenvalues of all unicyclic graphs of order n > 3 except
C4 and C‘} are at least 3. Furthermore, the second largest Laplacian eigenvalue equal to 3 if and only if
the unicyclic graph is isomorphic to one of graphs, H; (1 <i < 5), Ul (i > 2), C3 and Gg.

In the following, we will give an “asymptotically good” upper bound for the second largest Laplacian
eigenvalue of unicyclic graph in %,. We then begin with introducing some useful results as follows.
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Fig. 7. Unicyclic graphs, C} and G; (2 <i< 6

H/_\H AEHHH

Fig. 8. Unicyclic graphs, G; (7 <i < 11).

Let v € V(G). Ly(G) is defined as the principal submatrix of L(G) formed by deleting the row and
column corresponding to vertex v.

Lemma 3.4 [9]. Let uv be a cut edge of a graph G. Let G — uv = Gy + Gy and let u € V(Gy) and v € V(Gy).
Then

PLG) = PLG1)PL(G)) — PLG)P(Ly(G2)) — PLu(G1) PL(G2)).

By Lemma 3.4, we get that @(L(T (k, k)); x) = x(x — 1)2k=4(x — k)[x2 — (k + 2)x + 2].Then 1 (T (k, k)) =
k24 (k+2)2-8 “2k+2)2_8. Here T(a, b) is defined in Lemma 2.5.

Lemma3.5[23].LetU e % . Then for any positive integera 2 < a < L%J),there isan (a — 1)-vertex subset
V' of U such that all components Uy, Us, ..., U of U — V' satisfy one of the following three conditions:

1. EachU; (i=1,2,...,t) is a tree of order at most L%J.

2. There exists a unicyclic graph Up of order at most | 5 |, and other components U; (i = 1,2,...,t,i # p)
are trees of order at most | 5 J.

3. There exists Uy of order at most 2| 5 |, which is obtained from joining two trees of orders at most | 5
with an edge, and other components Uj(i = 1,2,...,t,i # q) are trees of order at most | 7 |.

Lemma 3.6 [5,17]. For each v € V(G) and eachi € {1,2,...,n — 1}, nj11(G) — 1 < pi(G — v) < pi(G).

Thus, in particular, 13(G) < u1(G—v) + 1 and u3(G —v) < ux(G).
Theorem 3.7. If U € Xy, then uy(U) < K4tV (k+2)°-8 “2’““2)2_8, where k = | ).

Proof. Let k = | 5. By taking a = 2 in Lemma 3.5, there exists a vertex vg € V(U) such that all the
components Uy, Uy, ..., Ur of U — vq satisfy one of the cases in Lemma 3.5. We consider the following
two cases.
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ﬂhl

Fig. 9. Unicyclic graphs Uk — 1,k —2) and U(k — 1,k — 1).

Case 1. All the components Uy, Uy, ..., U; of U — v satisfy the first or second case in Lemma 3.5. It
is well-known that x1(G) < n, and equality holds if and only if the complement of G is disconnected
[4]. By Lemma 3.6 and Corollary 2.12, since |U;| < k fori=1,2,...,t, we have

wo() <K U+ Uy +---+Up+1 < k+1.

Case 2. There exists a graph Uy of order at most 2k, which is obtained from joining two trees of
order at most k with an edge, and other components U; (i = 1,2,...,t, i # q) are trees with order at
most | |. In this case, for each components U; (i =1,2,...,t,i # q) of U — v, we have u1(Uj) < k. So,
by Lemma 2.5, Lemma 3.6 and Lemma 2.1, we have

k+4+(k+2)2-8
3 .

wr) KU +Uz+--+U)+1 < (TR K) +1 =

The proof is completed. []

Remark. For the casesn = 2kand n = 2k + 1, we have, respectively, two unicyclicgraphs U(k — 1,k — 2)
and U(k — 1,k — 1) as shown in Fig. 9. In the former case, since Utk — 1,k —2) —u = Uk — 2,k — 2),

waUtk =1,k —2)) 2 ua(Uk -2,k —2)) > k1 (ki1)7 -8 V<21<4r1)243_ In the latter case, we have uy(Uk — 1,k —

M2 uUk-1,k-1)—-v) = ki24/(ki2)° 8 V(zk”)z’g With the upper bound obtained in Theorem 3.7, we
have

<pUk—1,k—-2) <

k+1+k+12-8
2

k+2+(k+2)2-8
2

k+4+(k+2)2-8

3 and
k+4+(k+2)2-8

5 :

SuaUk-1,k-1) <

The differences between two bounds are 2 2k+3 and 1, respectively.
2t 2(3/(k+2)2—8++/(k+1)2-8) P y
Sincelimy_, . 3 + 2k+3 = 2, the upper bound obtained in Theorem 3.7 is “asymp-

23/ (k+2)2-8++/(k+1)2-8)
totically good”.

4. Maximum (Laplacian) separator
The separator S4(G) of a graph G is the difference between its largest and second largest eigenvalues,

i.e., S4(G) = A1(G) — A(G). Similarly, the Laplacian separator S;(G) of G is the difference between its
largest and second largest Laplacian eigenvalues, i.e., Sy (G) = 11 (G) — u2(G).

Theorem 4.1. IfGisaregular graph of order n, then Sx(G) = un_1(G). In particular, if G is a regular bipartite
graph, then S4(G) = S;(G).

Proof. If G is r-regular, then L(G) = rl — A(G), we have

tn—ir1(G) =1 — 1;(G) or equivalent to
2(G) =1 —py_ip1(G) fori=1,2,...,n.

In particular, A1(G) =1, 22(G) = — uy_1(G). Hence we have S5 (G) = un_1(G).
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If G is an r-regular bipartite graph, then 1;(G) = —1;_i41(G) = uj(G) —r,i=1,...,n. So S (G) =
11(G) — 12(G) = 11(G) +1) — (12(G) + 1) = 1 (G) — 22(G) = S4(G). U

Let n, m be the numbers of vertices and edges of a graph G, respectively. Also let M(G) be the
incidence matrix of G. We can see their relations as follows:

M(GMT(G) = D(G) +AG), MT(GM(G) = AGh) +2I,

where A(GL) is the adjacency matrix of the line graph G of G.
Since we have the same set of non-zero eigenvalues of M(G)MT (G) and MT(G)M(G), so

PAGH; %) = x+ 2" "PWQG); (x +2)), (4.1)

where Q(G) = D(G) + A(G).

By Eq. (4.1), assume the eigenvalues of the Q (G) are 6 = 6, > --- > 6, > 0, then the eigenvalues of
A(Gh must be 2;(Gh) = 6; —2 (1 < i< n)form > n. If m > n, we further have A, 1(Gh) = A2 (G =
coo=am(Ghy = =2,

Lemma 4.2 [13]. Let G be a bipartite graph. Then Q (G) = D(G) + A(G) and L(G) = D(G) — A(G) are unitary
similar, i.e., there exists an orthogonal matrix U such that Q(G) = U~1L(G)U.

Theorem 4.3. The Laplacian separator of a bipartite graph G is the same as the separator of GL, i.e., S;.(G) =
Sa(Gh).

Proof. By Lemma 4.2, the matrix Q (G) = M(G)MT (G) = D(G) + A(G) is unitary similar to L(G) = D(G) —
A(G). Thus they have the same eigenvalues. Hence,

SA(GH = 21(GH = 22(GH = 01 = 2) = (62— 2)
=01 — 0 = 11(G) — ;2(G) =S(G). 0O
In the following, we will show that K7 ,_; and U? are the unique tree and the unique unicyclic
graph with maximum separator and Laplacian separator among all trees and unicyclic graphs of order
n, respectively.

4.1. Trees with maximal (Laplacian) separator
Lemma 4.4 [14]. Let T € F , withn > 4. If T is neither Ky ,_1 nor T2, then A,(T) > 1.
Theorem 4.5. If T € 7, with n > 4, then Sy(T) < ~/n — 1. The equality holds if and only if T = Ky _1.
Proof. It is known that for each T € T, A1(T) < +/n — 1 (see [20]).
Since A,(G) < 0 if and only if G is a complete multipartite graph (see [4]), »»(T) > 0 if T is not

isomorphic to Kj ,_1. Hence S4(T) < +/n — 1if T is not isomorphic to Kq ;,_1.
Actually S4(Kq n—1) = +/n — 1. Hence the proof is complete. [J

Theorem 4.6 [9]. If T € 7, (n > 3), then uy(T) > 1. The equality holds if and only if T = Ky 1.

Theorem 4.7 [9]. Let T € 7 (n = 4). If T # Ky n_1, then uy(T) > r, where r is the second largest root of
the equation x> — (n + 2)x2 + (3n — 2)x — n = 0, and the equality holds if and only if T = T2. Moreover,
forr > 2,uy(T) =rifand only if n = 4. Also r is a strictly increasing function of n, and converges to 33—‘/5
asn — oo.

Theorem 4.8 [9]. Let T € 7 n n > 5). If T is neither Ky ,_1 nor T2, then uy(T) > 3+Tf5 and the equality
holds ifand only if T = T} (i > 3).
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Fig. 10. Trees T} (2 < i < 4).

It is known that 141 (G) < n (see [4]), and the equality holds if and only if the complement of G
is disconnected. Thus, if T € 7 5, then uq(T) < n, and the equality holds if and only if T = Ky ,_1. By
Theorem 4.6, it is easy to get that foreach T € 7, (n > 3),S.(T) < n — 1, and the equality holds if and
only if T = K],n,].

Consider the characteristic polynomial of L(T?) which is

DIL(T2); %) = X(x — DA% — (n+2)x* + 3n — 2)x — n].

Let f(x) = x3 — (n + 2)x% + (3n — 2)x — n. We have

fm=n*-3n>0 (n>4),
fin—1)=—1<0,

f<3+2«/§> __1<0,

fy=n-3>0 (n=4),
f(0)=-n<0.

Hence,n > 1 (T2) > n —1and¥ > up(T?) > 1.Therefore,n — 1> Sy (T?) >n—1— % =n- %
Guo [10] gave the first four trees T§, T3, T3, T} in 7, (n > 6) ordered according to their Laplacian
spectral radii. Namely, T} = Ky p_1, T3 = T2, T3 and T; are shown in Fig. 10.

Lemma4.9. Forany T € 7  with n > 6, if T is neither Ky ,_1 nor T2, then u1(T) <n — 1.

Proof. By the discussion above, we only need to prove that u1(T5) < n — 1. In fact, the characteristic
polynomial of L(T3) is

DALTY; %) = x(x — D43 — (n+2)x2 + (4n — T)x — n].

Let f(x) = x3 — (n + 2)x2 + (4n — 7)x — n. We have
fm—1=n’>-6n+4>0 (n>6),
fn—2)=-2<0,

fh=2n-8>0 (n=6),
f(0)=-n<0.

The three roots of the equation f(x) = 0 lie in (0,1), (1,n—2) and (n — 2,n — 1), respectively. Then
wT3) <n-1. 0

Theorem 4.10. Forany T € 7 , with n > 6, if T is neither Ky ,_1 nor T2, then Sy (T) < n — %3

Proof. If T is neither K; ;,_1 nor T2, by Theorem 4.8 and Lemma 4.9, we have

3+4v5 5445

2 ) -

ST =1 (M) — (M) <n—-1-
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4.2. Unicyclic graphs with maximal (Laplacian) separator

Lemma4.11[24].IfU € %, withn > 8,then r,(U) > rp, wherer, is the second largest root of the equation
x* —nx? — 2x + (n — 3) = 0, and the equality holds if and only if U = U2,

It is known that for each U € %, 1+ (U) < rq, where 1y is the first largest root of the equation
x* —nx? — 2x + (n — 3) = 0 (see [23]), and the equality holds if and only if U = U2, By Lemma 4.11, we
have the following result.

Theorem 4.12. IfU € %, withn > 8,thenS,(U) < r; — 1, wherery and r; are the first and second largest
roots of the equation x* — nx? — 2x + (n — 3) = 0, respectively. Moreover, the equality holds if and only if
U=U.

By Corollary 2.12 and the conclusion after Theorem 3.3, we have the following theorem.

Theorem 4.13. IfU € %y for n > 6, then Sy (U) < n — 3, and the equality if and only if U = UZ.

5. Maximum Laplacian spread of unicyclic graphs

The spread of the graph G is defined as
LAG) = 11(G) = 2(G).

If G is a bipartite graph, then 11(G) = —A,(G), hence Z4(G) = 211 (G). Moreover, since r1(Pp) <
2(T) < A (K1p_1), we have L(Pn) < La(T) < LaKypq) forallT e T .
Shu et al. [21] investigated the spread of unicyclic graphs, and got that for any U € %, (n > 6),
LaCr) < LaU) < LpUd).
Recently, Fan et al. [7] defined the Laplacian spread of the graph G as
Z1(G) = u1(G) — pn—1(G).
They investigated the Laplacian spread of trees and got that for any tree T € 7 ,, (n > 5),
L1Pp) L L1(T) < L1 K1p-1)-

The first equality holds only if T = P,, and the second equality holds only if T = K7 ;,_1.
For regular graph G, by the same with the proof of Theorem 4.1, we have the following result.

Theorem 5.1. If G is a regular graph, then £ 4(G) = u1(G). In particular, if G is a regular bipartite graph,
then £ (G) = 11(G) + 1,(G).

We now consider the maximal Laplacian spread of unicyclic graphs. It is known that for any unicyclic
graph U € %, (n > 6),

1) < pu U =n (see[11]), (5.1)
pn-1(U) < pp_1(UH =1 (see [6]). (5.2)

The equalities hold if and only if U = U2. With inequalities (5.1) and (5.2), we cannot directly tell that
U? is the one with maximum Laplacian spread among all graphs in %. In the following, we shall show
that U? is the unique unicyclic graph with maximum Laplacian spread among all graphs in % .

Lemma 5.2 [11,16]. For n 2> 10, U7, U, U3, U3, U2, Ug, Uz, Ug, U§ and Uy, are the first ten unicyclic graphs
in descendent order according to the largest Laplacian eigenvalue, where U} = Uz, Uf,2<i< 10 are
shown in Fig. 11.
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U, U, U,
Fig. 11. Unicyclic graphs U} (1 < i < 10).

Lemma 5.3. IfU € %y for n > 10, then ji1 (U) < pq(UZ) < n—1, forany U ¢ (U3, U5, U3, U, Us).
Proof. By Lemma 5.2, we only need to prove that 11 (U%) < n — 1.In fact, the characteristic polynomial
of L(UZ) is

DLUL); %) = x(x — DO x* — (1 +5)%% + (Tn — 1)x? — (13n — 19)x + 4n].
Let f5(x) = x* — (n+ 5)x3 + (7n — 1)x2 — (13n — 19)x + 4n. Since n > 10, we have

9\? 25

f5(n—1)=(n—l)[<n—2> —4}+4n>0,

fs(4)=-4<0,

fs3)=n-6>0,

fs(1)=-3n+14 <0,

f5(0) = 4n > 0.

The four roots of the equation f5(x) = 0 lie in (0, 1), (1,3), (3,4) and (4,n — 1), respectively. Hence,
uUs) <n-1. O

By Lemma 5.3, we know that for any U € %, (n > 10), if uq(U) > n — 1, then U € {U%, U, Uz, Uz}

Theorem 5.4. For any U € %y for n > 10, £ (U) < n — 1, with equality holds if and only if U = Uj =
U2,

Proof. The characteristics polynomial of L(UJ) is

DLUD; %) =x(x - 3)(x —m)(x — )3,

Then Z (Uj)=n—1.

For any U € %n \ {U§,U;, U3, Uz} (n > 10), by Lemma 5.3, we have £ (U) < u1(U) < n—1.So we
only need to consider U3, U3, U3, and Uj.

The characteristics polynomial of L(U3) is

DALWU3); x) = x(x —2)(x — D' O[3 — (n+3)x% +2(2n — 1)x — 2n].



2092 J. Lietal / Linear Algebra and its Applications 430 (2009) 2080-2093

Let f,(x) = x3 — (1 + 3)x2 +2(2n — 1)x — 2n. Since n > 10, we have

2\ (3n-8)>2-72
f2<n_§>_?>0‘

fr4)=-2(n-4) <0,
HL(H=n-4>0,

1 21n+26
ﬁ<§>—‘47ﬁ4*<“

The three roots of the equation f, (x) = 0 lie in (% 1), (1,4) and <4, n-— %) respectively.
So 1 (U3) e (4,n - %) and pn_1(U3) € (%1) Hence £ (U3) < (n - %) -1<n-1
The characteristics polynomial of L(U3) is

DLU; %) = x(x — D" x* — (n+5%% +32n + 1Dx? — (9n — 5)x + 3n].

Let f3(x) = x* — (n + 5)x3 + 3(2n + 1)x% — (9n — 5)x + 3n. Since n > 10, we have

2 n® 8n® 138n 26
f3 =

"m3)=3 "3 T 7 a0

@ =-n-4 <0,
fz2)=n-2>0,
f(l)=—-n+4<0,

1 51n+ 148
B(3) =5

The four roots of the equation f3(x) = Oliein (% 1), 1,2),(2,4) and (4, n-— %) respectively. So 1 (U3) €

(4,n - %) and pn_1 (U5) € (% l). Hence % (U3) < (n - %) —3<n-1
The characteristics polynomial of L(U}) is

DALUL; X =x(x —3)x - D' OK — n+2)x* + 3n — 2)x —nl.

Let f4(x) = x3 — (n + 2)x2 + (3n — 2)x — n. Since n > 10, we have

2_
f4(n_§>:w>0,

27
fa3)=3-n<0,
fa)=n-3>0,

1 3n+23
f4<§>:’ 27 <O

The three roots of the equation f4(x) = 0 lie in (% 1), (1,3) and (3, n-— %) respectively.

So (U € (3,n-3)and g 1(Uj) € (3,1). Hence 1 Up < (n—3) -4 <n—1.
From the discussions above, we have ¥ (U) <n —1 for each U € % \ {U7). This completes the

proof. [J
Acknowledgements

We would like to thank Professor An Chang for his help and guidance. We also wish to thank the
referee for giving several valuable comments and suggestions.



J. Lietal / Linear Algebra and its Applications 430 (2009) 2080-2093 2093

References

[1] W.N. Anderson, T.D. Morley, Eigenvalues of the Laplacian of a graph,Linear and Multilinear Algebra Appl. 18 (1985) 141-145.

[2] J.A. Bondy, U.R.S. Murty, Graph Theory with Applications, MacMillan, New York, 1976.

[3] L. Collatz, U. Sinogowitz, Spectren endlisher Grafen, Abh. Math. Sera. Univ. Hamburg 21 (1957) 63-77.

[4] D. Cvetkovi¢, M. Doob, H. Sachs, Spectra of Graphs, Academic Press, New York, 1980.

[5] K.Ch. Das, The Laplacian spectrum of a graph, Comput. Math. Appl. 48 (2004) 715-724.

[6] S. Fallat, S. Kirkland, Extremizing algebraic connectivity subject to graph theoretical constrains, Electron. J. Linear Algebra
3(1998) 48-74.

[7] Y. Fan, J. Xu, Y. Wang, D. Liang, The Laplacian spread of a tree, Discrete Math. Theoret. Comput. Sci. 10 (1) (2008) 79-86.

[8] S. Guo, Ordering trees with n vertices and matching number q by their largest Laplacian eigenvalues, Discrete Math. 308
(2008) 4608-4615.

[9] J. Guo, On the second largest Laplacian eigenvalue of trees, Linear Algebra Appl. 404 (2005) 251-261.

[10] J. Guo, On the Laplacian spectral radius of a tree, Linear Algebra Appl. 368 (2003) 379-385.

[11] S. Guo, The largest Laplacian spectral radius of the unicyclic graph, Appl. Math. ]. Chinese Univ. Ser. A 16 (2) (2001) 131-135.

[12] R. Grone, R. Merris, The Laplacian spectrum of a graph, SIAM J. Discrete Math. 7 (1994) 221-229.

[13] R. Grone, R. Merris, V.S. Sunder, The Laplacian of a graph, SIAM J. Matrix Anal. Appl. 11 (2) (1990) 218-238.

[14] Y. Hong, Sharp lower bounds on the eigenvalues of trees, Linear Algebra Appl. 113 (1989) 101-105.

[15] J. Li, W.C. Shiu, W.H. Chan, A. Chang, Ordering trees by their largest Laplacian eigenvalues, preprint.

[16] Y. Liu, J. Shao, X. Yuan, Some results on the ordering of the Laplacian spectral radii of unicyclic graphs, Discrete Appl. Math.
(2007), doi:10.1016/j.dam.2007.11.006.

[17] Z. Lotker, Note on deleting a vertex and weak interlacing of the Laplacian spectrum, Electron. J. Linear Algebra 16 (2007)
68-72.

[18] B.Mohar,S.Poljak, Eigenvalues in combinatorial optimization, in: R.A. Brualdi, S. Friedland, V. Klee (Eds.), Combinatorial and
Graph-Theoretical Problems in Linear Algebra, IMA Volumes in Mathematics and Its Applications, vol. 50, Springer-Verlag,
1993, pp. 107-151.

[19] S. Pati, The third smallest eigenvalues of the Laplacian matrix, Electron. J. Linear Algebra 8 (2001) 128-139.

[20] J. Shao, Bounds on the kth eigenvalues of trees and forests, Linear Algebra Appl. 149 (1991) 19-34.

[21] J. Shu, Y. Wu, The spread of the unicyclic graphs, preprint.

[22] S. Tan, D. Zhang, The largest eigenvalues of the Laplacian matrices of trees and unicyclic graphs given the order an edge
independence number, Math. Appl. 16 (3) (2003) 167-174 (in Chinese).

[23] X. Wu, The upper bounds of eigenvalue of unicyclic graphs, J. Tongji Univ. 19 (1991) 221-226 (in Chinese).

[24] X.Wu, ]. Zhang, Sharp lower bound of the second largest eigenvalue of a unicyclic graph,]. Tongji Univ. 23 (1995) 206-209
(in Chinese).



	Introduction
	Laplacian spectral radii of graphs
	Results on trees
	Results on unicyclic graphs

	The second largest Laplacian eigenvalues of unicyclic graphs
	Maximum (Laplacian) separator
	Trees with maximal (Laplacian) separator
	Unicyclic graphs with maximal (Laplacian) separator

	Maximum Laplacian spread of unicyclic graphs
	References

