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Posets

Definition
A relation R on a set X is a partial order (f&fF) if for all x,y,z € X the
following (i)-(iii) hold.
(i) (reflexive) xRx.  (RE1k)
(i) (antisymmetric) xRy and yRx = x = y. (&%)
(iii) (transitive) xRy and yRz = xRz. (&)
If R is a partial order on X, we call (X, R)(or simply call X) a partially
ordered set or poset (fRFF4E). In this case we usually write x < y for xRy. )
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Hasse diagram

We use diagrams to denote finite posets. For example if
X =1{1,2,3,4,5}, the following diagram:

implies
R = {(1,2),(1,3),(1,4),(2,5),(3,5),(4,6), (5,6),
(1,5),(1,6),(2,6).(3,6),
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}.
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@ This is clear for | X| = 1.

© Pick x € X such that there is no y # x with yRx.
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A relation R on a set X is a equivalence relation (ZERA{R) if for all
x,y,z € X the following (i)-(iii) hold.
(i) (reflexive) xRx.  (RE1k)
(i) (symmetric) xRy = yRx. (HT&1%)
(iii) (transitive) xRy and yRz = xRz. (&%)

Definition

A partition (43#]) on X is a class of nenempty subsets Ay, As, ... ,A;
whose union is X and each pair of them nonempty subsets has no

intersection. (BIFEEEREGINESE)

Definition
Let R be a relation on X. For x € X, R(x) :={y € X | (x,y) € R}.
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Example
For X =7Z,
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Example

Example
For X =Z, define R = {(x,y) | y — x is a multiple of 6}.
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Example

Example

For X = Z, define R = {(x,y) | y — x is a multiple of 6}. Then R is an
equivalence relation, R(0) = {n € Z | n is a multiple of 6} = R(6),
R(1)={n€Z | n—1 is a multiple of 6} = R(7), ...,
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Example

Example

For X = Z, define R = {(x,y) | y — x is a multiple of 6}. Then R is an
equivalence relation, R(0) = {n € Z | n is a multiple of 6} = R(6),
R(1)={ne€Z| n—1 is a multiple of 6} = R(7), ..., and

R(0), R(1), R(2), R(3), R(4), R(5) form a partition of Z.
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Theorem 2

Theorem
(i) Let R be an equivalence relation on X.
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(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
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Theorem

(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).
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(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).

(i) Let A1, Ay, ... ,A: be a partition of X.
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Theorem 2

Theorem

(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).

(i) Let A1, Az, ... ,A: be a partition of X. Define a relation R on X by

R ={(x,y) | there exists A; such that x,y € A;}.
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Theorem

(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).

(i) Let A1, Az, ... ,A: be a partition of X. Define a relation R on X by
R ={(x,y) | there exists A; such that x,y € A;}.

Then R is an equivalence relation.
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Theorem 2

Theorem

(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).

(i) Let A1, Az, ... ,A: be a partition of X. Define a relation R on X by
R ={(x,y) | there exists A; such that x,y € A;}.

Then R is an equivalence relation.

(FEFARED EIRF—EZE)
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Theorem 2

Theorem

(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).

(i) Let A1, Az, ... ,A: be a partition of X. Define a relation R on X by
R ={(x,y) | there exists A; such that x,y € A;}.

Then R is an equivalence relation.

(FEFARED EIRF—EZE)

Proof.

Routine.
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Theorem 2
Theorem

(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).

(i) Let A1, Az, ... ,A: be a partition of X. Define a relation R on X by

R ={(x,y) | there exists A; such that x,y € A;}.

Then R is an equivalence relation.

(FEFARED EIRF—EZE)

Proof.
Routine. (Hint. Try to show y € R(x) = R(x) = R(y) first.)
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Theorem 2

Theorem

(i) Let R be an equivalence relation on X. Then {R(x) | x € X} is a
partition of X. (Here R(x) is called an equivalence class S{8%8).

(i) Let A1, Az, ... ,A: be a partition of X. Define a relation R on X by
R ={(x,y) | there exists A; such that x,y € A;}.

Then R is an equivalence relation.

(FEFARED EIRF—EZE)

Proof.
Routine. (Hint. Try to show y € R(x) = R(x) = R(y) first.) O

Remark
The equivalence relation and partition are two important concepts in the
algebra course.
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Homework

4.6: 45, 46, 48, 49.
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