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Graphs I' = (V(T'), E(I)).

Automorphisms

Automorphism group G = Aut(I').

Transitivity of graphs: vertex-, edge-, arc-transitive graphs.
Cayley graphs: Let G be a finite group and S a subset of G not

containing the identity element 1. Assume S~! = S. We define the
Cayley graph I' = Cay(G, S) on G with respect to S by
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Transitivity of graphs: vertex-, edge-, arc-transitive graphs.
Cayley graphs: Let G be a finite group and S a subset of G not

containing the identity element 1. Assume S~! = S. We define the
Cayley graph I' = Cay(G, S) on G with respect to S by

V() =G,
ET) ={(g,s9) |geG,seS}.
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Cayley graphs

Properties of Cayley graphs
e Let I' = Cay(G, S) be a Cayley graph on G with respect to S.
(1) Aut(I') contains the right regular representation R(G) of G, so
I' is vertex-transitive.
(2) T is connected if and only if G = (5).
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o Let I' = Cay(G, S) be a Cayley graph on G with respect to S.
(1) Aut(I') contains the right regular representation R(G) of G, so
I' is vertex-transitive.
(2) T is connected if and only if G = (5).

@ A graph I' = (V, E) is a Cayley graph of a group G if and only if
Aut(T") contains a regular subgroup isomorphic to G.
Above Proposition = Cayley graphs are just those vertex-transitive
graphs whose full automorphism groups have a regular subgroup.
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Cayley graphs

The Petersen graph is not Cayley

@ Outline of a proof:
If it is Cayley, then the group has order 10.
There are two non-isomorphic groups: cyclic and dihedral.
The girth of Cayley graphs on abelian groups are 3 or 4. So G =
Dryp.
G = (a,b|a®=0b%>=1,bab=a"').

S = {a,a™!,b} or three involutions.

For the former, since abab is a cyclic of size 4, this is not the case.
For the latter, the product of any two involutions is 1 or of order 5,
a contradiction.
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o Note: For a positive integer n, if every transitive group has a regular
subgroup then every vertex-transitive graph is Cayley.
(Example: n = p, a prime.)
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Let
NR = {neN ‘ there is a transitive group
of degree n without a regular subgroup}
NC = {neN ‘ there is a vertex-transitive graph
of order n which is non-Cayley}
Then NR 2 NC.

@ Question: NR = NC?.
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p* ¢ NC

o (Marusic 1¢) Any transitive group G of degree p? on  has a regular
subgroup, i.e., p> ¢ N'R.

o Outline of a proof: Take a minimal transitive subgroup P of G.
Then P is a p-group and every maximal subgroup M of P is intran-
sitive. For any a € Q, we have |P,| = |P|/p? and |M,| > |M|/p?,
so M, = P,. It follows that P, < M and hence P, < ®(P). If
|P: ®(P)| = p, then P is cyclic and is regular. If |P : ®(P)| = p?,
then P, = ®(P). Since ®(P) is normal in P and P, is core-free, we
have P, = 1 and hence P = ZI% is regular.
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p> € NR\NC
o (Marusic 18) p® ¢ NC.
e p? € NR (For p > 2).
Let G be the following group of order p?

G: <(l,b CLp2 :bp :Cp = 1,[&71)] — C7 [C,(l] :apﬂ [C?b] - 1>

Let H = (c). Consider the transitive permutation representation ¢
of G acting on the coset space [G : HJ.

Then ¢(G) is a transitive group of degree p3, and ¢(G) has no
regular subgroups.
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p> € NR\NC
o (Marusic 1) p® ¢ NC.

o p3 € NR (For p > 2).
Let G be the following group of order p*

G = (a,b a?’ =0 =c=1,[a,b] =c¢,|c,a] =d’ [c,b] =1).

Let H = (c). Consider the transitive permutation representation ¢
of G acting on the coset space [G : HJ.

Then ¢(G) is a transitive group of degree p3, and ¢(G) has no
regular subgroups.
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o p> € NR (For p = 2).
Let

G = (abecd|a®=0=c=d'=1,
[a,b] = [b,c] = [¢,a] = 1,a? = ab,b? = be, ¢ = ¢).
Then G = Z3 x Z4 has order 2°. Let H = (b,d?) and ¢ be the
transitive permutation representation of G acting on the coset space
G : H].

Then ¢(G) is a transitive group of degree 23 and has no regular
subgroup.
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o p3 € NR (For p = 2).

Let

G

Then G

= (a,b,c,d| > == =d" =1,
[a,0] = [b,c] = [c,a] = 1,a® = ab,b? = be, ¢t = ¢).

& 73 x Z4 has order 25. Let H = (b,d?) and ¢ be the

transitive permutation representation of G acting on the coset space

G : H].

Then ¢(G) is a transitive group of degree 23 and has no regular
subgroup.
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e Let p < ¢ be two primes. Then pg € N'R.
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Theorem

Let n be a positive integer greater than 1. Then n € N'R unless n = p
or p? for a prime p.
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Further Questions

Let

MR = {neN ‘ there is a 2-closed transitive group
of degree n without a regular subgroup}
ND = {neN ‘ there is a vertex-transitive digraph

of order n which is non-Cayley}

e Question 1: Is N\oR = NC?
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Further Questions

Let

PNR = {neN ‘ there is a primitive group

of degree n without a regular subgroup}

@ Determine the set PNR.

e Note: Different from the set N'R, we know that p” ¢ PNR for
any prime p and any positive integer n. Thus, determining the set
PNR should be much harder than N'R.
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