[y

LR e drdy = [ 3020 dy = [ 1PV - 0%dy = 1 [ P dy = L[1y], = 1(64-0) =

ra

J:]l I;z(z —y)dydzr = qul [z‘ — %yz :::z dx = fﬂl [m(E} — %(2)2 —x(2z) + %(2.7::}2] dax

=f;(2ﬁ—2]dﬁ= [@“2—2x:|3,=1—2—0+(]=_1

o

o [RU+)dyde = [ [y + 3]y de = [ [z 42’ — o = (27)] da

—fn{x—z )d:r:—[ x —l;r ];:%—%—U—f—ﬂ:%

4 3 [ eydedy = [§ 3] i0 dy = [§ 3y’ — ) dy =3 [ 3’ dy = 3[5*], = 34 -0) =6
5 J»w,fz Jrucosﬂ sinf g g9 _ w;z [remg] :::msdg _ w/z{ms 9) Siml g ]zﬂ —esinl(m/2) _ 0 _

VTP dudv = [ [u/T=57“ dv = [ v mdu=—%(1—1;2}3“]::—%(0—1):%

~

[[ov?dd = [ [2, v dedy= [, [o0’]22% ,dy= [, " [y~ (~v—2)]dy

1 2 2 1_4 2 371 1 2 1 2 4
=[P +2")dy=[3v* + 3], =3+3-3+3=3%

y
8.
fﬂxa—l_]-

1 27 ¥=a 1 4
y . 1 ] 1 x 1
T dyde = | [—L_ dx=_fu dx = 5[ In | +1|]

=Z4(n2—In1)=L1In2

w

[[pzdA= [ Bmzxdydl‘=f:[Iyy_smzdﬂ:—fﬂwxsinxdx [ _ integrate by parts

0 !-'—U withu = r,dv = sinx dx

- o . .
= [—a:cusa:—l-smx]ﬂ =—gcosT+sinT+0—sin0=nx

0. [[patdA= [ [i** 2P dyde =[] [z*y)' "y “dz = [{ 2’ Inzdx [ integrate by parts _ ]

y=0 withu = Inz,dv = z° dx
1 4 1. 47 1 _ 1 _ 1 _ 3 4 1
_[ x Inx— x ]1_49 'lb'e 0+ 1 =14s¢ + 16

. [fov'e¥dA = [ [Fve dzdy = [} [ve] Ty = [} (v ~v) ay

4
iyt 1,2 _11___ e16 _ 11
_[29 Y L_ze +U_ 2

v

r=
2 [0 [S 2y —atdedy =[] [_%(yz —f}m] =3 vda=3 =%

LB

=;'B2

13. fnlf:zﬁmsydyd’:zful [msmy]:=u de = [} zsina® dz = —%cusxz]; =1(1—cosl)
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14.

1 V= 1 y=v7T
f f (I+y}dydx=f [-rer%yz] dx
0 Jz? 0 y=z2
=Iu1 (9:3”-1—%x x ——.r)d;r

1
—|zp8/2 41,2 1.4 16| _ 3
_[EI +4I e wx} — 1

15. + 2 2y—1 :—2y 1
0,2)4 (3.2) f f y drdy—f [ry dy—f [(2y—1) = (2—y)] ¥’ dy
1 o 22—y

—V

x=2—y I=2}?—1
2
1) = [{(3y* —3y°) dy = [2° _334]1
) 3 3 __ 147
0 x =5 12-3+t3i=%%

16. ¥
. 1 \,.Fl—yz .
ry dA = xy” dx dy
; D

{0, =11 1¢1_ 1,1 _ 1 2
=3(3-3+t3-3) =%
17 2 a2
(2 — y) dy dx
y=1/d4—=x ﬁz —/fa—=z2

=[5, 2 VI=2 - j(4-2) + 2 VI + (4 -2%)]d=
R Lt KM

-2

[Or, note that 4z /4 — z? is an odd function, so f_zz Az /4 — 22 de = 0]

'y_3:1:

18, y Jf, 22ydA = [} [ 2wy dyde = [ [24*]37

{0,3) _ fgl 2[(3 — z)? — (22)*] dz = ‘.[‘01(_3x3 — 622 4+ 9x) dx

= [—%;::‘1 — 227 + %:.r:z]1 =—=

5 _1I
0 F 2+E_4

Gl
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19. V= [ [E(x +2y) dydz
= [y v+ 9] de = [ (227 —2® —2%)da
=[3° 1" L] =2-1-1=5%
20. V= f; f:_: (2z + ¢*) de dy
P
= [y [ +20°]720 dy= [ (29" —v" — ") dy
=B - -3 =
21. ¥ 1-’=flzfl?_3yxydx a’y:ff [%.rzy]:::_sy dy

1,2)
L = 3 [T (48y — 42y +99%) dy
(1,1) (4,1)

=124 - 4P + 5] = 2

= ’ / 4 =Jr01 f;(xz+3yz}dydx
(0,1) R (L 1) = [Izy+ys];:; dr = [}(z® +1—22%) dz
y==x )
=3+ -3 =2
0
X
s ) Vo= 237 (632 —2y) dyda
0,3)
b
= J7 low— 8oy —s7 2 e
D =[5 (66 — §2) —32(3 — $2) — (3 — 32)"] de
=f; (%Jﬂ—gx—l-g)dg;: [% 3—§I2+9x]§ C6-0—6
0 2,0) x
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24, ¥ V= ful f:_zxdydx

=IJ [y]g,._z ® dx:fﬂl(Q:r:—Q.rz]d:r:

B \ / V= [2, [hetdyda
=2.4) (2.4) s ar ems ) . .\
» =I_2 x [y:|g"===2 d.r:f_:!{:d-x —z)dx
}I=x2 — 4.7 _ 1 El 32 32 32 __ 128
= [3= ,=2-%+2-g-4¢
0 x
¥ =2y
26. 02 4,2) V= [ A=y dady = [ [ V4 } . v
( o=
D g/272
=2 =L wVI—Pay=[-30-)"| —o+¥=%
0 x
27. ¥
1 1 — =2 1 yz y=14/1—z?
1 V= dydr = — d
LI e 5]
D 1_3: 1 1 1
—f dr =3[z — 3], =1
0 (1,0) x
28. ¥ By symmetry, the desired volume 17 15 8 tumes the volume 11 in the first octant. Now
0.r) 1y 22 Ve =4/ — 47
Xy = 11—ff rz—yzdxdy—f rz—y2] ’ dy
z=0
D
= o (" =y dy = [y — 3] = 3+
0 {0y x
Thusl-"=1?5:~“3_
29. 3 From the graph, 1t appears that the two curves intersect at x = 0 and
at x == 1.213. Thus the desired integral is
1213 3z — z? 1.213 y=3=—z"
ff rdA == J'l__d_ rdyde = || [xy]'y==“ dx
—0.1 5 1.3 = 01'213(3x2 2 —28)de = [ — 12 — Lz 5]1213
—0.2
= 0.713
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(5]

b
1

Il
1IN

. v
¥ x 0 1

The desired solid is shown in the first graph. From the second graph, we estimate that y = cos = intersects y = x at
x == 0.7391. Therefore the volume of the solid 1s

- 0.7391 pecoz= 0.7391 peos = 0.7391 y=cosx
Ve |, J'l__ zdydr = [, J; rdyde = |, [xy:|y=m dx
0.7391 . 0.7391
= /o (zcosz — a®)dx = [cosr+:r:sm:r:—§:c3:|ﬂ =~ 0.1024

Note: There is a different solid which can also be construed to satisfy the conditions stated in the exercise. Thus 1s the solid
bounded by all of the given surfaces, as well as the plane y = 0. In case you calculated the volume of this solid and want to

check your work, its volume is V' == 00_7391 [y zdydr+ fuir;:m o wdydr 72 0.4684.

31. The two bounding curves y = 1 — = and y = =” — 1 intersect at (£1.0) with 1 — 2 > z® — 1 on [—1, 1]. Within this
region, the plane = = 2z + 2y + 10 is above the plane z =2 — x — y, 50

2 2
V=1 [T Qe 42y +10)dydz — [T [ (2— 2z —y)dyda

2
=[5 2z 42w+ 10— (2= —y))dyde

1 pl—a? 1 2 y=1-2’
= [, [: 5 Bz +3y+8)dyde = [, [S.ry + 3y + Sy} 1 dx

=1 320 —2®) + 2(1 — 2%)? + 8(1 — 27) — 3z(2® — 1) — £(2® — 1)? —8(® — 1)] dz

= [1,(—62® — 162 + 6z + 16) dz = [—22* — L&? + 327 + 16z] "

I 16 3 16 64
=3 _18,34164+2-19 _3116="2

32. The two planes mtersect in the line y = 1, » = 3, so the region of \

integration is the plane region enclosed by the parabola y = = and the —11)

liney =1. Wehave 2 4y > 3y for0 < y < 1, so the solid region 1s

bounded above by » = 2 + y and bounded below by = = 3y.

1 1 1 1 1 1 1 1
1'=f (Q—I—y}dydx—f f (3y}dydx=f f (2+y—3y]dyd:c=/ f (2—2y)dydx
—1Jz2 —1Jz? —1Jz2 —1Jz2

1 y=1 1 1
= [ =] de= [ (- 207+t de = o — 3a7+ 127, = 38
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33. The solid lies below theplane » =1 —x — y

or = + y + z = 1 and above the region y
D={(z,y)|0<z<1,0<y<1—xz} 1)
in the xy-plane. The solid is a tetrahedron_ x+y=1
D
0 (1,00 x
34. The solid lies below the plane z =1 — = Y
and above the region i0,1)

D={(J:._y]|0§x£1._0£y51—x3}

in the zy-plane.

(1,0.0)
-

0 LO) x

X g

}.':]—_x

35. The two bounding curves y = z° — = and y = = + z intersect at the origin and at = = 2, with 2> + = > =¥ — z on (0, 2).
Using a CAS, we find that the volume is

13,084,735 616
1_ff_= ”dydﬁ_ff_z (=" +2y’) dydz = 14540535

36. For |z| < 1and |y| < 1, 22* +¢* < 8 — 2 — 2y* Also, the cylinder is described by the inequalities —1 < z < 1,
—v/1 —=z? <y < +1—z* So the volume is given by
1 f\#l—zz

13; _
i (82" —2y") — (22 + ") dyde = = [usinga CAS]

—1

37. The two surfaces intersect in the circle * + y* = 1, z = 0 and the region of integration is the disk D: = + y* < 1.

N‘I =

l—mz
UsmgaCASihemlumelsff(l—x —y}di—f f (1—2* —y°)dyde = -

38. The projection onto the xy-plane of the mtersection of the two surfaces 1s the circle 2* + > =2y =
2®+13° —2y =0 = 2z*+ (y—1)* = 1, so the region of integration 1s given by —1 < x < 1,

—1T—2z% <y <1+ +/1— 2% Inthis region, 2y > = + y* so, using a CAS, the volume is

144/1— zz T
Vv —f f 2y—(9:2+y2:}]dyd.r=§
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41.

42.

Because the region of integration is
D={(zy)|0<y<Vz0<e<4}={(zy) " <2<40<y<2}

we have f; fuﬁ flz,y)dyde = IL flz y)dA = Jf; f:g Flz, y) dx dy.

Because the region of integration is
D={(z,y) [4x<y<40<2z<1}={(zy) |02 <§,0<y <4}

we have ful f:= fle, y)dyde = ffn flz,y)dA = f; u!”u flz,y) dxdy.

Because the region of integration is
D= {(T:yJI—VQ—y’EIE v’g—y?,ugygg}
={(zy)|0<y<VI-2".-3<2<3}

=3

{0.9)

0.3)

y=Inxor x=e’

y:[} :?! x W’e]lave

f f_v;v/__: flz,y) dedy = fL F(z.y)dA

=f_ifuﬁf(x,y)dydx

To reverse the order, we must break the region into two separate type I regions.
Because the region of integration is

D ={(z,y)|0<2</0—93,0<y <3}

={(z,1)[0<y<3,0<2<VE}U{(x.9) [0<y<9—2* VE<2 <3}

we have

f:fum f(ﬂ-‘-.y]dﬂ-‘dy=ffj; flz,y)dA

V’E 3 3 gzt
=f f =, y}dydx-l—f f flz,y)dydz
0 0 VB dJdo

Because the region of mtegration 1s

D={(z,y)|0€y<ne, 1 <2<2}={(zx,y) | ¥ <2x<2,0<y<In2}

we have

ﬁgfuf(z., y}dyd:r:=f\/};f(:r:._y]dﬂ=\£m2\£:f(z_.y}dzdy
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44, Because the region of mtegration 1s

Lt

D={(z,y) | arctanz <y < .0

<z <1}
={(z,y) |0 <z <tany, 0 <y <

}

w4

we have

1 pw/4 w4 tan y
ff f(x,y}dydx:ff f{:r._y]d.-—i:f f flz,y) dr dy
0 Jarctanz D 1] 0
1 p3 3 px/f3 2 y z/3
45, y ff e” dﬂ:dy:ff e’ dya'.r-f dx
0 J3y 0 Jo

— (3,1 . % _1
x=73y 3.1) —f % [ :| = ¢
D 0 6
0 x
o 7 - VE VE JF e
. ) f f {:ns(;rz]d:r: dy =f f cos{:r:z) dy dax
0 v 0 0
y=x x:v"q_]' _ v 2 y== _ vE 2
D = cos(z”) |y dz = zeos(zr” ) dx
0 y=0 0
1 - 2 VT 14 » .
0 =0 (/r.0) > = 3 sin(x }]u = 3(sinm —sin0) =0
N,
47. ¥

4
(4.2) ~/u\f dydx—ff 7 +1a’xa‘y

By
o y3+1 ==0 y3+1

2
- =%ln|y3+]|]u=%(].t19—ln1}=%ln9
T
48. (11} 1 pl 1 py 1 ey
ff ez”ydydxzf/‘ ez”ydxd'yzf [yex"y] dy
D 0 Jaz o Jo 0 z=0
x=0 y=x 1 1
= Jo(e = Dydy = 3(e— 1)y’
1
—le—1
: — He—1)
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1 pw/f2
49, ¥ y=sinx or f f cosx v/ 1+ cos? xde dy
0 Ja

X = arcsin y reain y

= UWN ;'mmcosx\/l+cuszxdydx
= ;’chos:r:\,‘l—l—cnszx[y]:::;inz dx

x /2 \",‘—2 . Letu = cosx, du = — sin T dx,
=Jo cOs I 1+C05 xsinx dx dx:duf{—smz]

rafs

=f10 —uT+uldu= —=(1 +u2]3f2]:
- $(/F-1) = $2vE-1)

2 p2
ff e’ drdy—ff ez dy dx
/] HT
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