1. (@) z (b) z
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: j:l.-...-:‘. -0
x b ¥
mw m \/— *
=2 —_—— 2 = 2gin — = 2 =1
T cos = Y sin - . 2 y P 4{:05(_%) =2 y= 45in(—%J =—2+/3,
so the point is (v/2, v/2, 1) in rectangular coordnates. and z = 5, so the point is (2, —2 V3. 5) in rectangular
coordinates.
2. (a) ®) z
r=1lcosm=—1,y=1sinm=0,andz = e,

so the point is (—1, 0, €) in rectangular coordinates.

37 3
x=1cus?7=0,y= 1sin?=—1, z=2,
so the pomt 1s (0, —1, 2) in rectangular coordinates.

3@l =2+ =124 (—1)> =2s0r =2 tand = < = _TI = —1 and the point (1, —1) is in the fourth quadrant of
x

the zy-plane, so = IE + 2n; 2 = 4. Thus, one set of cylmdrical coordinates 1s (ﬁ i 4).

®) = (1) + (—v3)" =4s0r =2, tan® = =% = /3 and the point (—1, —/3 ) is in the third quadrant of the

zy-plane, so # = 2£ 4 2n7; z = 2. Thus, one set of cylindrical coordinates is (2. 2Z_ 2).

4. @ 7> =(2v3)"+2° = 1650 = 4;tan 6 = 2= = J= and the point (2+/3.2) is in the first quadrant of the zy-plane, so
§ = Z + 2nr;, z = —1. Thus, one set of cylindrical coordinates is (4, £, —1).
(b) r* = 4% +(—3)® =25 507 = 5; tan 6 = == and the pomt (4, —3) is in the fourth quadrant of the xy-plane, so
6 =tan~" (—2) + 2n7 ~r —0.64 + 2n; z = 2. Thus, one set of cylindrical coordinates is
(5.tan"" (—3) +2m.2) ~ (5,5.64,2).

5. Since § = I but r and = may vary, the surface is a vertical half-plane including the z-axis and intersecting the xy-plane in the
half-liney = =, = = 0.

6. Since r = 5, 2° + y* = 25 and the surface 1s a circular cylinder with radius 5 and axis the z-axis.
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7. z2=4—r* =4— (2 + 3y*) or4 — 2® — y*, so the surface is a circular paraboloid with vertex (0, 0. 4), axis the z-axis, and

opening downward.

8. Since 2r% + 2% = 1l and v® = 2% + 3%, we have 2(x® + 4*) + 2% = 1 or 22 + 2y% + 2 = 1, an ellipsoid centered at the

originwithintercepis:e::l:%,y::l:%,z::l:l_

9. (a) z* + y* = »*, so the equation becomes = = r*_

(b) Substituting 2> + y* = r* and y = r sin §, the equation =* + y* = 2y becomes r* = 2r sinf or r = 2sin 4.
10. (a) Substituting + = r cos # and y = r sin 8, the equation 3= + 2y + » = € becomes 3r cos# 4+ 2rsiné + z =6 or
z=6—r(3cosf +2sinf).
(b) The equation —z* — 3* + 2* = 1 can be written as —(=® + y*) + z* = 1 which becomes —r* + 2> = lorz* =1 ++*
in cylindrical coordinates.
1. 0<r<2and0 < z < 1 describe a solid circular cylinder with
radius 2, axis the z-axis, and height 1, but —7 /2 < 8 < 7 /2 restricts
the solid to the first and fourth quadrants of the »y-plane, so we have
Y a half-cylinder.

z =1 = +/x% + 2 15 a cone that opens upward. Thus r < =z < 2 is the region above this
cone and beneath the horizontal plane = = 2. 0 < § < % restricts the solid to that part of

12.

this region m the first octant.

13. We can position the cylindrical shell vertically so that its axis coincides with the z-axis and its base lies in the xy-plane. If we
use centimeters as the unit of measurement, then cylindrical coordinates conveniently describe the shellas € < » < 7,
0<8<2r,0<z<20

14. In cylindrical coordinates, the equations are z = r* and z = 5 — r*_ The

curve of intersection is 7> = 5 — r® or r = 1/5/2. So we graph the surfaces ot

in cylindrical coordinates, with 0 << r < ,/5/2. In Maple, we can use the i

coords=cylindrical option in a regular plot 3d command. In

Mathematica, we can use ParametricPlot3D.
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15. The region of intepration is given in cylindrical coordinates by
E={(r8.2)|0<8<2r,0<r <4 r<z<4} Thsrepresents the solid
region bounded below by the cone z = r and above by the horizontal plane = = 4.

ST [ rdzdedr = [ 77 [r2] i) dodr = [§ 37T r(4—r)dédr

= [F(4r—r?)dr [77 do = [2r? — %TQ]: [e]j“

— (32— %) (2r) - 5=

16. : The region of intepration is given in cylindrical coordinates by
E={(r.0.2)|0<6<7/20<r<20<z<9—7r"} Thisrepresents the
solid region in the first octant enclosed by the circular cylinder » = 2, bounded
above by z = 9 — r*, a circular paraboloid, and bounded below by the xy-plane.

H“ﬁh*%mﬁw—°ﬂﬁ[43’dw
2 (29— ) drdf = [T de [I(9r —r)dr

/2

=[6]37 [2r* - 1r*]; = 2(18—4) =Tn

17. In cylindrical coordinates, E is given by {(r,6,2) [0 <8 < 27,0 <r <4, —5 < z < 4}. So
eV +vdv =[] [ [V rdedrde = [[7do [y r*dr [7, dz
— (o) TS 17, = (2 () ) = 354
18. The paraboloid > = 1 — =* — y” intersects the xy-plane in the circle 2° + y*> = r*> = 1 or r = 1, so in cylindrical
coordmates, E 1s givenby {(r,8,2) [0 <8< Z,0<r<1,0<2z<1—7"} Thus

I (& +2®)dv = szfﬂ L ('r cos® 8 + 12 cos@sin” §) r dz dr dff = W’Iz fu 01_',2 r* cos @ dz dr dé

= uﬂ2 01T4°°59[3]z:; " dr df = T'm ?‘4(1—?" ) cos 8 dr dé
=fﬂif2cosﬂ[%r5—% ]F_Idﬁ‘— ﬂﬂ—cusﬂ'dﬂ'— [sj_rléi']gﬂ:%

19. In cylindrical coordinates E is bounded by the paraboloid = = 1 + 2, the cylinder 2 = 5 or » = /5, and the zy-plane,
SnEisgi‘JEIlby{(r._H._z] |[0<g <27, 0<r < V5.0< 2 < 1-|—:-"2}_T]1u5

[ffe e dV = [2 [F (147 e rdedrdo = [ [P r[e?]"20 drde = 2 [ r(e™" —1)drd8
VE
dﬁfu (re )a’r—Zs[l 14 —%r"!}uﬁ:?r{eﬁ—e—m
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20. In cylindrical coordinates E 1s bounded by the planes = = 0, = = r cos# 4 rsinf + 5 and the cylinders r = 2 and r = 3, so
Eiisgivenby {(r.8,2) |0 <8 <27,2<r<30< 2 <rcos@+rsind+ 5} Thus

[[[g zdV = fz meosbtrenb it cos8) rdzdrdf = fz (r® cos §)[ z]3Zp 0= B+rein 648 g g
= fuh— f: (r® cos8)(rcos@ +rsind +5) dr df = UZT f;[ra{cusz 8 + cos 8 sin8) + 51 cos §) dr df
= UM [%r"(cusg f + cosfsind) + gra cos B] ::2 dg

i

- [(& — 18)(cos® 8 + cos#sin 8) + 3(27 — 8) cos 6] db

1]

=y (65(—{:1+cc-52€]+c05951n9}+ cusﬂ) 9—[659+ 51n2€+ Ssin?g+ 2 51119] =%R

21. In cylindrical coordinates, E 1s bounded by the cylinder » = 1, the plane » = 0, and the cone » = 2r. So
E={(r0,2)]|0<0<270<r<10<z<2r}and

fffE 22 dV = fnzwfﬂ "r?cos® Brdzdrdf = fﬂzﬂf; [}"3 cos” @ 3] ;zsr drdf = fﬂh—f; 2r* cos® 8 dr df

= [27'51305 1‘5']7'

. 2 [ 1+ cos 26 1, 1
a6 =2 [ cus*ﬂafe=—f idﬂ:—[6‘+—sin29 .
] ]

2w 97
B 3 2 3 2

22. In cylindrical coordinates E 1s the solid region within the cylinder » = 1 bounded above and below by the sphere r* + 2% = 4,
S0 E={(r6,2)|0<0<2r.0<r<1,—/41—7r? <z<+/4—77} Thusthe volume is
- 2w pl “.I'I‘l—‘l":! 2o pl
I[fzav =" [ I_erdzdrdﬂ= o Jy 2Zrvd—r2drdd
1
=2 d6 [l2r VI dr = 24—%(4—#}312]0 — 3n(8—39/2)

23. (a) The paraboloids intersect when =* + y* = 36 — 32 — 3y* = =z +3® = 9, so the region of integration
is D = {(z,y) | #* +y* < 9}. Then, in cylindrical coordinates,
E={(r62)|r"<2<3-3%0<r<30<6<2r}and
2T (2 [ rdzdrdd = [T [T (36r — %) drdf = [27 [18r* —*]7"2d6 = [2" 8146 — 162
(b) For constant density &, m = KV = 1627 K from part (a). Since the region is homogeneous and symmetric,
My. = M,. =0and
May = [ [2 [¥ (2K) rdzdrds = K [*" [7 r[322]°7° arde

=E [ [Fr((36 —3r*)? —r*)drde = £ [[7 de [7(8r° — 216+ + 1296r) dr

=Z(2n)[8r° — BErt + 136 2] = 7K(2430) = 24307 K

Thus (fgz}=(" vz Mo | W) — (0.0, 28802y — (0,0, 15).

m m m 162w K
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2. (a) V _f“wmf““"*”’f_‘*’;,:%rdzdrde O)

_ 4“,"#}2 umsﬂfu\#un—rz rdzdrdd 1
—41'”2 um”rv‘a?—}‘zdrdﬂ' S==z2i0
r=acoz §
= ; ﬂqrfz [(az _rz)ii}ﬂ:l dé i D =
r=>0 —
= % ﬂifz [(az — a® cos® 9} / 3] de —
=_41 ﬂm’z [(az sin? 9)3}2 a?} de = 5/_1
_ w2 4 = 0,
=-2 o (a® 51n39—a3)d9 ¥ ‘\r_ ’
3 w2
- e [5in 6 (1 — cos®6) — 1] d#
3 0
4&3 w2 _4‘»;3 2

=—?[—c059+%c0539—9] (-2 +2) =237 —4)

[ B 9
To plot the cylinder and the sphere on the same screen 1n Maple, we can use the sequence of commands

sphere:=plot3d(sgrt(1-z72),theta=0..2*P1,z=-1..1,coords=cylindrical) :
cylinder:=plot3d(cos(theta),theta=-Pi/2..Pi/2,2=-1..1,coords=cylindrical):
with(plots): display3d({sphere,cylinder}) ;
In Mathematica, we can use
sphere=ParametricPlot3D[{Sqgrt [1-z"2] *Cos [theta] ,Sgrt[1-z"2]*Sin[theta], z},
{theta,0,2Pi}, {z-1,1}]
cylinder=ParametricPlot3D[{(Cos[theta]) "2, Cos[theta] *Sin [theta], 2},
{theta, -Pi/2,Pi/2},{z,-1,1}]

Show [ {sphere, cylinder}]

25. The paraboloid = = 4z® + 4y intersects the plane z = a when a = 4z® + 43* or 2* + y* = Za. So, in cylindrical

coordinates, E = {(r,6.z) |0 <r < 2,/a,0 <6 < 27, 4r% < z < a}. Thus

Va2 Va2
m—f f f Krd/drdﬂ—ﬁf f (ar — 4r%) dr d@

_Kf [ar? r]"“”_”de_fff L1o2do = lo®7K
0 0

16 ]

Since the region is homogeneous and symmetric, M. = M, = 0 and

Va/2 va/z s
_Wm—ff ffw/d/drds_ﬁff (2a’r —8r°) drdo

=I{f [ia rT— 4;1" ]r_f“ df = Hf —a df ——a K
0 o

r=0
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26. Since density is proportional to the distance from the z-axis, we can say p(x, y, z) = K +/2? + y®. Then
m =227 [o [V Kr? dzdrdo = 2K [T 2 r*Va® — 2 dr df

=2K [[7 [1r(2r® —a®)VaZ — 2 + Ja*sinT(r/a)] _, d8 = 2K [} [(3a*)(Z)] df = 1a*n*K

=0

27. The region of integration 1s the region above the cone » = /22 4+ 32, or z = r, and below the plane » = 2. Also, we have

—2 <y < 2with —/4 —y? < x < /4 — y* which describes a circle of radius 2 in the zy-plane centered at (0, 0). Thus,

2 2 a—gy? 2 2w a2 a2 2T a2 a2
f f zzdzdrdy = f f f (recos@) zrdzdrdf =f f f r’ (cos @) zdz dr df
=2 —qfa—y? S22y 1] 0 Jr 0 0 Jr

= :wfuz r? (cos @) [%zz] :z: drdf = % uhf: r? (cos @) (4 — T"z) dr df

= % :w cusﬁ‘dﬁ‘fuz (41'2 — T"4) dr = % [sin B]EW [grs — %rﬁ]z =0

28. The region of integration is the region above the plane » = 0 and below the paraboloid = = 9 — x* — y*_ Also, we have

—3 <z <3with0 <y < +/9 — z? which describes the upper half of a circle of radius 3 in the xy-plane centered at (0,0).
Thus,

E 20—z 9—2::—!;2 o g9_rt w g_r2
f f f wxz—i—yzdzdydx:f /qf Vrzrdzdrdl?:f /qf r* dz drdf
—3Jo i o Jo Jo o Jo Jo

=[Sl (9—r)drde =[] do [} (9r* —r*)dr

=[o]; B =3l =~ (81— 2) = *Px

29. (a) The mountain comprises a solid conical region C'. The work done in hifting a small volume of material AV with density
g(F) to a height k(P) above sea level 1s h(P)g(P) AV. Sumnung over the whole mountain we get
W= [[[.h(P)g(P)dV.
(b) Here C is a solid right circular cone with radius £ = 62,000 ft, height # = 12 400 ft,

and density g(P) = 200 1b/fi® at all points P in C'. We use cylindrical coordinates:

—R(1—z H—z
W= [27[H [RO=2) 900y dr dz df = 27 [ 2002[172]72R0HF) g,
r
H R2 PR 2 H 222 2'3 i
=4unﬁ£ zT(1—§) dz:QDUTrRL (z—?—l—ﬁ)dz z
R
2 222 A" H® 2H® H?
=2007R? | — — — =200nR?( — — = r H-z z
[2 3H | 4H? 0 2 3 T2 =7 —!— 7

= 27R?H? = 27(62,000)*(12,400)* = 3.1 x 10" fi-lb

31"
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