
1 Rings and Homomorphisms (condinued)

Definition 1.1. The characteristic of R is the least positive integer n such that n1 = 0. If
no such n exists, we say R has characteristic 0

Example 1.2. char(Z) = 0

Example 1.3. Fix n ∈ N, Zn := {0, 1, . . . , n− 1}. Define +, · as a + b = c, a · b = d
where =≤ c, d ≤ n − 1 and a + b ≡ c (mod n), ab ≡ d (mod n). Then Zn is a ring and
char(Zn) = n.

Definition 1.4. R is an integral domain whenever ab = 0 ⇒ a = 0 or b = 0 for a, b ∈ R.

Example 1.5. Z6 is not an integral domain, since 3 · 2 = 0.

Proposition 1.6. If R is an integral domain with characteristic n 6= 0, then n is a prime.

Proof. Suppose n = st, where 1 < s, t < n. 0 = n · 1 = (1 + 1 + · · ·+ 1︸ ︷︷ ︸
s

)(1 + 1 + · · ·+ 1︸ ︷︷ ︸
t

)

= s · t · 1, hence s · 1 = 0 or t · 1 = 0, →←.

Definition 1.7. A map f : R → R′ from ring R into ring R′ is a homomorphism if f(a+b) =
f(a) + f(b) and f(a · b) = f(a) · f(b), for a, b ∈ R.

Lemma 1.8. If f : R → R′ is homomorphism then f(0) = 0′.

Proof. f(0) = f(0 + 0) = f(0) + f(0) ⇒ f(0) = 0′.

Definition 1.9. An isomorphism f : R → R′ is a bijective homomorphism.
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