5 3.5 Rings of Polynomials and Formal
Power Series

Theorem 1 Let R be a ring, not necessary commutative. Set

Rlz] == {Z a;x' | a; € R,a; =0 for all but a finite number of i,i=0,1,...¢.

R[[z]] := {Zaixi |a; € R,i=0,1,.. }
For Zaixi, Zbixi € R[[z]], define: 1. Z a;x" + Zbixi = Z(ai + b)),
and 2. (Z ai:ci> . <Z bﬂ}i) = Z (Z}%@) zt

+l=i

Then (1) Rlx] C R[[z]] are rings,
(2) If R has no zero divisor, then R[[x]] has no zero divisor, and

(3) The map R — R|[[z]] by r +— 1+ 0z + 02> + - - - is an injective
homomorphism.

Proof. Clearly. [J

Notation.
1. For r € R, we write r for r + 0z + 0z + - - - in R[[z]].
2. We use 2’ for 040z + -+ 4+ 02" ' + z + 02 + - - - in R[[z]).

3. For each f(z) € R[z], f(x) # 0, there exists n € N J{0} s.t. f(z) =
ap + a1z + - -+ + ap,x™. The integer n is called the degree of f(x) and
a,, is the leading coefficient.

Note. (1) rx = zr, for r € R, x € R[[z]].
(2) If R is a field, then R[z] is an Fuclideandomain with
u(f) = deg(f), for 0 # f € Rlz].

Theorem 2 Let F' be a field. Then F[[z]] is a local ring.

Proof. We claim (z) is the unique maximal ideal.
(1) Clearly, (z) # F[[z]] since 1 ¢ (z). And it’s easy to check that (x)
is a maximal ideal.
(2) Tt suffices to show that (z) contains all nonunits. Pick > ;2" €
F[[x]] — (x), note that g # 0. Set by = ay " and b; = —ag' - (a1bi_1 +

GQbi,Q + ...+ Gibo) for i > 1. Hence <Z ai$i> . (Z blgjl> = 1. Thus
all elements not in (x) are units. Then by previous theorem, (x) is the
unique maximal ideal. And hence we are done. [J
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Note. (1) The set of units in F[z] is F' — {0}.
(2) Flz] is ED, and hence PID and UFD.

Definition. R|z,y| := R[z|[y], where R is a commutative ring.

Note. (1) R[z,y] = {Z ai; vy’ | ai; € R}.
(2) F[z,y] is not PID. Since (x,y) is not generated by a single
element.

(3) (z) is a prime ideal in F'[z,y], but not a maximal ideal. Since
() C (z,y).



