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4.1 EXACT SEQUENCES

Lemma 1. (Short Five Lemma) Suppose
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Then

(i) a,y monomorphisms = (3 is a monomorphism;
(i) «,7 epimorphisms = (3 is a epimorphism;

Proof. We prove (i) here, (i) is left as homework. Pick ny € Ny and pick
ms € My such that v(ms) = g'(ny). Since v is onto, such element ms exists.
Pick my € M, such that g(msq) = mg, because g is onto, my exists. We have

Mo, Mo, then we can derive something from here, that is

!

g (B(m2) — ns)
=7 0g(my) — g'(n2)
=70 g(mz) —~(m3)
=7(ms3) — y(m3)
=0.



From above, we know that 3(my) —n, € kerg' = Imf’. Hence we can choose
ny; € Np such that f’(nl) = [(my) —ng. Pick m; € M; such that a(my) = ny
(o is onto). Then B(mg) —ng = f (ny) = f oa(my) = B o f(m). Hence
B(mg — f(my)) = ny. This shows that for each element y of N, there is an
element x of My such that y = B(z). O



