4.4 Homomorphism
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Definition 1 Homg(R",R*) = {f | f: R* = R® is a R—module homomorphism}

For f,g € Homa(R",R?), define (f+g)u = f(u)+(w), (cf)(u) = e/ (u) for c € R
and u € R". Then Homg(R",R?) is a R-module.

Homg(R",R?) Qg Homg(R™,R) is isomorphic to Homg(R" Qi R™, R* Qp R)

by the map AQy B — ¢(AQyg B) where ¢(A QR B)(u Qg v) = Au@p Bv, A €
Homg(R™,R®), B € Homg(R™,R"),u € R", v € R™.

For convenience, we will write AQy B for ¢(A Qg B) or the matrix form of

P(AQg B), and ® for Q.

Let {e;},{fi}, {e;},{f/} be the bases of R" R* R™ R’ respectively. Then A ®

Ble; ® €)) = (Ae;) @ (Bej) = Qg anifie) @ 32, buj fi) = 2 tkibui (fe ® f7,) for some
Ai, buj e R.

CZHB algB
ie. A® B has matrix form |@21B a22B ---| if the basis of R” ® R™ is ordered

by e; @€}, e1®¢€h, -+ ,ea®e], -+, and the basis of R* @ R! is ordered by f; ® f1, f1 ®
fé? 7f2®f{7"' .

Note
(1) B® A= P(A® B)Q for some permutation matrices P, Q).
(2) (A B = A'®@ B'if n=s,m =t.

(3) (A®B)(A'®B') = (AA)(BB') for A’ € Homg(R",R"), B’ € Homg(R™, R™)

ifn=s,m=t.



Proof of (3)

(A® B)(A'® B))(e® ¢}) = A(d'e)) ® B(B'E)

— (AA)e; ® (BB, = (AA) @ (BB))ei @ ¢, o

(4) If n = s,m =t, and A, B invertible, then (A® B)™' = A~ @ B~L.

(5) If n = s,m = t, and ); is an eigenvalue of A with corresponding eigenvector w;,
n; is an eigenvalue of B with corresponding eigenvector v;, then A;n; is an eigenvalue

of A® B with corresponding eigenvector u; ® v;.
Proof of (5)

A® B(u; @ vj) = Au; ® Buy = (Aug) @ (m;v5) = (Aimy)(u; @ v;) o



