Fix an n x n matrix A over R.
We want to find all n x n matrix B such that AB=BA.
We consider the R[\] — module R™ determined by A.
Then R" = R[AJz1 @ - - - @ R[A]zs where R[A] # Oz D -+ 2 Og,.

Theorem. Let B be an n X n matriz over R. Define function B : R — R" by B(u) = Bu
forw € R". Then B € Homg»(R",R") <& AB = BA.

Proof. e (=) ABu = ABu = BAu = BAu for any u € R"
Then AB + BA.

* (<)

Bu+ f(AMv) = B(u+ f(A)v)
= Bu+ Bf(A)wv
= Bu+ f(A)Bv
= Bu+ f(\)Bv

Hence B € Homgpy(R",R"). [

Suppose AB = BA. Then B € Homgpy(R",R").
Suppose Bz; = >, Cy;z; for some ¢;; € R[]

Note. 1. cj; is not unique ; in fact if c;-i = ¢j; mod d;,then we can replace cj; by c;-i.Hence
we can assume deg(c;;) < deg(d;)

2. 0= Bdlzl = dlBZZ = Zj’:l dicjizj
= dicjiz; =0 for all j
= diCji S OZ]- (d])
= dj|diCj7;.

Example.

Find B s.t. AB= BA

sol. R® = R[\z; & R[\]2s
di(\) =A—1
dy(\) = A2 =20+ 1= (A — 1)?
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Hence B = —C21 (92 —0/22

Note. {B|AB = BA}has dimension 5
and {f(A)|f € R[A]} has dimension 2
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