Comments about the proof of SNF theorem

1. D is ED = there exists § : D — {0} — N s.t. for any a,0 # b, in D, there exist
z € D with a = bz + r, where r = 0 or §(r) < 4(b).
2. If we assume D is ED, we can use [ = ¢, in the proof and find that the extra

type is not necessary.

Theorem. Let M be a finitely generated D-module. Then M = D /4, y®---® D/ (4,),
for some d; € D with dy|ds| - - |d,.

Proof. Let xq,x9, -+ ,x, be generators of M. Define a homomorphism f : D" — M
by f((01,62,"' ,cn)) — > ;. Note fis is onto. Hence M = D" /j..(p). Let
{f1, fo, -, fm} be a basis of ker(f) where m < n. Then

fi €1
S N
fm €n
ith position
for some m x n matrix A over D and ¢; = (0,0,---,0, 1 ,0,-04)

By SNF Theorem. there exist invertible m x m and n x n matries P and Q s.t.

PAQ = diag(1,1,--- ,1,dy---d,). Set

fi S € €1
: =P : and : =Q! :
I Jm €n €n
Then _ -
1
i . €
f/ dl e/
dy
L d mXn
Thus, M = D/ 4y ®---® D,/ (4, (factor decomposition)
Note that if d; = 0 then D /4,y = D. ]

Note:



1.
2.

For p,q € N, with gcd(p, q) = 1.
For p()\), q()\) c R[)\], the ]R[)\]—module R[)\]/ (Pp(N\)) @R[ ]/(q = ]R[)\]/(p()\)q()\)),
if ged(p(A), q(N)) = 1.

Ezample.
M = Zo® Ly ® Loy ® Lgy1 ® Ls
=M = Zy® (Zs® Ly) & Lot ® Ly & ZLaos
=M = (Zy®Zs)®(Zy® Loy ® Zgl) ® 2125 (primary decomposition)
1\‘4,1 M2 M3
2,8,9,27,81,125 are called elementary divisors of M
= M = (Zg) D (Zg &b Z27) &5 (Zs D Zg1 @ Z125)
=M = Zo®Zsy ® Zsiooo (factor decomposition)

9,54, 81000 are called invariant factors of M

Fact: Elementary divisors and invariant factors of M are unique.

Ezample.

M =

~

I

I

RAL (0=12) @ RIAL (241)2) ® RAL (0—nyoz41ys) @ RIAL(0g2)0241)2)  over R[A]
(RIAL (-1 ® RIAL (a-1y2) @ (RIAL ((ar2))) &

(RIAL/ (0241)2) ® RIAL (az41)2) @ R[AL/(p241)4))  (primary decomposition)
A=1),A=1D3A+2), (N +1)2 (N +1)% (A +1)* are called elementary divisors of M
(RIAL (e41y2) @ (RIAL/ (eny2) @ RIAL (a-1y)) @

(RN (@219 & RIAL (-1 & RIAL (02

(R (e419) ® (R (2120-1) @ (RAL (41 a-13a42))) - (factor decomposition)
AN+, (A2 4+ 12N = 1), A2+ DA —1)*(A + 2) are called invariant factors of M



