Advanced Algebra I Class Note

4.6 Modules over a Principal Ideal Domain—Structure Theorey
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Rational Canonical form of a matrix.

Fix an n x n matrix A over R.
Let R" be a R [A]-module defined by Au = Au for u € R™.
We want to study the structure of R".

Note
e; =(0,...,0,1,0, ..., O)t € R", where 1 is in the ith position and 1 <17 < n,

is a basis over R, but not over R [A].

Lemma

R™ is a torsion R [A]-module.

Proof
Choose any u € R"™.
Then u, A\u, \u, ..., \"u are not linearly independent over R.
Then f (A)u =0 for some 0 # f(\) € R[A].

Set u; = (0, ...,0,1,0,...,0)" € (R[A])", where 1 is in the ith position.
Then {uy,...,u,} is a basis of (R[\])".

Define a map 7 : (R[\))" — R" by (i ciui) = i cie;.

Then 7 is a surjective homomorphism. = =

R[N)"
Hence R = (RN as R [A]-module.
kern

Set | 1| := (A — A"



Lemma

{f1, f2, .-, fn} 18 & basis of kern.

Proof
Note kern is a free R [A]-submodule of (R[A])" with rank< n.

It suffices to show fi, ..., f,, are in kern and are linearly independent.

Observe n (fi) =n | A\u; — > ajiu;
=1

= \e; — D aji€;

j=1

> aji€;

j=1
= (ith colume of A)—(aye1 + agies + - -+ + ayiey)
=0.

Hence f; € kern.
Suppose Y h;f; =0 for h; € R[A].

=1

Then 0 = Z hz <>\UZ - Z (ljﬂlj)

=1

= Z hidu; — Z Z hiajiu;

le

hi u; — Z Z hja;ju;

i=1j=

(h)\ Zh aw>

Since {u;} is a basis, Ah; — Z a;jh; = 0 for all i.
=1
Suppose h, has maximun degree among h,.
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Then deg(Ah,) + 1 =deg(Ah,) :deg<2 a;;ih;
j=1
<deg(h,), a contradiction.

Then h; = 0 for all 7.
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Recall
Fix an n x n matrix A over R.
Consider R" as a R [\]-module determined by A.

We want to study the structure of R”™ as a torsion R [A]-module.

Define a map 7 : (R[\]))" — R" by 7 (Z ciuz) = ¢e,
i=1 i=1

where {u;} and {e;} are standard bases of (R [A])" and R™ respectively.

fi Uy
u
Set J? =\ —AY |
/o] [ Un
Then kern has a basis {fi1, fa, ..., fn} over R[\].
(1 0
0
. : 1 0
Choose invertable matrices P, @ such that P (A — A") Q =
0 d
0
such that dy | dy | -+ | ds.
Uy
fi
Uz
Then P | : | =P(M —-A)QQ™' |
Jfa
[ (o ] Uy
N S
U?’L*S
Set || =P|:], =Q !
/ Zl
f Jn
Zs Unp,




Then f{ =v; for 1 <i<n—sand f; =d;jz for 1 <i <s.
RIA)"

BN . g

kern

=RAn () ©- - @R[A9(2), and O, = (dy).
Fix 1 <i < s, observe 1 (2;), An(2), ..., A%9@)=1p (%) is a basis over R,
and AN (z;) = M1y () if j < deg (d;) — 1.
Note A9 =1y (z;) = Xdeoldy (z;) = ()\deg(di) —d; (/\)) 1 (2),
with d; (A) =n(z;) =0,
where d; (A) = X" — Ci(n,—) A" 1 + -+ + ca A+ cio.(n; = deg (d;))
AS = SA.
Then S—1AS = A,

Hence

where S = |.-+ n(z) Anp(z) -+ N in(z)
—D 7
0 0
O
0 0 —Cio
1 0 —Cj1
1 0 :
and A = 0 o : 0
1 0
0 1 _Ci(nifl)
O
0 0
- D -
Definition

A matrix of the form A is called the rational canonical form of A.

Definition



Two n X n matrices A, B are similar if B = S~'AS for some invertable

matrix S.
Example
1 -1 -1
A=1]2 2 —1].
6 3 4
A+l 2 —6
M—At=| 1 A -3
1 1 A—4
1 -2 0
e B SV TP S S S
00t 0 A—1 1-2\
1 1 A—4
1 -2 1-)
PO Ty s my -
O 1- A
11 A—4
1 —1 4-)
R e N R T S WS WAL Ry
L B P 1-\
1 0 0
1 -1 3—2\
ceml0 Ly s s 1y
— 00 A 0

1 0 0



11 =2-X

N R I T R Y PRI
0o 0 A—1 0
10 0
0 0 1
R R B 0
. e R [ PR

0 0 (A=1)
Then P (M — A%) Q = diag (1, A — 1,(A — 1)*).
10

Hence A = —1
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Find Q'
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11 A=4 100

—--— 01 -1 010 Z[Q—l I]

01 1 00 1)

o Uy ug + ug + (N —4) ug
a|=Q7" up| = Uy — g e (R
<2 us U3

0

o O

n(z2) =n(uz) = ez =

—_
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0 0 —1]
Hence S= |1 0 —1| and SAS™! =A.
-1 1 4]
Note
0 0 -1
n(z)=| 1], n(z)=[0], A=1)n(x)=|-1
-1 1 3
is another basis of R? over R
and (A—1)n(z)=0,
(A= Iy () = (A- (=),
(A= 1) (A= T)n(z) =0,
Hence An(zl) n(z1),
An(z2) = n(z2) + (A= 1) n(z),
A(A=T)n(z) = (A= T)n(=).
0 0 -1 0 0 —1[ (1 0 O
ThusA|{1 0 —-1|=1|1 0 -1 {0 1 0},
-1 1 3 -1 1 3 0 1 1
1 00
where [0 1 0] is called the Jordan canonical form of A.
01 1
Note

If \]— A" has simith normal form diag (1,1,...,1, (A= 1) (A= 2),(A = 1) (A — 2)* (A — 3)),
then A\ — 1, A— 1, A =2, (A — 2)2, A — 3 are elementary divisors



and the Jordan canonical form is

0 3
with respect to the basis (A — 21) 1_7 (z1), (A—2I)* (A - Z-SI) n (22),
(A= 1)1 (2), (A=1)(A=3D)1(z), (A—1)(A=20)"1(z).

Note

ds is the minimal polynomial of A.

_10 -
0
0 2
1 0
2 0
0
1 2
0 3



