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1. SOLUTION:

S ={ a|aisnot a zero divisor }, ST!'R is the complete ring of quotient of

R.

S={z€Z,|(z,n) =1}
S 7, ={m/ja|m € Zy,,a € S}

={m|meZ,}
=7y
because (a,n) = 1 therefore at + ns = 1 for some s,t € Z,. Hence

1/a = t,because m/a = mt € Z,.

2. SOLUTION:
FIA universal theorem, 3&—1E K% $3 S*NS — TFT, B gg ThE—
H— HBA

o onto: If (a/b)/(c/d) € T*"'T then ((ad)/(bc)) = (a/b)/(c/d).

~

e 1-1: ker(¢) = {0}.



3. SOLUTION:

a)

In S7'R, 24 = % " (by definition)
Suppose 24 = 0, then 2¢ = 9. Hence (bd — 0-ac)s = 0 for some s € S.
Hence bd = 0, - R is an integral domain. Thus b = 0 or d = 0. Then

b —(0ord=0.
a Cc

a aiaz-an, 11 1 a1 as an

For example, R = Z,S = {6* | k = 0,1,...}. ST'R={n6*|n €
Z,k e NU{0}}

= S ={2"3"|neZU{0}}

= S22 =5""Z.

Proof. If @ € S, b | a then b is a unit. It suffices to assume a € S and
bla=beS

Note:

o U={c{|cisaunitin R, a,b € S} is the set of units in S™'R.

e T={ra|a€ R—Sis an irreducible element in R and r € S™'R

is a unit.}

It is clear each nonzero nonunit element can be written as a product of
finite elements in T'. Suppose cujus - - - u; = dvivg - - - v, Where u;, v; €
R — S and ¢,d € U. Suppose

dydy -+ - d
didy---d

Ci1Cy - C
C:T'%,d:k'

C]_C2.'.Cq

where ¢;, c;, d;,d; € S and 7,k € R are units. Then

7"‘.6162 ... Cp . u1u2 DY ut . dlldlz o .. d/rn = k.d1d2 . .. dl . /l)lv2 o .. US . C/IC/2 ... c/q
S ¢S S S ¢ S S

By the UFD of R, we hava t = s and there exists a bijection on

{1,2,3,...,t} such that u;, v,(; are associates in R.



4. SOLUTION:
Let V = {P | P is a prime ideal in S™'R}. Given P' € V,let P = {b| b/a €
P ac S bc R}

1) Check P is a prime ideal.

(i) by, by € P,
= Jay,ay € S such that 2,2 € P/

:>b_1.a_1:b_1€P/
a2

ap a2
b by bi=be ! _
T e T o eP =b —byeP.

(ii) Vr € R Z—i-i:’g—%eP’éblreP.
(iii) if by, by € P,
iEIaGSsuchthat%EPl.
= bz 2 ¢ p',

= b bacpl
Case (i): & € P' = by € P, (done)
¢ e P, P =S8R (—+)

Case (ii): 22 € P’ = /
’ % e P’ = b, € P. (done)

2) PP=S"'R=PS'Rabc P=ac Porbec P. (prime)
5. SOLUTION:

a) SE—/INEEFI - A .
Theorem. Let R be a ring and S C R be multiplicative closed. Set
U ={P| Pisaprimein Rwith PNS =@}, V ={P | P is a prime
in ST'R }. Then there exist a bijection from U to V.
WMS=R-—P,5U={Q| Qisaprimein Rwith QNS =g },
V ={Q | Q is a prime in ST'R }. HIA[{5#,

b) Let M be a maximal ideal of Rp. Since R%D = Rp, by Theorem 2.19
M is also a prime ideal. by (a) 3Q C P such that Qp = M.



“QCP, .QpC P= MC Pp.

Claim: P, # R,. Suppose Pp = Rp, i.e. ST'P = S™'R where S =
R — P. Define a map 7, : R — Rp by 75(r) = (r,1) for r € R =
7Y (Pp) = 77Y(Rp) = R,1 € R. Let 7,(1) = (a,s) € Pp for some
a€PseS 11)=(1,1), . (a,s) = (1,1). Then Jp € S such that

1sp = lap = SN P # @. This contradicts S = R — P.

¢) R=2Z,{0} =Q C P ={2).

6. SOLUTION:

It suffices to show that each nonunit is a nilpotent. Let r+ M™ be a nonunit,
if r € M, then (r + M™)" = r" + M™ = 0+ M"™. Suppose r ¢ M, since
R/M is a field, there exists s € R such that (r+M)(s+ M) =1+ M. Then
rs —1 € M, hence r(t) + (=1)" = (rs — 1)" € M™, for some ¢t € R. Then

r -+ M™ is a nonunit in R/M", a contradiction.

7. SOLUTION:

(=) Since R is local, the maximal ideal M = {a | a is nonunit in R Va € R}.
Va,b € M,a+b e M, since M is ideal, i.e. a+ b is nonunit. That is, if a and
b are nonunit, then a + b is nonunit. This is equivalent to the statement ”If
a + b is unit, then a or b is a unit.”

(<) Let M = {a € R | a is nonunit}.

Claim: M is a maximal ideal in R. Let a,b € M. (i)a+b e M. (ii)Vr €
R.,ra € M. If ra ¢ M, then ra is unit, i.e. Jc such that (ra) - c = 1g.
=a-(rc)=1g

= rc is unit of a.

This contradicts the fact a € M.



