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We always assume that a ring has the multiplication identity 1.

1. Let @) denote the ring of real quarternions. For x = a + bi 4+ ¢j + dk € Q) the conjugate
of xisx* :=a—bi —cj — dk.

(a) (GEBE) Show (a+bi+cj+dk)(a—bi—cj—dk) = a*+b*+c*+d? for a,b,c,d € R.
(b) (ME%E) Suppose ay, by, c1,dy, as, by, ca,dy € Z. Show that there exist a,b,¢,d € Z
such that
(af + b5 +cf +di) (a3 + b5+ c5+d5) =a> +b* + &+ d.

(c) (BBEEEE) Suppose u € Z and 2u = a® + b + ¢* + d? for some a,b,c,d € Z. Then
u = e+ f2+ g*+ h? for some e, f,g,h € Z. (Hint. Try e = (a + b)/2 and
[ =(a—b)/2)
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2. Let R be a commutative ring of prime characteristic p.
(a) (%) Show that
(a+b)P" =a" +b"
for all a,b € N.
(b) (#E#HF) Show that the map f: R — R given by f(a) = a? is a homomorphism of

rings.

3. (MEEF) An element a of a ring is nilpotent if ™ = 0 for some n. Prove that in a
commutative ring a + b is nilpotent if @ and b are. Show that this result may be false if
R is not commutative.

4. (Bf7% ) In a ring R show that the following conditions are equivalent.
(a) R has no nonzero nilpotent elements.
(b) If a € R and a* = 0, then a = 0.

5. (ki) Give an example of a nonzero homomorphism f : R — R’ of rings such that
f(1) # 1. Is it possible 1’ in the image of f?

6. (Pf3H) Find a nonidentity isomorphism ¢ of R into R.

7. (¥#,) Show that the only ring homomorphism ¢ of R into R with ¢(1) = 1 is the
identity.



