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1. (EHES) Let a + bv/—1 be a nonzero element in the Z[y/—1]-module (not Z-module) Z[v/—1].
Show that |Z[v/—1]/(a + bv/—1)| = a* + b*. (Hint Prove |Z x Z/((a,b), (=b,a))| = a* + b? first.
)

2. Let A be an n X n matrix over R. ¢(\) = det(A — A) is called the characteristic polynomial of
A. The minimal polynomial m(\) € R[A] of A is the minic polynomial of least degree such that
m(A) = 0. Suppose Al — A" has Smith normal form diag(d;()),d2(N), ..., d,(N)).

(a) (f&%) Determine the characteristic polynomial ¢(\) of A.
(b) (BB#E#E) Determine the minimal polynomial m(\) of A.
(c) (ZEETF) Show that ¢(A) = 0.

—rn

3. (#3#E) Show that if a square matrix A satisfying A% = A then A is similar to

diag{1,...,1,0,...,0}.

4. (#3&%F) Determine the 4 x 4 matrices B over R commuting with

100 O
000 1
010 -3
001 3

5. (Bf¥5%%) Determine the 5 x 5 matrices B over R commuting with

0 00O0O
10000
00 00O
00100
000T1O0

6. Let A be an n x n matrix over R. Consider the following two statements:
(i) The matrices commuting with A have the form f(A) for f(\) € R[A];
(ii) The minimum polynomial of A is the characteristic polynomial of A.
(a) (ZX#E) Show (i)= (ii).
(b) (PRFEHL) Show (ii)= (i).



