Solution for Homework 10
Recording and typing by 9622534, Bin Yeh

1. We define f : Z x Z/((a,b), (—=b,a)) — Z[v/—1]/(a + bi) by
f(z,y]) = [z + yi]. We claim that f is bijection. Then we check
Onto: Clear.

One to one: Suppose I[(z,y)],[(z',y')] € Z x Z/((a,b), (—b, a)) such that
F({@ 1)) = 2 + i = F([(#',4")]) = @' +y/s. Then we have
(-2 )+ (y—y) =0

Thus there exists some s, t, a, b such that (s + ¢i)(a + bi) = 0 and
x—1x' =sa—th,y—y = sb+ta.

= (v -2,y —y') = s(a,b) + t(=b,a) € ((a,b), (=b,a))

=[x —a',y —y'] =0. Therefore x =2/, y = ¢/'.

Well-define is similar to prove.

Now since (a,b)( —b,a) =0, (a,b) L (=b,a)

Thus || (a,8) | % || (~b,a) = a? + b, W

Comment from teacher:
a b 0

_b 0 a2 412 > Hence
Z x 7.)((a,b),(=b,a)) = Zy2 14> and | Zgz 42 |= a® + b2

has smith normal form (

2.(a) ¢(\) = det(A — A) = det((\ — A)t) = det(A\ — A?) = det(PDQ) for
some matrix P, D, Q where D is a diagonal matrix, P, Q are unit. Thus
det(D) = dy(A)...dp(N).

(b) Since A ~ B (A is similar to B) we have min(A) = min(B).

B 0 B? 0
A~ = A? = .
0 B 0 B2
(Since A= S7'BS = A? = S7'BSS™'BS = S71B29, s0 is A3, 41..)
f(B1) 0
Thus f(A) ~
0 f(By)

We claim that (i) d,,(A) =0 and (i¢) deg(f) < deg(d,) = f(A) # 0. To prove
(i), let d,, = (z — )™ (z — a2)™ - (2 — ap)" (22 + a1z + by)™ (22 + azx +
by)™2 -+ (2% + asx + bs)™<, then d,, =

(2 )™ (@ — )™ - (2= @)™ (= A )™ (£ — XY™ - (5= Ag) ™ (2= Rg) ™
transform B,, into Jordan Canonical form we have



851

A1

A

where the number of a;, A, A; is ng, mg, m; respectively.

Thus the minimal polynomial is o o
(z—a)" (@ —a2)" (=)™ (@ = A1) (2 = A)™ - (2= A) ™ (2= A) ™,
= d,(Bn) =0 (Note dy |da |-+ | dy)

= dp(B;) =0Vi

= dn(A) =0

To prove (i), note that
" « * *

B, = ) Br% = 1 )
0 Lo« 0 1 *
* *
ES

B = * ) where * means it could be any value. Observe
1
0 1 % * =

the behavior of the all 1 oblique line of the bottom-left triangle of the
matrices. If f(B,) = cr_1BF¥ 1+ cx 9B 2 + ... 4 ¢;BL + ¢ol = 0, then
consider the bottom-left triangle of f(B,,) we would find that f must be the
constant polynomial f(z) = 0, which has no degree, a contradiction.

(c) By part (a), ¢(A) = di(N) -+ -dn(N), so ¢(A) = dy(A)---d,(A). By part (b)
dn(A) =0, thus ¢(A) =0. B



3. By finding the rational canonical form of A, A = SBS~1,

0 Ciy
B 0
B = , where B; = L
0 By -
0 1 0 ¢

i ng XMNg

Since A? = A, then B2 = B and therefore B? = B;. Suppose

Then B; = (¢;,). Since B? = B, ¢;, must 0 or 1.(Because it’s over an PID)
(i1) n; > 2

If B; are all zero then it’s trivial. If not, we have

(Bi)j,,., =0VYj=1,2,...,n; — 1 and (B7) =¢,=0Vj=1,2,...,n; — L
Suppose

Then B; = 0 Cia and B2 = Ciy Ci10i22
1 i2 ! Ciy Cip + Ciy

In;—1

:>ci1:0,0¢2:1thusBZ—:< (1) ? )

1 1 0 0 0 1 1 0 1 1
Notetha‘c(1 O)(l 1)(1 _1>—<0 0>,<1 0>and
< (1) _11 ) are inverse to each other.

Thus < 00 )~< L0 ) By reordering the columns, we have

1 1 0 0
A = diag{1,...1,0,...,0}.
(2) n; Z 3

This is impossible. W

Comment from teacher: A% = A implies that A has minimal polynomial z2 — 2
or x or x — 1. But oI — A ~ diag{dy, ...,d,} and d,, is the minimal
polynomial, thus I — A =

T r—1




10 0 O
00 0 1
4. Let A = 01 0 -3
001 3

Since A is in rational canonical form, the 1 at top-left implies d;(\) = A — 1
and the 4th column implies da(\) = (A — 1)3.

1 0 0 0
Thus n(z) =| o [n(=) =] [ ) =] ] | anea) =] |
0 0 0 1
= s =2 and ¢;; fits d; | d;cj; and deg(c;;) < deg(d;)
:>C:( (/\—al)2c d+e)\b+f)\2 for some a,b,c,d,e, f € R
=Bz; = Y :_, ¢j;zj. By some routine calculating we have
a b b b
c d f e+ 3f
B= —2c e d—3f —3e—8f u
¢ f e+3f d+3e+6f
0 0 0 0O 0
1 0 0 0O el
5. Let A=1 0 0 0 0 0 | = (e 0,eq,e65 0)= 0
001 00 el
00010 e}
By
B
Let B =(BW, B® B®) B®W BO®)=| B |, where BY denotes the ith
B
Bs)
columns of B, B(;) denotes the jth row of B.
Since AB = BA,
B B2 0 Buy Bis 0
B2 Bss 0 Bay Bas 0
BA=| Bg) |(e2,0,e4,65 0)=| Bs2 0 Bss Bss 0
By By 0 By Bas O
Bs) Bss 0 Bsy Bss 0
0
€]
AB=| 0 [(BW,B® BG BW BO)=
€4
€




0 0 0 0 0
Bi1 B2 Bis Buu Bis
0 0 0 0 0
B31 Bss Bss Bsy Bss
By1 Byo Bys Bu Bys

0 0 0 0 0 Bis 0 Byy Bis 0

Bi1 Bi2 Biz By Bis Bss 0 Bay Bas 0

= 0 0 0 0 0 = Bss 0 B3y Bss 0
B3y Bss Bss Bsy Bss By 0 Bas Bss 0

By1 Bys Biz By Bis Bss 0 Bss Bss 0

B 0 Bz 0 0
Bsy Bir Bas Biz 0
= B = 0 0 Bss 0 0 with dimension 9. W
By 0 0 Bss 0
Bs1 Bsy1 Bss Bsys Bss

6. () Let X ={B € Myyn(R) | AB = BA}, Y ={B € Myxn(R) | B = f(A)
for some f(X\) € R[A]}
Claim: dim(X) > n and dim(Y) <n

1
(1) Consider \I — A? ~ L d , where
1
ds

>, deg(d;) = n, then C, the matrix which is commuting to A is like

a1 O
C= where «; are blocks. The ith block contains deg(d;)

0 Qg

SXs
variables, thus dimension of X is at least n.

(2) By the definition of minimal polynomial m(\) of A,

dim(Y) = deg(m(\)) < n.

Then by the hypothesis we have dim(X) = dim(Y), i.e. deg(m(\)) = n, this
implies that m(\) = ¢(X).

(b) We define X and Y as in part (a). Then clearly Y C X and by hypothesis
we have dim(Y') = n.

Let ¢ = (¢;), {21, Az, ..., A" 121} be a basis of Y. Let

Bz =coBy + 1Az + ... + Cn_lAn_lzl. (B S X)

Then B(Az1) = A(Bz1) = coAz1 + 1A%z + -+ + ¢,_1A"21. Since ¢(A) = 0,
A"+ a, 1AV -+ a A+ apl =0

=A" = —(an,1 + -4 ao.[)






