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. (KB4 )Let F be a field. Show that F[z] is a Euclidean domain, a principal ideal domain
and a unique factorization domain. (Hint. Theorem 6.2)

(a) (BREE3X) Show that the polynomial x + 1 is a unit in Z[[z]], but not a unit in Z[z].
(b) (R&{&IE) Show that x? 4+ 3z + 2 is irreducible in Z[[z]], but not in Z[z].

. Let F be a field.

(a) (fATBTES) Show that (z) is a maximal ideal in F[x], but it is not the only maximal
ideal.

(b) (3872R) Show that F[[z]] is a principal ideal domain whose only ideals are 0, (1),
(z%) for i € N.
(a) (HEEH) Show that if 1 — ab is a unit in a ring then so is 1 — ba.

(b) (BRA) Prove that if an element of a ring has more than one right inverse then it
has infinitely many. (Hint. Try b+ 1 — ba.)

(c) (&) Let a,b be elements of a ring such that a,b and ab — 1 are units. Show
that a —b~! and (a — b~1)~! — ™!, (Hint. Try aba — a.)

. Define the M&bius function p(n) of positive integers by the following rules: (a) p(1) = 1,
(b) u(n) = 0 if n has a square factor, (¢) u(n) = (=1)* if n = pypy - - - ps, where p; are
distinct primes.

(a) (FBIJTE) ) Prove that p(ning) = p(ni)u(ng) if ged(ny, ny) = 1.

(b) (GEEE) Prove that
Z (d) _ 1, if n= 1;
; K 0, ifn#1.

(c) (HE%'E) Let g : N — R be a function and

g(n) = f(d).
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Show "
fln) =2 n(5)g(d).

din
(d) (BREEEE) Let F, be a field with ¢ elements. Show that the number of irreducible
monic quadratic polynomials in Fz] is ¢(¢ — 1)/2.

(e) (EHEF) Let F, be a field with ¢ elements. Show that the number of irreducible
monic cubic polynomials in Fz] is q(¢* — 1)/3.



