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. (#§3Z%E) Let F be a field and f,g € F[z] with degree of g at least 1. Show that there
exist unique polynomials fy, f1,..., fr € F|x] with deg f; < deg g for all i and

f=fo+ fig+ fog®+ -+ frg"

. For f(z) =ap+ a1z + -+ - + a,x" € R[z|, f'(z) = a1 + 2asx + 3azz® + - - - + na,z" ! is
called the formal derivative of f(x).

(a) (PR&%F) Suppose char R = 0 and f(z) € R[z] has positive degree. Show f’(z) # 0.

(b) (B¥335) Suppose char R = p # 0 and f(x) € R[z]. Show that f'(z) = 0 if and only
if f(x) = bg+ b1aP + byx® + -+ + b,z for some b; € R.

(a) (ZHiE) Let ¢ € F, where F is a field of characteristic p # 0. Show that 2? —z — ¢
is irreducible in F[x] if and only if 27 — x — ¢ has no root in F.

(b) (#RFEHL) Show that f(z) = 2° — z — 1 has no root in Q.

(c) (¥EW) Show that f(x) = 2° — z — 1 is irreducible over Q.

d) (FEWRM) Show that f(x) = 2° — z — 15 is reducible over Q.

a) (MF$H) Let D be an integral domain and ¢ € D. Show that f(x) is irreducible in
Diz] if and only if f(z — ¢) is irreducible.

(b) (BAE4) For each prime p show that the cyclotomic polynomial f(x) = P~ + 2P~ 2+
-+ x 4 1 is irreducible in Z[z].
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(a) (BREESC) If ag, ay, . . ., a, are distinct elements of an integral domain D and dg, da, . . . , d,
are any elements of D. Show that there is at most one polynomial f(x) of degree
at most n in Dx] such that f(a;) = d; for 0 <i <n.

(b) (FEMEIE) If ag,ay, ..., a, are distinct elements of a field F and dg, do, . . ., d,, are any
elements of F'. Show that

_ (. —ag) - (z—ai1)(@ —a1) - (x — ay) .
1 ; (@i —ao) -~ (ai — ai-1) (@i — Giga) - (ai—an)dl

is the unique polynomial in F[z] of degree at most n such that f(a;) = d; for all i.



