Solution for homework 6

by 9622534

1.

Since F is a field, F[x]is an UFD. Let F = > ja;a*, g = Y./~ bz’ with

n > m. Then F = Q19 + fo for some (); with degree n —m. Let r = LZZZEJ;;J,

then f = frg" + e,—1, e = fig’ + ei—1, where deg(fi) < deg(g) for deg(e;) <
deg(g'™t). For uniqueness, suppose

f=f+fig+...+ frg" =ho+hig+ ...+ h.g", then we have

0= (fo—ho)+ (fi —h1)g+ ...+ (fr —hr)g"

—(fo—ho)=(fr—h)g+ ...+ (fr —h)g" = fo=ho

W.L.O.G. Let i be the smallest index such that h; # f;, then

—(fi = hi) = (fis1 = hix1)g"™ 4+ o+ (fr = he)g”

= w = (fix1 —hix1)g+ o+ (fr —hp)g" " = fi=hi

Thus we are done.

2.(a)

Since f(z) has positive degree, 37 > 1, a; > 0. Since char R = 0, then

2.(b)

(=)Let f(z) = Y1y a;x’, then f/(z) = Y. | a;z* . Since f/(z) = 0, ia; =
0V1<i<mn. Ifa; #0= p|i, thus i = pj and we have f(x) = E?:o apjrPI

(«<)Since f'(z) = bypaP~ 1 +...4+b,paP~! and char R = 0, we have f’(z) = 0.

3.(a)

(=)Suppose not. Then f(z) = 2? —x — c has a root r in F, i.e. f(r) =0.
By Corollary 6.3, there exists a unique ¢(z) € F such that f(z) = q(z)(x —7r) +
f(r) = q(x)(z —r). Since g(z) and (z —r) are not unit in F, f(x) is irreducible
in F[z], a contradiction.

(<)By theorem V 1.10, there exists an extention field F/ O F and a € F'\F
such that a? — p — ¢ = 0. Note char(F)=char(F")=p.

Claim: Vi € F', a+ 1 is a root of 2?7 —x —c.

proof of the claim : (a+ )P — (a+i) —c=(a? +iP — (a+1i) —¢c) = (a? —a —
)+ (@@ —i)=0+(i—17)=0

Since 0,1,2,..,p—1 € F, a,a+ 1,a+2,...,a+ (p — 1) are p distinct roots of
P —x —c.

Hence f(z) =[](z — (a + 7)) over F' where i € {0,...,p — 1}.

Now suppose not, i.e. f(x) is reducible in F[z]. Then f(z) = q(x)g(x) over
F,q(x) =ILiercqo,.. p-1y,11=s(@ — (@ + 1)) with deg(q(z)) = s < p.
Consider the coefficient of #°~! which is —sa + k € F. Since k € F we have
—sa € F'= —a € F, a contradiction.

3.(b)

Since the only integers that divide —1 are 1 and —1, and f(-1) = —1,
f(1) = 1, we have that f(x) has no root in Q.

3.(c)

Use same argument we know f(x) has no divisor of degree 1. Thus if f(x) is
reducible, it must have form



f(x) = (2® + ax® + bx + ¢)(2? + dx + e). Since it contains 1 as a coefficient,
f(x) is primitive, thus it is reducible over Q if and only if it is reducible over A/.
Thus we only need to solve a, b, ¢, d, e in M. It’s trivial to get that there is no
solution, thus f(x) is irreducible.

3.(d)
2 — x4+ 15 = (23 + 22 — 20 — 5)(2? — x + 3). And it’s easy to find out that
it has no root in Q.

4.(a) (=) Suppose f(xz — ¢) is not irreducible in D[z], ¢ € D
= flz—c) = (X1, aixi)(Zfzo biz") where a;, b; € D and (Y i~ a;z"), (Zf:o b;x?)
are not unit in D[z].
Thus f(z) = f((z +¢) = ¢) = (L7 asl + €)' ) (i bilw + ¢)')
= (amxm + ...)(bkxk + ) = apmbr #0
Thus (a,,z™ + ...), (byz® + ...) are not unit in D[z].

(«=)Since f(x) = f(xz +¢) — ¢, it’s clear to see.

40) f(a) = S = ar 4 (2 ) 4k (),
Thus p| (f) vVi<r < p—1and p |/1, p? |/p, by Eisenstein’s criterion we are done.

5.(a) Suppose there are more than one polynomial f(z), g(z) of degree at
most n in Dxz] such that f(a;) = d;, g(a;) = d;, for 0 < i < mn.
Then (f — g)(a;) =0V i and deg((f — g)(x)) < n.
Let F be the quotient field of D, then (f — g)(x) € Flz],
Since x — ag is irreducible in Fx],
Then (f — g)(ao) =0< (z —ag) | (f — g)(x), similarly for  — aq,... . — an,
Since F[z] is an UFD, we have
(f —g)(x) =c(x —ap) - - (x — ay,) has degree > n, a contradiction.
Thus f =g.

5(b) Suppose 3h such that h(a;) = ¢;Vi, with deg(h) < n. The rest is clear
to see.



