1. Proof:
(=)
Yu e W
Since W is a subspace of R" | Vf € R[A] , Au = \u € w
(<)
Since AW CW Vf e R[A, f(MNu= f(A)ueW.

2. Proof:
Define : ¢ : Z x Z — 7y x Zg by ¢(1,1) = (1,0) , ¢(1,0) = (0,1)

Since (1,1), (1,0) and (1,0), (0, 1) are those largest generate set of Z x Z and Zy X Zg , respectly,
this homomorphism is decided .

And note that the kernel of ¢ is ((2,2),(6,0)) = ((2,2), (4, —2))
Thus , by the First Isomorphic Theorem , the result follows.

3. Proof:
Since M =M +---+ M, ,VYme M, dm; € M; ,st. m=mq+---+m,
Define: ¢: M — M, & ---® M, , by ¢(m) = (mq,--+ ,my)
(a) Well — define
Suppose ¢p(m) = (mq, -+ ,my) = (k1, -+ , k)
By definition , m=my +---4+m, = ki +---+ k,
= my— k= (ka+ -+ kn) — (ma+- - +my)
= (kg —ma) + -+ (kn — my)
This implies My + --- + M,, = 0 and we have well-define.
(b) OnetoOne

Let ¢(m) = (mq,--- ,my) = ¢(k)
thenm=m;+---+m, =k

(c) Onto
M=M+---+M, ,Vm; e M; Am € M s.t. m;1+---+m, =m
And ¢ is an isomorphism from M to M, & --- & M,,.
4. Proof:

First I should prove that N; @ N5 is a submodule of M; @& M, , and this just follows from the
fact that Ny & N; is a subgroup of My @& M.

And then , Let ¢ : My @ My — My /Ny @& Ms/Ny by ¢(mq, ms) = (g, m3) is a homomorphism

If we let (z1,22) € Ker(¢) , ¢(x1,22) = (e1,ez)where z; € M; and e; is identity of M; ,
(ZL‘Z' — 61‘) - ]\/vZ

This implies x; € N; for i is 1,2.And it is clearly that Ker¢ O Ny @& Ny
Therefore , Ker¢ is N; € N, , and by First Isomorphic Theorem , the result follows.



5. Proof:

First I claim that g is one-to-one and f is onto
Vx,y € N such that g(x) = g(y)
= fogx)=fogly)=z=y
This implies g is one-to-one.
And Vz € N,3y € M,wherey = g(x) = f(y) = f o g(x) = z implies f is onto
Then Va € KerfNImg , 3b inN s.t. a = ¢g(b) and f(a) =0
S f(@) = fogb) =0=b
= ¢(0) = a = 0 implies Ker fNImg=0
Moreover , Vm € M Let n = go f(n)
Note that n € Img ,
and f(m —n) = f(m) — f(n)
= f(m) = fogo fo(m)
= f(m) = (fog)o f(m)=f(m)—f(m)=0
thus , m —n € Kerf = m € Kerf+Img

Final the result follows.

. Pis
0 1 0 O
1 0 0 0
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1 7 81 -161
PAQ is
100 O
010 O
001 0
0 0 0 610
7. PAQ is
10 0 0
01 0 0
00 A—1 0
00 O A=122A+1)
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