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(a) (EEE) Let F be a field and f(x) € F[x] with positive degree. Show that there
exists a field £ with ' C E and an element a € E such that f(a) =

(b) (ER#EfE) Let F be a field. Show that there exists a field E with FF C F such that
for any f(z) € Fl[z] of positive degree there exists an element a € E such that

f(a) =0.
(c) (ZEEF) F be a field. Show that there exists a field £ with F' C E such that for any
f(z) € E[z] of positive degree there exists an element a € E such that f(a) = 0.

. (#§3Z%E) Let A be an n x n invertible matrix over a PID D. Show that A is a product

of elementary matrices of types I, I, I1] and extra type.

. (PRi&#F) Determine the structure of Z-module Z3/K where K is generated by f; =

(2,1,-3), fo=(1,-1,2).

(BT55) Let D = Z[v/—1]. Determine the structure of D?*/K where K is generated by
Fi=(1,3,6), fo= (2 +3i, 30,12 — 18), f3 = (2 — 3,6 + 94, —18), i = v/—1. What is
the cardinality of D3/K?

(ZE) Show that any finite generated module M over a PID is a direct sum of its
torsion submodule M; and a free submodule. (Hint. Use structure theorem)
Let M be a finitely generated torsion module over a PID D.

(a) (FEM) Show that there exists a unique finite set of primes p1, pa,...,pn in D such
that
M:MPI@MPQ@...@MP}N

where M,, = {m € M | pfm = 0 forsomek € N}. (Hint. p; appears in the
generators of order ideals of generators of M.)

(b) (#kZK$#) Show that for each 1 <i < h, M), = Dzj; @ Dzjp @ -+ @ Dz, with

for some r; € N and some z;; € M,,.

(c) (MKFBZ) Let G be a finite abelian group with operation +. Show that G is a finitely
generated torsion Z-module under the natural definition of ng for n € Z and g € G.

(d) (BRE3C)Determine all the finite abelian groups of order 72 up to isomorphism.



